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Problem Statement

Real Algebraic Curves

I=(f1,., fr) C Qlat, .., @n], dim(D) = 1
CR=VR(I)={$€R"\f1(93)— = fr(z) =0}
Theorem (folklore)

dm €NsuchthatCg =C1U---U Ch,

where C1,...,C,, are non-empty semi-algebraic
connected sets.

C; connected component
- Finite: m < d(2d — 1)"~!, d = max; deg f;
[Milnor 1964]
- Semi-algebraic — semi-algebraic polynomial constraints

Goal: design an algorithm for computing a semi-algebraic description of each C;

Motivation

This problem arises in optical systems; an application will be presented at the end.
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Prior work (semi-algebraic sets)
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[Heintz-Roy-Solerné (1994)]

[Canny-Grigor'ev-Vorobjov (1992)]

No dedicated algorithm for computing connected components
of real algebraic curves in arbitrary dimension.

Related work (algebraic curves)
[Cheng-Jin-Pouget-Wen-Zang (2024)] Topology of curves in R3 6(d18 + d17t)
d: degree of polynomials, t: coeff. bitsize

[Islam-Poteaux-Prébet (2023)] Connectivity queries space curves 5(66 +6°7)
5. degree of the curve (§ ~ d?~ 1,7 ~ d?~1t)
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Contributions

Plane Curve: Cgr = Vi(f) where f € Z[z1,x2] is square-free of magnitude (4, 7)

Main Theorem (Plane curve)

The connected components of Cg can be computed in 6(57 + 657) bit operations.
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Jonh) _y gin—7 n=23— O(d¥+...) 5(&) O(d2?+...)

d?: degree of the curve
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Plane Curve: strategy

f € Z[z1, x2] square-free, magnitude (§,7) —  Cr = V&(/f)

5/14



Plane Curve: strategy

f € Z[z1, x2] square-free, magnitude (§,7) —  Cr = V&(/f)

Sl

Real Isotopy Graph 0(56 + 05 )

G C R? encodes the topology of the curve Cg

5/14



Plane Curve: strategy

f € Z[z1, x2] square-free, magnitude (§,7) —  Cr = V&(/f)

Real Isotopy Graph 0(56 +6°7)

G C R? encodes the topology of the curve Cg

Enrich the graph:
new vertices and edges
Semi-algebraic Real Isotopy Graph

H C R2 encodes the topology of the curve Cg

o Each edge comes with a
semi-algebraic description

5/14



Plane Curve: strategy

f € Z[z1, x2] square-free, magnitude (§,7) —  Cr = V&(/f)

Real Isotopy Graph 0(56 + 05 )

G C R? encodes the topology of the curve Cg

Enrich the graph:
new vertices and edges
Semi-algebraic Real Isotopy Graph

H C R2 encodes the topology of the curve Cg

o Each edge comes with a
semi-algebraic description

Each connected component admits a semi-algebraic description
as the union of the descriptions of its edges and vertices.

5/14
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f € Z[z1, x2] square-free, magnitude (§,7) —  Cr = V&(/f)

Real Isotopy Graph 0(56 +6°7)

G C R? encodes the topology of the curve Cg

Enrich the graph:
new vertices and edges
Semi-algebraic Real Isotopy Graph

H C R2 encodes the topology of the curve Cg

o Each edge comes with a
semi-algebraic description

Each connected component admits a semi-algebraic description
as the union of the descriptions of its edges and vertices.

Assumption: S(f)={peCr |3k e {1,...,6}: 0% (f)(p) =0} is a finite set.

5/14



Plane Curve: Graph Construction
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Plane Curve: Graph Construction

Real Isotopy Graph O(5% + 6°7) G f

w1 (21, 22) = 21 \

]
e New vertices: Semi-alzebrai | .
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o Refine edges H / o
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Semi-algebraic description of the edges of H 4 >>
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1

Lemma

Ve € E(H), oo= (sign(dk, f))i:1 is constant.
Moreover, o. uniquely identifies e among all

edges above I.
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Plane Curve: General case
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f=(f1,..., fn-1) C Z[z1,...,zy] radical, magnitude (d,h) — Cr=Vi(f)

One-dimensional parametrization (A, 1y (w, 01, ..

[Giusti-Lecerf-Salvy (2001)] [Schost (2000)]

., vn)) € Q[x]? x Q[u, v]+1!

Birational Projection: 7y, : C --» C2 such that 7y, () = (A (), p(x))

C2 = V(w(u,v))

¢={(sw: matow) (6:) | w(B:m) = 0, 52 (6,m) # 0}

Generic Projection (A1)
[Islam-Poteaux-Prébet (2023)]

The connectivity of Cr can be recover from
the connectivity of Ca g

app(C2) C sing(C2) finite set

1

Nodes of Co with 2 preimages

app(C2)
T,y (app(C2))

/// CR
v

[
|
|
|
T
: lﬂ'u,’u
|
[
!

u, v
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Space Curve: From the Planar Case to Missing Points

Semi-algebraic real isotopy graph of Cs
1. Connectivity of Ca g

2. Semi-algebraic descriptions of Ca g
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Space Curve: From the Planar Case to Missing Points

Semi-algebraic real isotopy graph of Cs

3 A A A A
1. Connectivity of Ca g 1,,.\ .~ 3 1/.\ e ?
2. Semi-algebraic descriptions of Co g e e \./< _
As Ay Ag Ay
2.
One-dimensional parametrization + f1,..., fn—1 Semi-algebraic description of
the connected components
Missing Points: 71';7}1 (app(C2)) of Cr outside ﬂﬂ,},(app(Cg))

Warning. Using ﬂ';j, to compute the missing points is computationally expensive.
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Space Curve: Recovery of Missing Points
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Space Curve: Recovery of Missing Points

Second Generic Projection (A2) Semi-algebraic description of
@ =@ the connected components of

Cr outside 7_, v,(app(C' )

T/ ol t

oo i Theorem
: Lruw For a generic choice of Ag, one has
| — —
< 7t (8pp(C5)) N 7 (app(C)) = 2.
al-af u,v

C'; connected component of Cp
Ci \ (7ru 7J( )n Ci)
Ci\ (7, v/(app(C )) N Cy)
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Space Curve: Recovery of Missing Points

Second Generic Projection (A2)

7'('“/,1)/ :C --» Cé
‘ o<
Ry K
- |
_ - 4 C;

u' v

C'; connected component of Cp
Ci \ (ma( )N Cy)
Ci\ (m 3}, (app(C5)) N Ci)

]_>

Semi-algebraic description of
the connected components of
Cr outside 7_, v,(app(C’ )

Theorem

For a generic choice of Ag, one has
T o (aPP(Ch)) N 7o (app(C2)) = 2.

By matching the two descriptions , we
obtain a semi-algebraic description of
each connected component of Cg.
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Space Curve: Linking Procedure and Conclusion
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Space Curve: Linking Procedure and Conclusion

PC Reg(C) finite

First Projection Second Projection ..
containing at least
_ _ one point in each C;
61-,”-«,@711, L= P ) a . g
[Safey El Din-Schost (2003)]
same connected component _
pEO; pE=; Add the set P to the graphs

Space curve (d,h) — O (ONEDIMPARAM + REGULARPOINTS 4 PlaneCurve)

~—
n15d4n(t +log(1/€) + @) 8" + 4857

Conjecture K-/ § ~ dn-1
a ~ log (%) + O(n)logd T ~ ntd*!
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Application

Optical System Design — Semi-algebraic Sets
needed to optimize performance optical and geometrical constraints

Optical systems in the same connected components are said Optically equivalent

Semi-algebraic curve in 6 variables ¥

Projected curve

\/ First connected component

® dy =dy =0

/ o d3=0 Second connected component

the space curve is smooth

e _gce
Ju‘la Running time: 8.9s
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Implementation

Input: f1,..., fn—1 € Q[z1,...,z,] with random coefficients.

CAD 3.66s > 6d
CURVECOMPONENTS 0.28s 0.73s  15,71s 34,84m

e CAD: requires computing cell adjacencies (not implemented).

o CURVECOMPONENTS: implemented in Julia using AlgebraicSolving.jl and
msolve.

Laptop
o CPU: Intel® Core™ Ultra 7 265H N
e Memory: 62 GB RAM

° 0
posso (lab server) Ju'la

o CPU: 2 x Intel® Xeon® E7-4820 v4 @ 2.00 GHz
e Memory: 1.5 TiB RAM
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Future Perspectives

Control of the bit size a of generic changes of coordinates

Software Implementation

Implementation in AlgebraicSolving.jl
Applications to problems arising in optical systems

e Towards Semi-Algebraic Sets

Semi-algebraic curves
Higher-dimensional semi-algebraic sets

e Application

More complex optical design problems
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Thank you for your attention!

14/14



