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Abstract. Coupled Boolean Networks (CBN) are a class of discrete-
time dynamical systems with a wide range of applications, ranging from
distributed change detection in sensor networks to the identification of
cellular patterns in tissue structures, for example. An Attractor Field
corresponds to a subset of the state space of a CBN that presents cer-
tain stability properties. Attractor Fields can be used to model many
events in biological systems, in particular those involving stabilization
processes between interacting dynamic biological entities. Hence, an im-
portant problem consists of computing the Attractor Fields of a given
CBN. Due to the exponential nature of the state space of a CBN, com-
puting Attractor Fields is a computationally intensive task, which is
currently feasible only for CBNs of unrealistic small size. In this work,
we aim to develop a high-performance method for computing Attractor
Fields in CBNs. In order to achieve this, we implemented algorithms
based on the multi-core architecture that exploit the parallelizable na-
ture of the problem. The experimental results suggest significant per-
formance gains (speedup between 13 and 14) compared to the existing
serial method, especially in Step 1. In addition, we achieved almost linear
scalability for this Step 1, which allowed us to propose a fork-join model
to optimize the method.

Keywords: Coupled Boolean Networks - Computing Attractor Fields -
Systems Biology

1 Introduction

Systems consisting of networks of interacting dynamic entities are very common,
with applications in several domains of knowledge. For example, phenomena that
involve stabilization and/or synchronization processes are important in several
areas, such as systems biology, social networks and engineering, among others [1].



Many works involving the modeling of these systems and phenomena have
already been developed, including techniques such as coupled maps [7], multi-
agent systems [19] and master stability equations [15], among others.

Coupled Boolean Networks (CBNs for short) are a class of discrete-time dy-
namical systems, where each interacting dynamic entity corresponds to a Boolean
Network (BN for short). BNs interact with each other according to a topology
defined by a directed graph, and the interaction between two BNs is governed
by a coupling function. CBNs have a wide range of potential applications in
different areas [4]. Many studies involving CBNs focus on issues involving stabil-
ity [17], synchronization [3,14,20], and control [9,11]. In general, these studies
are analytical works where an attempt is made to identify and describe the nec-
essary and sufficient conditions for stability and synchronization, dealing with
cases with few BNs [2] or with restrictive inter-BN connection patterns [10].

Attractor Fields (AFs for short) correspond to stable configurations of the
state space of a CBN, where the coupling signals are fixed (time invariant)
and the BNs remain in the same local attractors. It is a stable configuration
in the sense that the coupling signals are constant and the BNs do not change
attractors, although they can change states.

AFs have many applications in various areas. For example, in systems biology,
AFs are particularly useful when we have a set of dynamic biological entities
that interact with each other and whose state depends on events internal to
each entity and on the interactions between them. To illustrate, let us take the
case of cellular patterning events, where we can model a tissue structure (e.g.
a sheet of pluripotent epithelial cells) as a CBN, where each pluripotent cell
corresponds to a BN, each cell type corresponds to a basin of attraction and an
AF corresponds to a cellular pattern (a stable cellular differentiation pattern).
This modeling has a direct application in the neuroblast segregation process in
Drosophila melanogaster [5,16], where computing AFs is equivalent to predicting
the possible cellular patterns that derive from the interaction between several
cells where the neurogenic network [12,13] operates.

Tovar et al [18] developed a serial method to compute AFs in CBNs. Tovar’s
method is general, i.e., it is capable of computing the AFs of CBNs with arbitrary
topology (inter-BN connection patterns). However, the exponential nature of
the state space of a CBN makes this task a computationally intensive problem,
which implies that in practical terms Tovar’s method is feasible only for relatively
small input sizes (CBNs with about 7 BNs and and linear topology). Hence, the
investigation and development of high-performance computing solutions is an
interesting alternative.

In this work, we present two different parallel implementations of Tovar’s
method based on the multi-core architecture, assuming scenarios where the user
has few hardware resources. In these implementations, we preserve the three
steps provided in the serial method, but we execute in parallel (using different
strategies) the tasks provided for each step, including intra-step load balancing.
We separately analyzed the performance of the three steps of each implementa-
tion in order to evaluate which combination of “strategy-step” leads to the best



overall performance. We have performed preliminary experiments, and the re-
sults suggest that the best way to optimize Tovar’s method is to adopt a fork-join
model where we run parallel (Steps 1 and 3) and serial (Step 2) code snippets.

This manuscript is structured as follows. Section 2 presents the definitions
and notation necessary to describe both Tovar’s method and the proposed solu-
tion. Section 3 describes Tovar’s serial method. Section 4 presents our multi-core
solutions of Tovar’s method, including two different versions for Steps 1 and 2
of the original algorithm. Preliminary experimental results are provided in Sec-
tion 5, and in Section 6 we finish with concluding remarks and suggestions for
future work.

2 Preliminaries

Let X = {21, 22,...,2,} be a set of variables that assume values in {0,1}. Let
F = [f1, f2y---, fn] be functions such that f; : {0,1}" — {0,1} determines the
state of the variable z;, 1 < ¢ < n. The functions in F are called transition
functions. Considering discrete time steps, the state of a variable x; at time t+ 1
is given by

ottt = filag, ... @),

where g, ...,x; are the variables in X that affect x;.

We call the discrete dynamic system ({0,1}",F) a Boolean Network (BN),
where the functions in F are all Boolean functions and the updates of the vari-
ables in X are done synchronously.

2.1 Coupled Boolean Network

Coupled Boolean Networks (CBN) are a class of discrete-time dynamical systems
formed by a network of interacting dynamic entities, where each of them is a BN.
The structure of a CBN (the connection pattern between BNs) is represented
by a directed graph G = (V, E).

If an edge (i — j) € E, it means that the BNs ¢ and j are coupled in such a
way that ¢ influences j. The way in which the BN ¢ influences the BN j, i.e., the
nature of the interaction between i and j is given by a Boolean function, which
we call the coupling function. We define a coupling function for each edge in E.

The local dynamics of an interacting entity is defined by the corresponding
BN.

Suppose a CBN with m BNs among which we take a specific BN j containing
n state variables. Now suppose that the BNs w,...,r are coupled to the BN j
in such a way that w,...,r influence j. Then the state of a variable z; of BN
j at time t 4+ 1, considering both the influence coming from variables belonging
to BN j itself as well as that coming from coupling signals originating from the
BNs u,...,r, is given by:

1), (1), - yl(t), if i€ &
(t),...,x](t)), if i € X9\ &,



1<i<n,1<j<m, where:

— 7 2 {0,1}"*™ — {0,1} is the transition function that updates the state
variable xz ;

— xi, . ,:v{, 1<k,...,l <n, denote the local variables (which belong to BN
j itself) that influence s

—yl,...,yl, 1 < wu,...,r < m, denote the coupling signals originating from
BNs u,...,r that affect x{, where

yo,(t) = Wi, (ap (1), ..., 2y (1)),
u<w<r,withx), ... 27 € 8J,, where
Rl . {0,1}" — {0,1}

is the coupling function responsible for updating the coupling signal Y.

— X7 denotes the set of state variables of the BN j;

— &I, & C X7, denotes the input variables of the BN j (a variable of a BN is
said to be an input variable if some coupling signal falls on it);

— 8J, denotes the output variables of the BN w that influence BN j (a variable
of a BN is said to be an output variable if it is used as a parameter by some
coupling function).

Fig. 1 presents a schematic representation of the coupling between BNs,
where the BNs u,...,r are coupled to the BN j in such a way that the state

variable z; (belonging to the BN j) receives the influence of wu,...,r through
the coupling signals %/, ...,yJ, which are determined by the coupling functions
hi, ..., hi, respectively.

The state of a CBN is given by the state of each of the variables in all BNs.
The state transition in a CBN is given by the synchronous application of all

transition functions (in each BN) and all coupling functions (for all interactions
between BNs).

2.2 Stability in CBNs and Target Problem

Our target problem consists in, given a CBN as input, we aim to find stable
configurations of its state space, i.e., subsets of the state space that satisfy certain
stability properties. These subsets of the state space are called Attractor Fields
(AF).

There are many ways to define stability in CBNs. For example, we can do so
based on properties of the coupling signals or using steady states (local and/or
global), among others. In this work, we assume that the concept of stability is
associated with the invariability of the coupling signals and the non-alternation
of local attractors [8]. More precisely, an AF is a subset of the state space that
satisfies the following properties:

— The coupling signals are time-invariant, i.e., the signals produced by the
coupling functions do not change when the transition and coupling functions
are applied. In other words, the coupling signals are stationary.
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Fig. 1: Illustrative diagram of the coupling between BNs.

— There is no change in local attractors in BNs when the transition and
coupling functions are applied. Since the attractors can be periodic (non-
stationary®), then there can be state transitions in BNs when the transition
and coupling functions are applied. However, the BNs do not change attrac-
tors, they remain the same in all BNs. In other words, the system “stabilizes”
in the attractors in which the BNs are located, although the BNs can change
states.

3 Serial Method

The method is defined in three steps, detailed in the following subsections. More
details on how the serial method works can be found in Tovar’s work [18].

3.1 Serial Step 1: Computing Local Attractors

The input of Step 1 is a CBN and it returns as output the set of local attractors
for each BN, as illustrated in Fig. 2, where we see on the left a representation of

3 A global stationary state, i.e., a configuration where both the coupling signals and
the states of the BNs remain the same, is a particular case of an Attractor Field.



an example CBN with 3 BNs, which are distinguished by colors (red, green and
blue) and connected by coupling functions hi 9, ho 3 and hz 1. On the right, an
example of the output from Step 1: A', A2, and A3 denote the local attractors
associated with the red, green, and blue BNs, respectively.
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Fig.2: An example of input and output of Step 1.

Given a CBN, in Step 1 we use the Dubrova and Teslenko [6] algorithm
to calculate the local attractors of each BN. Since BNs can receive external
signals generated by coupling functions, it was necessary to adapt the Dubrova
and Teslenko algorithm because, in its original version, it does not provide the
treatment of this type of external signal.

Here, it is worth reinforcing an important restriction: we assume that the
coupling signals are invariant in time, i.e., their values are constant. This re-
striction derives from the properties that characterize the concept of stability in
attractor fields.

Hence, since a BN can receive several coupling signals coming from other
BNs, if a BN r receives ¢ coupling signals, in Step 1 we compute (applying the
adapted Dubrova and Teslenko algorithm) the local attractors of r for all 2¢
possible combinations of fixed coupling signal that fall on r.

3.2 Serial Step 2: Computing the Compatible Attractor Pairs

Given a collection A', ..., A™ of local attractor sets produced in Step 1 and a
graph G = (V, E) representing the CBN topology, in Step 2 we basically do:

(i) given an edge (i — j) € E, then we compute all pairs A* x A7 of attractors
possible to form with A* and A7, where A’ is the set of local attractors of
BN i and A is the set of local attractors of BN j;

(ii) for each pair (al,,al) € A’ x AJ, check whether it satisfies the stability
condition, which can be described as follows: the output value produced by
the local attractor a’, € A’ is equal to the input value expected by the local

attractor al € AJ.



If two attractors (a’,,al) € A" x A7 satisfy the stability condition, then we
say that they form a compatible attractor pair. More details about the stability
condition and compatible attractors can be found in Tovar’s work [18].

The output of Step 2 is a set of compatible attractor pairs, which is repre-
sented by a directed graph G’ = (V', E’). The inputs and outputs of Step 2 are
illustrated in Fig. 3, where we can see, on the left, an example of input with a
collection of local attractors: 2 local attractors (a and a3) associated with the
red BN, 3 local attractors (a3, a3 and a?) associated with the green BN and 2 lo-
cal attractors (a3 and a3) associated with the blue BN. On the right, an example

of output from Step 2, formed by the following set of compatible attractor pairs:

(a3,a3); (a3,ad); (af,ag); (a3, a?); (af,a3); (a7,a3); (aF,ai); (a3, a3); (ag,ai),
which can be represented by a directed graph G’.

Input Output

Fig. 3: An example of input and output of Step 2.

3.3 Serial Step 3: Assembly of Stable Attractors Fields

The input to Step 3 is a collection of compatible attractor pairs produced in Step
2, which can be represented by a directed graph G’ = (V', E’), as illustrated in
Fig. 4, and a graph G = (V, E) representing the CBN topology. Fig. 4 illustrates,
on the left, an example of input from Step 3 formed by the following set of

compatible attractor pairs: (a3, a3); (a3, a3); (ai,ad); (af, a7); (a3, ad); (a7, a3);

(a3,a1); (a2, ad); (a3, al), which can be represented by a directed graph G'.
On the right, an example of the output from Step 3, which constitutes the
solution to the problem: a set S of attractor fields, which are represented by
directed graphs G7,..., G} (each graph represents an attractor field). A graph
G" = (V",E") € S is such that: i) vertices denote local attractors of BNs, and
no two vertices in V" ever have the same color, i.e., each of them is associated

with a different BN; ii) edges in E” denote pairs of compatible local attractors.



Fig. 4: An example of input and output of Step 3.

First, we label the edges in G’ in such a way as to group them according to
the pairs of BNs to which they are associated. Then, suppose a set of labels R =
{1,2,3,...,|E|}, and a labeling label : E — R. Given the graph G’ = (V', E’)
that represents the pairs of compatible attractors, then for every edge ¢ € E’
whose tips are attractors originating in BNs ¢ and j, where (¢, j) is an edge of the
graph G = (V, E), we do €' + label(i, j). Fig. 5 illustrates this labeling, where
we can see, in the top center, a graph G = (V, E) representing the topology
of an example CBN with labels 1, 2 and 3 on the edges. On the bottom left,
an example of a graph G’ = (V'  E’) that represents the pairs of compatible
attractors. On the right below, an example of labeling on the edges of E’.

In other words, if the CBN contains |E| edges, then we have |E| distinct
labels, one for each edge in E, and this labeling classifies the edges of G’ into |E|
groups, one for each edge in G. Therefore, for a CBN with a set of edges E, and
a set of compatible attractor pairs G' = (V', E’), we will have an |E|-clustering
label of E’, which is a partition of E’ into |E| groups (clusters):

9 = {91792;"'79|E|}‘

A subgraph of G’ is said to be a stable subgraph if it satisfies the following
conditions: i) it has at least 1 edge, ii) it is connected and iii) it has no two edges
belonging to the same group G, 1 < u < |E|. We define the order of a stable
graph to be its number of edges. i.e, a stable subgraph of G’ is of order k if it
has k edges. Then, given a group G,, 1 < u < |E|, the compatible pairs in G,
correspond to stable subgraphs of order 1, since an element of G, is an edge of
G'. A stable subgraph of order k will be represented by a k-tuple formed by &
pairs of vertices of G’ (local attractors).

The general idea in Step 3 consists of an iterative procedure to compute
stable subgraphs of G’ of increasingly higher order until we reach one of order
|E|, which can be described as follows:



Fig.5: An example of edge labeling in the graph G’ (input of Step 3).

we choose a group G, € G, 1 < uw < |E|, with the highest cardinality,
and we define a visiting order for the remaining groups starting from the
group G, performing a breadth-first traversal in the graph G weighted by
the cardinality of the groups, which we denote by G’

9l = [9/17 9/27 ey 91E|}

note that each element of §’ is a set of stable subgraph of order 1, i.e., each
element of §/, € §', 1 < u < |E]|, is a stable subgraph of order 1;
each element G/ € §', 1 < u < |E|, is represented by a 1-tuple, i.e, G, is a
set of 1-tuples;
a stable subgraph of order k is represented by a k—tuple;
we denote by Sy a set of k-tuples that represents a partial solution of order
k (a set of stable subgraph of order k);
S1 9 k«2
repeat until k = |E|:

1. S <« 0

2. for all for (a,b) € Sk—1 x G}, do:

e if (a,b) is a stable subgraph of order k, then Sj + S U (a,b)
3. k—k+1

Note that for a given iteration k, k > 2, a pair (a,b) is such that:

a corresponds to a (k — 1)—tuple formed by k — 1 pairs of local attractors,
which represents a stable subgraph of order k — 1;

b corresponds to a 1-tuple formed by 1 pair of local attractors, which rep-
resents a stable subgraph of order 1.



Then, to decide whether a given pair (a,b) is a stable subgraph of order k,
just check if a and b have an element (local attractor) in common. In case it
is true, (a,b) represents a graph with k edges that satisfies the conditions that
define a stable subgraph mentioned above. An attractor field is a stable subgraph
of order |E|, which implies that when we finish computing Sz, we have reached
the solution of the problem, since each element of S|g| is a stable subgraph of
order |E|.

4 Parallel Method

In this work we assume scenarios with few hardware resources, typically a single-
chip multicore machine. Basically a board with p processing cores, where each
core has its own local memory, but there is also a cache shared between the cores
to speed up access to the most used data, improve communication between the
cores and reduce read and write latency.

Our method is based on the strategy of Tovar’s serial method, i.e., we preserve
the three steps provided for in the serial method, but we execute in parallel the
tasks provided for in each step, and we perform intra-step load balancing.

4.1 Multicore Step 1

Suppose that the input CBN has m BNs and that we have p processing cores
available. In the ideal case, we would have a completely homogeneous CBN
where the BNs would all be equal and all of them would have the same number
of coupling signals. In this case, it would be enough to distribute the BNs equally
among the processing cores, allocating m/p BNs to each core.

However, realistic inputs contain heterogeneous CBNs, where the BNs are
different from each other and have different degrees of coupling. This implies
that the workload associated with the computation of the local attractors varies
greatly, so it is important to perform load balancing at this point.

We define a task in Step 1 as the computation of the local attractors of a
given BN; therefore, for a CBN with m BNs, we have m tasks to perform.

The performance associated with a Step 1 task depends on 4 factors: i) the
number of local variables of the BN, ii) the number of coupling signals incident
on the BN, iii) the number and length of attractors in a BN and iv) the length
of the longest path to an attractor.

To define an initial load balancing model in Step 1, we will use only the
first two factors because the last two derive from information that we do not
have a priori and from structural characteristics of the Dubrova and Teslenko
algorithm, in which we do not interfere.

Thus, now we define the weight of workload w1 associated with a Step 1 task
in BN i as being the integer defined as follows:

wl(BN;) = (n —v) x 2%,



where n is the number of local variables of the BN ¢ and v is the number of
coupling signals incident on the BN 3.

Therefore, the total weight twl of the workload associated with a CBN (in
Step 1) is given by

m
twl = Zwl(BNi),
i=1
where m is the number of BNs.
We implement two strategies to distribute twl among the available cores,
which we describe in the following two sections.

Multi-core Step 1 (version A) In this first implementation, we directly
distribute the tasks among the available cores according to a demand-availability
relationship, as follows:

— We create a task pool F' containing all tasks in arbitrary order.

— We allocate the first p tasks to the available p cores.

— If a core becomes available, we allocate the first task in F' to that core. We
repeat this procedure until all tasks are allocated.

In this implementation of Step 1, we have no cost to pre-allocate tasks among
cores. However, we do not guarantee approximately equal load balancing among
cores.

Multi-core Step 1 (version B) To pre-partition twl among the cores ap-
proximately equally, we distribute the m tasks among the p cores using a greedy
load balancing strategy, which can be described as follows:

— Sort tasks in descending order of weight (wl(BN;)), so that the heaviest
tasks are assigned first.
— Initialize a list Load with p elements, where each element represents the load
(total weight) of each core. Initially, all cores have zero load.
— For each task, assign it to the core with the least load at that moment:
1. for each task wl(BN;) (in the sorted order of weights), find the core k
with the minimum load (i.e., the core with the smallest value in Load);
2. assign the task wl(BN;) to core k, and update the load of core k by
adding wl(BN;) to its load. For example, if the load of core k before
assignment was Load [k], the new load will be Load[k] += wl(BN;).
— Repeat until all tasks are assigned, i.e., continue assigning tasks to the cores
until all m tasks have been distributed. After all tasks are distributed, the
Load list will contain the total load of each core.

Sorting takes O(mlogm) time. Distributing the tasks: for each task, the
algorithm finds the core with the least load, which can be done in O(log p) using a
Heap structure. Therefore, the complexity of distributing all tasks is O(mlog p).
Thus, the overall complexity of Step 1 load balancing is O(mlogm + mlogp).



4.2 Multi-core Step 2

Given the topology of a CBN, represented by a directed graph G = (V, E),
the input of Step 2 is a collection of sets of local attractors, being a set A“,
1 <wu < |V, of local attractors for each BN, as illustrated in Fig. 3.

Given an edge (i — j) € E, we define a task in Step 2 as the computation
of all compatible attractor pairs in A* x A7, where A’ and A7 denote the local
attractor sets of the BNs ¢ and j, respectively.

The performance associated with Step 2 is determined by the number of
pairs of local attractors whose compatibility must be checked. In other words,
the computation cost of Step 2 depends on the cardinality of the sets of attractors
where the compatible pairs are prospected.

Thus, given an edge (i — j) € E, we define the weight of workload w2 in
Step 2 associated with the edge (i — j) as being the cardinality of the Cartesian
product A? x A7, i.e.,

w2(i,5) = [A* x A7|.

Therefore, the total weight tw2 of the workload associated with a CBN (in
Step 2) is given by
tw2 =Y w2(i,j).
i,jEE
Similar to Step 1, here we also implement two strategies to distribute tw2
among the available cores, which we describe in the following two sections.

Multi-core Step 2 (version A) In this first implementation of Step 2 we
use exactly the same strategy used in version A of the implementation of Step
1 (Section 4.1). Then, here we also have no pre-allocation cost, but we do not
guarantee an equal distribution of the load among the cores.

Multi-core Step 2 (version B) To divide tw2 among the cores approximately
equally, we distribute the |E| tasks among the p cores using exactly the same
strategy used in version B of the implementation of Step 1 (Section 4.1).

Therefore, ordering tasks takes O(|E|log|E|) time and the complexity of
distributing all tasks is O(|E|logp), in such a way that the overall complexity
of Step 2 load balancing is O(|E|log |E| + |E|log p).

4.3 Multi-core Step 3

As we saw in Section 3.3, in the serial method for a given iteration k, we have
to check all pairs in Si_; x G}, where S,_; and G, denote sets of tuples.
Given a pair (a,b) € Si_1x G}, we define a task of Step 3 as checking whether
or not (a,b) forms a stable subgraph of order k.
Similar to Steps 1 and 2, here we also implement two task allocation strate-
gies, which are described in the following subsections.



Multi-core Step 3 (version A) Here we dynamically reallocate tasks at each
iteration according to a demand-availability relationship, as follows:

— Suppose an iteration k and p cores available. Let a; be the i-th tuple of Si_1
(consider an arbitrary order).
— First we allocate the first p tasks on the available p cores, as follows:
1. We allocate all pairs in a1 x G}, to the lst available core, which will
process the corresponding tasks.
2. We allocate all pairs in as x G} to the 2nd available core, which will
process the corresponding tasks.
3. And so on until all cores are busy.
— Then we allocate the remaining tasks as cores become available, according
to the following:
1. The pairs in a,41 % Gj, are allocated to the first core that becomes avail-
able again.
2. The pairs in a,42 X 92 are allocated to the first core that becomes avail-
able again.
3. And so on until the pairs in a, X 9% are allocated to some core, where
a, denotes the last tuple in S;_1.

Multi-core Step 3 (version B) Suppose an iteration k. If the number of
available cores is p, we can divide the set Si_; into p roughly equal parts and
distribute those parts to different cores. That is, each core ¢ will process a portion
of the set Si_1, as follows:

— The core i receives G}, and a segment S, | of Sy_1, which is a subset Si_, C
Sk—1, with |Si_1|/p elements (See Fig. 6).

— The core i generates all the pairs (a’,b), where o’ € Si_| and b € G}, and
checks whether each of them forms a stable subgraph of order k. This oper-
ation is performed sequentially within each core since each pair is generated
independently of other pairs.

Since the stable subgraphs of order k generated by each core i can be stored
in a local data structure, synchronization can be performed after the execution
of all cores. At the end of the execution, the cores can combine (or reduce) the
results into a single shared data structure, which represents the partial solution
Sk (a set of stable subgraphs of order k). The diagram in Fig. 6 illustrates how
the procedure works for a given iteration k.

Unlike the previous Steps, in this version of Step 3 we perform dynamic load
balancing, in such a way that at each iteration k we redistribute the [Sk_1|x [S}]
tasks among the available cores.

At each iteration k, we perform 1 round of computation and 2 rounds of
communication: one to allocate tasks to cores and another one to write to shared
memory, where the results of each core are combined into a shared data structure,
which represents a partial solution. For a CBN with |E| edges, we perform |E|—1
iterations. Therefore, in Step 3 we perform O(|E|) rounds of communication and
computation.
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Fig. 6: Flow in an iteration k: the partial solution Si_; is divided among the p available
cores; each core receives a copy of G; each core computes the stable subgraphs of order
k in Si_1 x G}; the results obtained in each core are combined to form the partial
solution Sy, which will be similarly used in the iteration k + 1.

5 Implementation and Experimental Results

The method was implemented in Python 3.8.10 and the experiments were per-
formed using Ubuntu 20.04 on a desktop with Intel(R) Xeon(R) CPU E5-2620
v2 @ 2.10GHz, 128 GB RAM and 24 cores.

Under this setup, we performed preliminary experiments to evaluate the per-
formance and scalability of the method considering the scenario where there is
an increase in the number of BNs. In all experiments, we adopted a random
topology for the CBNs. Steps 1, 2 and 3 of the Serial method are relatively in-
dependent, hence we run and evaluate experiments (considering the two parallel
versions) for these three steps independently. More details can be seen in the
following subsections.

5.1 Speedup

To evaluate the speedup of the parallel versions with regard to the Serial im-
plementation, we increased the number of BNs (from 3 to 1024) and fixed the



number of local variables in each BN at 5. We kept the total number of cou-
pling signals proportionally constant with regard to the number of BNs, i.e., we
adopted the number of coupling signals equal to the number of BNs. In this
implementation of the Serial method 24 cores were used. In these experiments
1000 instances were generated for each adopted sample. The average execution
time obtained for each sample is presented in Table 1.

Table 1: Comparison of execution times, grouped by stage (step) and method,
with an increasing number of Boolean networks.

Experiment 1 Experiment 2 Experiment 3
Step 1 Step 2 Step 3
Method] Serial |Parallel Al Parallel B Serial | Parallel Al Parallel Bl Serial | Parallel Al Parallel B
+# BNs
3 0.2315s | 0.4817s | 0.4833s |0.00028 0.3669s | 0.3537s | 0.0024s| 0.6810s | 0.6602s
4 0.3168s | 0.5041s | 0.5041s |0.0003y 0.3718s | 0.3595s | 0.0088s| 1.0362s | 1.0191s
5 0.4034s | 0.5129s | 0.5131s |0.00048 0.3727s | 0.3591s | 0.0534s| 1.4150s | 1.3976s
6 0.4985s | 0.5250s | 0.5231s | 0.0004g 0.3770s | 0.3636s | 0.4293s| 1.9140s | 1.8839s
7 0.5884s | 0.5262s | 0.5289s | 0.00058 0.3767s | 0.3619s | 2.5732s| 3.0863s | 3.1246s
8 0.6738s | 0.5211s | 0.5257s | 0.00068 0.3795s | 0.3675s |23.28379 11.8042s| 12.1993s

funy
(=)

1.4994s | 0.3824s | 0.3821s |0.0011§ 0.2618s | 0.2698s — — —
32 2.8987s | 0.4614s | 0.4264s | 0.00265 0.4221s | 0.4322s — — —
64 5.9565s | 0.6593s | 0.6168s |0.00758 1.0274s 1.1707s — — —
128 12.1228s| 1.0541s 1.0223s | 0.0279y 2.0236s | 2.2752s — — —
256 24.5006s| 1.7848s 1.8498s | 0.0991y 4.1358s | 4.6605s — — —
512 49.1510s| 3.2944s | 3.5305s | 0.37548 9.2657s | 9.4604s — — —
1024 |108.44085 7.9494s | 8.4293s |1.50568 21.6097s| 21.6038s

Step 1: As we can see in Table 1 (Experiment 1, with red background), for
a small number of BNs (up to 6 BNs) the Serial implementation is faster than
both parallel implementations. However, starting from 8 BNs, this trend reverses,
and the parallel versions outperform the serial implementation. For larger inputs
(512 and 1024 BNs) the parallel implementations are vastly superior (speedup
between 13 and 14). These data suggest that the greater the number of BNs, the
more advantageous the parallel implementations become. The data show that
there are no significant performance differences between the two parallel versions
of Step 1, which indicates that the best implementation alternative for Step 1 is
parallel version A, since it is a simpler strategy compared to version B.

Step 2: As we can see in Table 1 (Experiment 2, with green background), the
Serial implementation is faster than both parallel versions A and B, even for in-
puts with many BNs. This superiority of the Serial implementation derives from
the simplicity of the operations in Step 2, which means that developing parallel
versions for Step 2 adds complexity to the code without bringing performance
gains. In fact, the runtime of the Serial implementation is negligible even for
large number of BNs. Thus the best path is to adopt a fork-join model, where
we run a parallel version for Step 1 and a serial version for Step 2.



Step 3: As we can see in Table 1 (Experiment 3, with blue background), the
Step 3 represents a bottleneck of the method, since on the adopted machine,
representative of the scenarios covered by this work where there is little avail-
ability of hardware resources, we were able to run CBNs with only up to 8 BNs.
This limitation occurred in both the serial and parallel implementations and it
derives from a structural characteristic of the dynamics of CBNs, which is the
fact that some CBNs contain a huge amount of AFs (in the order of hundreds
of millions). These cases occur for some CBNs with 9 or more BNs, which re-
quire substantial memory consumption, often causing memory overflow. Since
the runtimes presented in Table 1 represent average values (calculated from sam-
ples with 1000 BNs), the average runtimes for experiments with 16 or more BNs
are not provided, as at least one case resulted in a memory overflow. Despite this
limitation, observing the data for inputs with 3 to 8 BNs, we can see that in the
case with 8 BNs the parallel implementations are faster than the serial imple-
mentation, which suggests that from this point on it is advantageous to adopt
a parallel version. Clearly improvements to the method are needed, specifically
a memory management strategy that addresses this memory overflow problem,
enabling further experiments to validate these results.

5.2 Scalability

To evaluate the scalability of Step 1, we assume CBNs with 1024 BNs, 1024
coupling signals and 5 variables per BN. Then we execute its parallel implemen-
tations using 2,4, 8,12,16,20 and 24 cores. In this experiment we generated a
sample with 250 instances, then the runtimes presented represent the average of
the runtimes obtained, which can be viewed in Fig. 7. We focus on the scala-
bility analysis only for Step 1 because: i) as already concluded in the previous
section, it is better to execute Step 2 in serial mode in a fork-join model due to
its extreme simplicity, hence there is no reason to evaluate the scalability of Step
2; ii) regarding Step 3, to maintain coherence with the input set used in Step 1,
we should evaluate Step 3 using 1024 BNs (as done in Step 1), however this is
not possible as discussed in Section 5.1. Hence for now we cannot evaluate the
scalability of Step 3.

As we can see in Fig. 7, parallel implementations A and B have very similar
performance, varying only marginally from each other. And in both implemen-
tations we can observe that the speedup grows almost linearly up to 12 cores.
Starting from 16 cores, the speedup becomes smoother and stabilizes around
10. We attribute this saturation due to three combined factors: the growth rate
of the number of cores includes 12, 20 and 24, which are not a power of 2 (as
adopted for the number of CBNs), communication overhead that increases as
the number of cores increases, and mainly the use of virtual cores (the machine
adopted to run the experiments has only 12 physical cores).
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Fig. 7: Runtimes versus number of cores (2, 4, 8, 12, 16, 20, 24).

6 Conclusion

In this paper, we present parallel solutions based on the multi-core architecture
for Tovar’s method for AFs computation, assuming scenarios with few hardware
resources. We develop different implementations for each of the three steps of
the serial method, including intra-step load balancing.

We performed and evaluated experiments for each of the three steps of the
method with the aim of indicating which “strategy-step” combination leads to
the best overall performance. The data allow us to conclude that the best way to
optimize the Tovar’s method is to adopt a fork-join model where we run parallel
(Steps 1 and 3) and serial (Step 2) code snippets.

As future work, a memory management strategy is required for Step 3 to
enable the method to operate with hundreds of millions of AFs, which will allow
the method to be applied to more realistic input sizes. In addition, the imple-
mentation of a fork-joint model is needed to optimize the code with serial (Step
2) and parallel (Steps 1 and 3) snippets. Finally, intensive experiments involving
inputs with thousands of BNs and in different scenarios, such as increasing the
number of variables per BN and the number of coupling signals, are required to
further evaluate the efficiency of the method.
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