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Spanning Tree Congestion

• graph 𝐺 = (𝑉 ,𝐸)

• spanning tree T ⊆ 𝐸

• edge 𝑒 ∈ 𝑇  splits tree, and hence 
defines a cut

• size of cut = congestion
• congestion of tree = maximum over all 

tree edges
• find spanning tree with minimal 

congestion [1984]
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NP-hard for

• general graphs [Löwenstein 2010]
• planar graphs [Otachi ea 2010]
• chain graphs
• split graphs [Okamoto ea 2011]

polynomial time algorithms 
for

• outerplanar graphs [Bodlaender ea 
2012]

• co-chain graphs [2015]
• interval graphs [Lin, Lin 2025]
• 2 dimensional tori [Kozawa, Otachi 

2009]
• 2 dimensional Hamming graphs 

[Kozawa, Otachi 2011]
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Complexity depending on maximum degree Δ

• NP-hard for Δ ≥ 8 [Lampis ea 2025]
• NP-hard for Δ ≥ 3 [our work] reduction from M21P1N-SAT

<latexit sha1_base64="872fxYWexsMhDDOz+zbML+O8esc=">AAAB6nicbZC7SgNBFIbPxluMt2hKm8EgpAq7KaJlwCZgE9FNAskSZmdnkyGzs8vMrBCWPIKNhSK2PpHY+ACWvoOTS6GJPwx8/P85zDnHTzhT2rY/rdzG5tb2Tn63sLd/cHhUPD5pqziVhLok5rHs+lhRzgR1NdOcdhNJceRz2vHHV7O8c0+lYrG405OEehEeChYygrWxboOBMyiW7ao9F1oHZwnlRqny/XXd/GgNiu/9ICZpRIUmHCvVc+xEexmWmhFOp4V+qmiCyRgPac+gwBFVXjYfdYrOjROgMJbmCY3m7u+ODEdKTSLfVEZYj9RqNjP/y3qpDi+9jIkk1VSQxUdhypGO0WxvFDBJieYTA5hIZmZFZIQlJtpcp2CO4KyuvA7tWtWpV+s3TrlRg4XycApnUAEHLqABTWiBCwSG8ABP8Gxx69F6sV4XpTlr2VOCP7LefgDkRZE4</latexit>

d1

<latexit sha1_base64="JRQUUNXGg83KuLi2dIoWXDjQbu0=">AAAB6nicbZC7SgNBFIbPxluMt2hKm8EgpAq7KaJlwCZgE9FNAskSZmdnkyGzs8vMrBCWPIKNhSK2PpHY+ACWvoOTS6GJPwx8/P85zDnHTzhT2rY/rdzG5tb2Tn63sLd/cHhUPD5pqziVhLok5rHs+lhRzgR1NdOcdhNJceRz2vHHV7O8c0+lYrG405OEehEeChYygrWxboNBbVAs21V7LrQOzhLKjVLl++u6+dEaFN/7QUzSiApNOFaq59iJ9jIsNSOcTgv9VNEEkzEe0p5BgSOqvGw+6hSdGydAYSzNExrN3d8dGY6UmkS+qYywHqnVbGb+l/VSHV56GRNJqqkgi4/ClCMdo9neKGCSEs0nBjCRzMyKyAhLTLS5TsEcwVldeR3atapTr9ZvnHKjBgvl4RTOoAIOXEADmtACFwgM4QGe4Nni1qP1Yr0uSnPWsqcEf2S9/QDlyZE5</latexit>

d2

<latexit sha1_base64="7ZantIeUClt44foKhgJv9OKyh7U=">AAAB6nicbZDLSgMxFIbP1Futt2qXboJF6KrMVGhdFtwU3FS0F2iHkslk2tBMZkgyQhn6CG5cKOLWJxI3PoBL38H0stDWHwIf/38OOed4MWdK2/anldnY3Nreye7m9vYPDo/yxydtFSWS0BaJeCS7HlaUM0FbmmlOu7GkOPQ47Xjjq1neuadSsUjc6UlM3RAPBQsYwdpYt/7gYpAv2mV7LrQOzhKK9ULp++u68dEc5N/7fkSSkApNOFaq59ixdlMsNSOcTnP9RNEYkzEe0p5BgUOq3HQ+6hSdG8dHQSTNExrN3d8dKQ6VmoSeqQyxHqnVbGb+l/USHVy6KRNxoqkgi4+ChCMdodneyGeSEs0nBjCRzMyKyAhLTLS5Ts4cwVldeR3albJTLVdvnGK9Agtl4RTOoAQO1KAODWhCCwgM4QGe4Nni1qP1Yr0uSjPWsqcAf2S9/QDnTZE6</latexit>

d3

<latexit sha1_base64="hYtwZkNWgT3SySuUyfa+FPkxMRg=">AAAB6nicbZDLSgMxFIbP1Futt2qXboJF6KrMFGldFtwU3FS0F2iHkslk2tBMZkgyQhn6CG5cKOLWJxI3PoBL38H0stDWHwIf/38OOed4MWdK2/anldnY3Nreye7m9vYPDo/yxydtFSWS0BaJeCS7HlaUM0FbmmlOu7GkOPQ47Xjjq1neuadSsUjc6UlM3RAPBQsYwdpYt/7gYpAv2mV7LrQOzhKK9ULp++u68dEc5N/7fkSSkApNOFaq59ixdlMsNSOcTnP9RNEYkzEe0p5BgUOq3HQ+6hSdG8dHQSTNExrN3d8dKQ6VmoSeqQyxHqnVbGb+l/USHVy6KRNxoqkgi4+ChCMdodneyGeSEs0nBjCRzMyKyAhLTLS5Ts4cwVldeR3albJTLVdvnGK9Agtl4RTOoAQO1KAODWhCCwgM4QGe4Nni1qP1Yr0uSjPWsqcAf2S9/QDo0ZE7</latexit>

d4

<latexit sha1_base64="nAzMkB7mKMD0VjuLo9QY5Z5zjFE=">AAAB6nicbZC7SgNBFIbPeo3xFk1psxiEVGE3SLQM2ARsIpoLJEuYncwmQ2Znl5mzQljyCDYWitj6RGLjA1j6Dk4uhSb+MPDx/+cw5xw/Flyj43xaa+sbm1vbmZ3s7t7+wWHu6Lipo0RR1qCRiFTbJ5oJLlkDOQrWjhUjoS9Yyx9dTfPWPVOaR/IOxzHzQjKQPOCUoLFusXfeyxWckjOTvQruAgrVfPH767r2Ue/l3rv9iCYhk0gF0brjOjF6KVHIqWCTbDfRLCZ0RAasY1CSkGkvnY06sc+M07eDSJkn0Z65vztSEmo9Dn1TGRIc6uVsav6XdRIMLr2UyzhBJun8oyARNkb2dG+7zxWjKMYGCFXczGrTIVGEorlO1hzBXV55FZrlklspVW7cQrUMc2XgBE6hCC5cQBVqUIcGUBjAAzzBsyWsR+vFep2XrlmLnjz8kfX2AwFAkUs=</latexit>

t4

<latexit sha1_base64="Kw0St3xgaO38upmJ11oJssTPatk=">AAAB6nicbZC7SgNBFIbPeo3xFk1psxiEVGE3QrQM2ARsIpoLJEuYncwmQ2Znl5mzQljyCDYWitj6RGLjA1j6Dk4uhSb+MPDx/+cw5xw/Flyj43xaa+sbm1vbmZ3s7t7+wWHu6Lipo0RR1qCRiFTbJ5oJLlkDOQrWjhUjoS9Yyx9dTfPWPVOaR/IOxzHzQjKQPOCUoLFusXfeyxWckjOTvQruAgrVfPH767r2Ue/l3rv9iCYhk0gF0brjOjF6KVHIqWCTbDfRLCZ0RAasY1CSkGkvnY06sc+M07eDSJkn0Z65vztSEmo9Dn1TGRIc6uVsav6XdRIMLr2UyzhBJun8oyARNkb2dG+7zxWjKMYGCFXczGrTIVGEorlO1hzBXV55FZrlklspVW7cQrUMc2XgBE6hCC5cQBVqUIcGUBjAAzzBsyWsR+vFep2XrlmLnjz8kfX2A/+tkUo=</latexit>

t3
<latexit sha1_base64="lmpgz0L6MWANz+mY8tEK0qUD0Bo=">AAAB6nicbZC7SgNBFIbPxluMt2hKm8UgpAq7KaJlwCZgE9FcIFnC7GQ2GTI7u8ycFcKSR7CxUMTWJxIbH8DSd3ByKTTxh4GP/z+HOef4seAaHefTymxsbm3vZHdze/sHh0f545OWjhJFWZNGIlIdn2gmuGRN5ChYJ1aMhL5gbX98Ncvb90xpHsk7nMTMC8lQ8oBTgsa6xX6lny86ZWcuex3cJRRrhdL313X9o9HPv/cGEU1CJpEKonXXdWL0UqKQU8GmuV6iWUzomAxZ16AkIdNeOh91ap8bZ2AHkTJPoj13f3ekJNR6EvqmMiQ40qvZzPwv6yYYXHopl3GCTNLFR0EibIzs2d72gCtGUUwMEKq4mdWmI6IIRXOdnDmCu7ryOrQqZbdart64xVoFFsrCKZxBCVy4gBrUoQFNoDCEB3iCZ0tYj9aL9boozVjLngL8kfX2A/4pkUk=</latexit>

t2

<latexit sha1_base64="bw8/Cb72WgBsD9h0MfdNGmGdtlQ=">AAAB6nicbZC7SgNBFIbPxluMt2hKm8UgpAq7KaJlwCZgE9FcIFnC7GQ2GTI7u8ycFcKSR7CxUMTWJxIbH8DSd3ByKTTxh4GP/z+HOef4seAaHefTymxsbm3vZHdze/sHh0f545OWjhJFWZNGIlIdn2gmuGRN5ChYJ1aMhL5gbX98Ncvb90xpHsk7nMTMC8lQ8oBTgsa6xb7bzxedsjOXvQ7uEoq1Qun767r+0ejn33uDiCYhk0gF0brrOjF6KVHIqWDTXC/RLCZ0TIasa1CSkGkvnY86tc+NM7CDSJkn0Z67vztSEmo9CX1TGRIc6dVsZv6XdRMMLr2UyzhBJunioyARNkb2bG97wBWjKCYGCFXczGrTEVGEorlOzhzBXV15HVqVslstV2/cYq0CC2XhFM6gBC5cQA3q0IAmUBjCAzzBsyWsR+vFel2UZqxlTwH+yHr7AfylkUg=</latexit>

t1
<latexit sha1_base64="QxFtjnHI2WUGeHK4En7Uxydtoog=">AAAB6nicbZDLSgMxFIZP6q3WW7VLN8EidFVmuqguC24KbiraC7RDyaSZNjSTGZKMUIY+ghsXirj1icSND+DSdzC9LLT1h8DH/59Dzjl+LLg2jvOJMhubW9s72d3c3v7B4VH++KSlo0RR1qSRiFTHJ5oJLlnTcCNYJ1aMhL5gbX98Ncvb90xpHsk7M4mZF5Kh5AGnxFjrlvbdfr7olJ258Dq4SyjWCqXvr+v6R6Off+8NIpqETBoqiNZd14mNlxJlOBVsmuslmsWEjsmQdS1KEjLtpfNRp/jcOgMcRMo+afDc/d2RklDrSejbypCYkV7NZuZ/WTcxwaWXchknhkm6+ChIBDYRnu2NB1wxasTEAqGK21kxHRFFqLHXydkjuKsrr0OrUnar5eqNW6xVYKEsnMIZlMCFC6hBHRrQBApDeIAneEYCPaIX9LoozaBlTwH+CL39AOK/kTc=</latexit>

c1

<latexit sha1_base64="4xL03klCrnnGE9sU+4hF5jMmEh4=">AAAB6nicbZDLSgMxFIbP1Futt2qXboJF6KrMdFFdFtwU3FS0F2iHkkkzbWiSGZKMUIY+ghsXirj1icSND+DSdzC9LLT1h8DH/59DzjlBzJk2rvvpZDY2t7Z3sru5vf2Dw6P88UlLR4kitEkiHqlOgDXlTNKmYYbTTqwoFgGn7WB8Ncvb91RpFsk7M4mpL/BQspARbKx1S/qVfr7olt250Dp4SyjWCqXvr+v6R6Off+8NIpIIKg3hWOuu58bGT7EyjHA6zfUSTWNMxnhIuxYlFlT76XzUKTq3zgCFkbJPGjR3f3ekWGg9EYGtFNiM9Go2M//LuokJL/2UyTgxVJLFR2HCkYnQbG80YIoSwycWMFHMzorICCtMjL1Ozh7BW115HVqVslctV2+8Yq0CC2XhFM6gBB5cQA3q0IAmEBjCAzzBs8OdR+fFeV2UZpxlTwH+yHn7AeRDkTg=</latexit>

c2

<latexit sha1_base64="XiGtU2BWsw+0EnocgimUdi6i5Gc=">AAAB6nicbZDLSgMxFIZPvNZ6q3bpJliErspMheqy4KbgpqK9QDuUTJppQzOZIckIZegjuHGhiFufSNz4AC59B9PLQlt/CHz8/znknOPHgmvjOJ9obX1jc2s7s5Pd3ds/OMwdHTd1lCjKGjQSkWr7RDPBJWsYbgRrx4qR0Bes5Y+upnnrninNI3lnxjHzQjKQPOCUGGvd0t55L1dwSs5MeBXcBRSq+eL313Xto97LvXf7EU1CJg0VROuO68TGS4kynAo2yXYTzWJCR2TAOhYlCZn20tmoE3xmnT4OImWfNHjm/u5ISaj1OPRtZUjMUC9nU/O/rJOY4NJLuYwTwySdfxQkApsIT/fGfa4YNWJsgVDF7ayYDoki1NjrZO0R3OWVV6FZLrmVUuXGLVTLMFcGTuAUiuDCBVShBnVoAIUBPMATPCOBHtELep2XrqFFTx7+CL39AOXHkTk=</latexit>

c3

<latexit sha1_base64="RECqvI9QHug7FI0Oixi/Twpum/s=">AAAB6nicbZDLSgMxFIZPvNZ6q3bpJliErspMkeqy4KbgpqK9QDuUTJppQzOZIckIZegjuHGhiFufSNz4AC59B9PLQlt/CHz8/znknOPHgmvjOJ9obX1jc2s7s5Pd3ds/OMwdHTd1lCjKGjQSkWr7RDPBJWsYbgRrx4qR0Bes5Y+upnnrninNI3lnxjHzQjKQPOCUGGvd0t55L1dwSs5MeBXcBRSq+eL313Xto97LvXf7EU1CJg0VROuO68TGS4kynAo2yXYTzWJCR2TAOhYlCZn20tmoE3xmnT4OImWfNHjm/u5ISaj1OPRtZUjMUC9nU/O/rJOY4NJLuYwTwySdfxQkApsIT/fGfa4YNWJsgVDF7ayYDoki1NjrZO0R3OWVV6FZLrmVUuXGLVTLMFcGTuAUiuDCBVShBnVoAIUBPMATPCOBHtELep2XrqFFTx7+CL39AOdLkTo=</latexit>

c4<latexit sha1_base64="Tsids9d/LDKvseHzA3o2X+o1edM=">AAAB7HicbZDLSgMxFIbP1Ftbb1WXboJF6MYycVHFVcGN4Kai0xbaoWTStA3NZIYkI9Shz+DGhSJufRl3LgTfxvSy0NYfAh//fw455wSx4Nq47reTWVldW9/I5vKbW9s7u4W9/bqOEkWZRyMRqWZANBNcMs9wI1gzVoyEgWCNYHg5yRv3TGkeyTszipkfkr7kPU6JsZaHL65PcKdQdMvuVGgZ8ByK1ezD18dtLVfrFD7b3YgmIZOGCqJ1C7ux8VOiDKeCjfPtRLOY0CHps5ZFSUKm/XQ67BgdW6eLepGyTxo0dX93pCTUehQGtjIkZqAXs4n5X9ZKTO/cT7mME8MknX3USwQyEZpsjrpcMWrEyAKhittZER0QRaix98nbI+DFlZehflrGlXLlBherJZgpC4dwBCXAcAZVuIIaeECBwyM8w4sjnSfn1XmblWacec8B/JHz/gOBoJC9</latexit>

1 : K → 1
<latexit sha1_base64="Tsids9d/LDKvseHzA3o2X+o1edM=">AAAB7HicbZDLSgMxFIbP1Ftbb1WXboJF6MYycVHFVcGN4Kai0xbaoWTStA3NZIYkI9Shz+DGhSJufRl3LgTfxvSy0NYfAh//fw455wSx4Nq47reTWVldW9/I5vKbW9s7u4W9/bqOEkWZRyMRqWZANBNcMs9wI1gzVoyEgWCNYHg5yRv3TGkeyTszipkfkr7kPU6JsZaHL65PcKdQdMvuVGgZ8ByK1ezD18dtLVfrFD7b3YgmIZOGCqJ1C7ux8VOiDKeCjfPtRLOY0CHps5ZFSUKm/XQ67BgdW6eLepGyTxo0dX93pCTUehQGtjIkZqAXs4n5X9ZKTO/cT7mME8MknX3USwQyEZpsjrpcMWrEyAKhittZER0QRaix98nbI+DFlZehflrGlXLlBherJZgpC4dwBCXAcAZVuIIaeECBwyM8w4sjnSfn1XmblWacec8B/JHz/gOBoJC9</latexit>

1 : K → 1

<latexit sha1_base64="Tsids9d/LDKvseHzA3o2X+o1edM=">AAAB7HicbZDLSgMxFIbP1Ftbb1WXboJF6MYycVHFVcGN4Kai0xbaoWTStA3NZIYkI9Shz+DGhSJufRl3LgTfxvSy0NYfAh//fw455wSx4Nq47reTWVldW9/I5vKbW9s7u4W9/bqOEkWZRyMRqWZANBNcMs9wI1gzVoyEgWCNYHg5yRv3TGkeyTszipkfkr7kPU6JsZaHL65PcKdQdMvuVGgZ8ByK1ezD18dtLVfrFD7b3YgmIZOGCqJ1C7ux8VOiDKeCjfPtRLOY0CHps5ZFSUKm/XQ67BgdW6eLepGyTxo0dX93pCTUehQGtjIkZqAXs4n5X9ZKTO/cT7mME8MknX3USwQyEZpsjrpcMWrEyAKhittZER0QRaix98nbI+DFlZehflrGlXLlBherJZgpC4dwBCXAcAZVuIIaeECBwyM8w4sjnSfn1XmblWacec8B/JHz/gOBoJC9</latexit>

1 : K → 1

Figure 2: 3-regular gadget simulating 
higher degree vertices

Figure 3: gadget simulating double weight 
edges. Congestion 1 if not part of 

spanning tree, and $K-1$ otherwise
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Complexity depending on 𝐾

is the spanning tree congestion ≤ 𝐾?

• polynomial time solvable for 𝐾 = 1, 2, 3

• NP-hard for 𝐾 ≥ 10 [Otachi ea 2010]
• NP-hard for 𝐾 ≥ 5 [Lưu, Chrobak 2023]
• open for 𝐾 = 4

• polynomial time solvable for 𝐾-edge connected graphs [our work]
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Figure 4: 2-cuts in the cactus graph representation 𝐶𝐺 correspond to 𝐾-cuts in 𝐺
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Thank you
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