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$&% wlF?H;w ~EL({ ~E{PF?H;B�~EQWMlC+L(LmFJwlHvC+I B<RJ{fI(wOMlFJB<H��

�5% wlF?H;w ~EL({ ~E{PF?H;MOLmK(RJA FJLmKm~EL Q<HvK I k?C+L Q<Fh4 Q<F��
75% wlF?H;w ~EL({ ~E{PF?H0K(RJA FJLmKm~EL Q<HvK I k?C+L Q<Fh4 Q<F��mFJQ
]�% wlF?H;w ~EL({ ~E{PF?H;B<R?kJI(B<HWMONPF32 FJL QvRJL I�2 RJB�~�((wlF?H %
j F Q@:mR?C+B 032 F0K(F�<>:mC/2 H@?BA �fRJQ�~�((wOMlH<H�~EL Q�w ~ :(MlRJB�~EB<k :(MlF�� K MOQ _ ImF�wlF?H�w ~EL({ ~E{PF?H%B<RJ{fI(wOMlFJB<H�H<C+L Q�MOLmkJwOImH

Km~ELmH wlF?H w ~EL({ ~E{PF?H MOLmK(RJA FJLmKm~EL Q<H K I�k?C+L Q<Fh4 Q<F��b_ I(MxH<C+L Q FJI54B� 2��32 F?H MOLmkJwOImH Km~ELmH wlF?H w ~EL({ ~E{PF?H
K(RJA FJLmKm~EL Q<H3K I k?C+L Q<Fh4 Q<F�� k?F?H0K(FJBWL(MlFJB<H3RJQ�~EL Q�\mL ~EwlF32 FJL Q3MOLmkJwOImH.Km~ELmH0wlF?H;w ~EL({ ~E{PF?HvB<R?kJI(B<HWMONPF32 FJL Q
RJL I�2 RJB�~�((wlF?H %
j F?H�w ~EL({ ~E{PF?H%B�~EQWMlC+L(LmFJwlH%C+I B<RJ{fI(wOMlFJB<H�C+L Q�I(LmF;H<QWBWImkJQWI(B<F�B<FJw ~EQWMONPF32 FJL Q HWM'2 A(wlF�FJQ�LmC+ImH%~EwOwlC+LmH%wlF?H

RJQWImK MlFJB.~EI A(B<Cqk : ~EMOL k : ~EA(MOQWB<F % j FJI(B<H.~+k?k?FJA(Q<FJI(B<H�� ~EA(A FJwlR?H.~EI(Q<C/2 ~EQ<F?H.K y RJQ�~EQ<H)\mL(M �(LmFxLmR?k?F?H<HWMOQ<FJL Q
_ I y I(LmF+_ I ~EL QWMOQ<R \mL(MlFxK(F 2 R32 C+MOB<F�FJQ�wlFJI(B�B<F?k?C+L(L ~EMlH�H�~ELmk?F3A FJI(Q;H�F;Dz~EMOB<FxK(F 2 ~EL(M10JB<F3QWB 0?H;F>G kc~+k?F %j F?How ~EL({ ~E{PF?H MOLmK(RJA FJLmKm~EL Q<H K I'k?C+L Q<Fh4 Q<F _ I(M LmF H<C+L Q A ~+HoB<RJ{fI(wOMlFJB<HoLmR?k?F?H<HWMOQ<FJL Q K(F?HoB<F?k?C+L(L ~EMlH �
H<FJI(B<H K MlHWA CfH^~EL QoK y I(LmF A(MOwlF A C+I(B,2 R32 C+BWMlH�FJB wlF k?C+L Q<Fh4qQ<F K(F B<FJQ<C+I(B ~EA(B 0?H w ~ B<F?k?C+L(L ~EMlH<H�~ELmk?F K I
A ~EQWB<C+L k?C+I(B�~EL Q���wlFJI(B B<F?k?C+L(L ~EMlH<H�~ELmk?F A FJI(Q H<F Dz~EMOB<F K(F 2 ~EL(M10JB<F B<FJw ~EQWMONPF32 FJL Q F>G kc~+k?F��%HWI(BWQ<C+I(Q
A C+I(B;k?FJBWQ�~EMOLmF?H.kJw ~+H<H�F?H A ~EB@2 M�k?F?H�w ~EL({ ~E{PF?H _ ImF3LmC+ImH.RJQWImK MlFJB<C+LmH;A(wOImH�wlC+MOL RJ{ ~EwlF32 FJL Q %
j F?H�w ~EL({ ~E{PF?H�K(RJA FJLmKm~EL Q<H K I k?C+L Q<Fh4 Q<F _ I(M LmFvH<C+L Q�A ~+H�MOLmK(RJA FJLmKm~EL Q<H�K I k?C+L Q<Fh4qQ<FvLmR?k?F?H<HWMOQ<FJL Q

A(wOImH�K(F0B<F?H<H�C+I(B<k?F?H�FJLmk?C+B<FvKm~ELmH%w ~,2 F?HWI(B<F.C$; w ~|B<F?k?C+L(L ~EMlH<H�~ELmk?F3K y I(LmF;A ~EBWQWMlFvK(F.k;: ~FElLmF0LmR?k?F?H�HWMOQ<F
LmC+LoH<FJI(wlF32 FJL Q�K(F�k?C+LmH<FJBWNPFJB)wlF�k?C+L Q<Fh4qQ<F�NPFJB<H)wlF _ ImFJw C+LoK(C+MOQ)B<FJNPFJL(MOB�~EA(B 0?H)w ~;B<F?k?C+L(L ~EMlH�H�~ELmk?F��/2 ~EMlH
LmR?k?F?H<HWMOQ<F ~EImH�HWM�wzy ~+k?k 0?H d K(F?HxMOL DGC+B@2 ~EQWMlC+LmH�HWI(B3wlF k?C+L Q<Fh4qQ<F Km~ELmHxwlF _ ImFJw�H�F5H<MOQWImF k?FJQWQ<F A ~EBWQWMlF K(F
k : ~FElLmF %5X L5\mLM� wlF?H�w ~EL({ ~E{PF?H�B<R?kJI(B<HWMONPF32 FJL Q;RJL I�2 RJB�~�((wlF?H H<C+L Q�K(F?H�w ~EL({ ~E{PF?H�A C+I(B�wlF?H _ ImFJwlH�C+L A FJI(Q
K(Rh\mL(MOB I(LmF A(B<Cqk?R?K I(B<F A FJB@2 FJQWQ�~EL Q K y RJL I�2 RJB<FJB B<R?kJI(B<HWMONPF32 FJL Q Q<C+I(Q<F?H wlF?H k;: ~FElLmF?H ~EA(A ~EBWQ<FJL ~EL Q
~EI w ~EL({ ~E{PF % j F?H.w ~EL({ ~E{PF?H0B<R?kJI(B<HWMONPF32 FJL QxRJL I�2 RJB�~�((wlF?H+_ I(M LmF�H<C+L Q0A ~+H.K(RJA FJLmKm~EL Q<HvK I k?C+L Q<Fh4 Q<F
H<C+L QvK MOQ<H! *># T	� �6RP<9T �626%>)+*� A(I(MlH _ ImF�w ~ A(B<Cqk?R?K I(B<F K y RJL I�2 RJB�~EQWMlC+L#LmC+ImH3C / B<F�I(L 2 CPAPFJL#HWM'2 A(wlF5K(F
NPRJBWMy\ FJB HWM I(LmFvk : ~FElLmFx~EA(A ~EBWQWMlFJL Q;~EI w ~EL({ ~E{PF�,qRJL I�2 RJB<FJB Q<C+I(Q<F?H�wlF?H�k : ~FElLmF?HU� ImH;_ I y d B<FJLmk?C+L QWB<FJB�w ~
k : ~FElLmF d NPRJBWMy\ FJB %�^ ~Ew':mFJI(B<FJImH<F32 FJL Q��)k?FJQWQ<F A(B<Cqk?R?K I(B<F K y ~+k?k?FJA(Q�~EQWMlC+L�LmF A FJB@2 FJQ|A ~+H�K(F K(R?kJMlK(FJB
HWM I(LmFok : ~FElLmFoL y ~EA(A ~EBWQWMlFJL Q�A ~+H|~EI w ~EL({ ~E{PFK, wlF w ~EL({ ~E{PF RJQ�~EL QxMOL5\mL(M � MOw LmF5H�FJB�~*�<~�2 ~EMlH3A CfH<HWM'((wlF
K(F H�~cNPC+MOB HWM0w ~�k : ~FElLmF _ I(M0L y ~#A ~+H FJLmk?C+B<F RJQ<R C/((Q<FJL ImF wlF H�FJB�~ A(wOImH Q�~EB<K Km~ELmH wzy RJL I�2 RJB�~EQWMlC+L
C+IN�<~�2 ~EMlH % j y ~+k?k?FJA(Q<FJI(B3A FJI(QvK(C+Lmk|B<RJA C+LmK B<F C+I(M)HWM w ~ k;: ~FElLmF ~EA(A ~EBWQWMlFJL Q|~EI w ~EL({ ~E{PF���2 ~EMlH0A FJI(Q
( C+ImkJwlFJB;MOLmK(Rh\mL(M'2 FJL Q3HWM w ~ok : ~FElLmF�L y ~EA(A ~EBWQWMlFJL QvA ~+H0~EI w ~EL({ ~E{PF %
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j F?H w ~EL({ ~E{PF?H DGC+B@2 FJwlH;K(C+L Q�w ~5HWQWBWImkJQWI(B<F|F?H<Q�w ~ A(wOImH�HWM'2 A(wlFxH�C+L Q�wlF?H w ~EL({ ~E{PF?H;K MOQ<H �PR�	 �	) T * �� C+I
�(2�8UTU'�@�@B*>)  % pswmHWIHG Q�A C+I(B�B<F?k?C+L(L ~FElQWB<F;wlF?H%k : ~FElLmF?H�~EA(A ~EBWQ<FJL ~EL Q d I(L K(F;k?F?H�w ~EL({ ~E{PF?H%K(F0k?C+LmHWQWBWI(MOB<F
I(L ~EI(Q<C/2 ~EQ<F \mL(M % f C+ImH ~EwOwlC+LmH NPC+MOB)Km~ELmH k?F�k;: ~EA(MOQWB<F%k?C/2L2 FJL Q H<C+L Q K(Rh\mL(MlH�k?F?H w ~EL({ ~E{PF?H��ak?C/2L2 FJL Q
C+L�A FJI(Q�k?C+LmH<QWBWI(MOB<F%I(Lo~EI(Q<C/2 ~EQ<F \mL(M B<F?k?C+L(L ~EMlH<H�~EL Q wlF?H�k : ~FElLmF?H�~EA(A ~EBWQ<FJL ~EL Q d I(L w ~EL({ ~E{PF d A ~EBWQWMOB
K(F|H�~oK(Rh\mL(MOQWMlC+L %
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r.~EA(A FJwlC+LmH _ ImF wlF?H w ~EL({ ~E{PF?H5DGC+B@2 FJwlH H<C+L Q5K(F?HoFJLmH<F32=((wlF?H K(F k;: ~FElLmF?H k?C+LmHWQWBWI(MOQ<F?HoHWI(B I(L'~Ewy�
A�: ~�( FJQ K(C+L(LmR % rv~EA(A FJwlC+LmH RJ{ ~EwlF32 FJL Q w ~ _ ImF?HWQWMlC+L M'2 A C+BWQ�~EL Q<F#K(F H�~cNPC+MOB k?C/2L2 FJL Q K(Rh\mL(MOB FJL
MOL Q<FJLmH<MlC+L I(L w ~EL({ ~E{PF3DGC+B@2 FJw % j F?H�w ~EL({ ~E{PF?H0B<RJ{fI(wOMlFJB<H.H<C+L Q.K(F?H;w ~EL({ ~E{PF?H�_ I(M A FJI(NPFJL Q.H�FxK(Rh\mL(MOB d
A ~EBWQWMOBxK y I(L LmC/2=((B<F \mL(M)K(F5w ~EL({ ~E{PF?H3K(F ( ~+H<F5FJI54!� 2��32 F?H \mL(MlH�� FJQ3K y C+A RJB�~EQWMlC+LmHxFJLmH<F32=((wOMlHWQ<F?HxFJQ
K(F|k?C+Lmkc~EQ<RJL ~EQWMlC+L FJL QWB<F�k?F?H;w ~EL({ ~E{PF?H0FJQ;FJL QWB<F�wlF?H;k : ~FElLmF?Hv~EA(A ~EBWQ<FJL ~EL Q d k?F?H;w ~EL({ ~E{PF?H %

<�C+LmHWMlK(RJB<C+LmH I(L ~EwOA�: ~�( FJQ Σ = {a1, ...an}
% c Rh\mL(MlH�H<C+LmH wlF?H w ~EL({ ~E{PF?H 8 ��T ��T 2 �
	 � kc~EBp\mL(MlH FJQ

2��32 F|HWMOL({fwlFJQ<C+L � Li = {ai}
% c Rh\mL(MlH<H<C+LmH0FJLmHWI(MOQ<FxwlF?H�QWB<C+MlH.C+A RJB�~EQWMlC+LmH.HWI(MON+~EL Q<F?H!,

GH�UI"�Q��-
L ∪ L′ = {ω | ω ∈ L ou ω ∈ L′}

%
kH�F��n�GHI M -

L · L′ = {u · v | u ∈ L et v ∈ L′}
%

IKMPE����5M`I"����� ���!�����mM`GU�F� nU��
  "���!�U��� -
L∗ =

⋃

i≥0
Li
�(C$;

L0 = {ε}

L1 = L

L2 = L · L1

...

Li+1 = L · Li

FJQ�w ~5DGFJB@2 FJQWI(B<FxA CfH<MOQWMONPF L+ =
⋃

i>0
Li<�F?H;H<FJI(wlF?H0C+A RJB�~EQWMlC+LmH;H<C+L Q;LmR?k?F?H<H�~EMOB<F?H0A C+I(B;k?C+LmH<QWBWI(MOB<F|wlF?H�w ~EL({ ~E{PF?H0B<RJ{fI(wOMlFJB<H!,

�
����������� ��E��QGU JI"��� - t L�w ~EL({ ~E{PF L ⊆ Σ∗ F?HWQ�K MOQ �PR�	 �	) T * � � � 2�8UT '$@�@ *>) � HWM%FJQ�H<FJI(wlFh�
2 FJL Q5H<M�MOw%A FJI(Q!�JQWB<F C/((Q<FJL I d A ~EBWQWMOB5K(F?H|w ~EL({ ~E{PF?H QWBWMON M ~EI54�HWI(B�wlF?H�H@AB2,( C+wlF?H�K(F ΣI(L(M1_ ImF32 FJL Q.A ~EB;wzy ~EA(A(wOMlkc~EQWMlC+L K(F?H.C+A RJB�~EQWMlC+LmH.K y I(L(MlC+LM�mK(FxA(B<CqK I(MOQ0FJQ;K(F3DGFJB@2 FJQWI(B<F %
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. C+I(B)k?C+LmHWQWBWI(MOB<F�I(L w ~EL({ ~E{PF�B<RJ{fI(wOMlFJB�H<I(B I(L5~EwOA�: ~�( FJQ Σ �?MOw HWIHG Q�K(C+Lmk�K(F�A C+I(NPC+MOB k?C+LmHWQWBWI(MOB<F%wlF?Hw ~EL({ ~E{PF?H QWBWMONqM ~EI54 d A ~EBWQWMOB�K(F?H�H@A!2=( C+wlF?H K(F Σ A(I(MlH K(Fvk?C/2,((MOLmFJB wlF?H�w ~EL({ ~E{PF?H�A ~EB�K(F?H�C+A RJB�~EQWMlC+LmH
K y I(L(MlC+LM�mK(F3A(B<CqK I(MOQ0FJQ;K(FvDGFJB@2 FJQWI(B<F % t LmFxFh4 A(B<F?H<HWMlC+L B<RJ{fI(wOM10JB<F�F?HWQ I(LmF|Fh4qA(B<F?H�HWMlC+L d w ~ 2 ~EL(M10JB<F
K(F?H Fh4qA(B<F?H�HWMlC+LmH�~EBWMOQ@:�2 RJQWM1_ ImFb2 ~EMlH K(C+L Q�w ~.H<MO{fL(My\ kc~EQWMlC+L H<F�k?C/2 A(B<FJLmK FJL5Q<FJB@2 F?H�K y C+A RJB�~EQWMlC+LmH�HWI(B
wlF?H|w ~EL({ ~E{PF?H % j F?H Fh4qA(B<F?H<H<MlC+LmH|B<RJ{fI(wOM10JB<F?HoH<C+L Q K(C+Lmk K(Rh\mL(MlF?H d wzy ~EMlK(F K y C+A RJB�~EQ<FJI(B<H�B<FJA(B<R?H�FJL Q�~EL Q
wlF?H�C+A RJB�~EQWMlC+LmH�A(B<R?k?R?K(FJL Q<F?H HWI(B�wlF?H%w ~EL({ ~E{PF?H FJQ�K(F)2 ~EL(M10JB<FvMOLmK ImkJQWMONPF0A C+I(B%B<F>O RJQ<FJB�wlFJI(B HWQWBWImkJQWI(B<F
B<R?kJI(B<HWMONPF %

� qOkH�F�!�P�`I"��� �FE!��GH "I"r!�F�.- � A ~EB;MOLmK ImkJQWMlC+L � nqC+MOQ Σ I(L ~EwOA�: ~�( FJQ�� ~EwlC+B<H
� ∅ F?HWQ�I(LmFxFh4qA(B<F?H�HWMlC+L B<RJ{fI(wOM10JB<F�K(C+L Q;w ~oHWMO{fL(My\ kc~EQWMlC+L F?HWQ L(∅) = ∅
� � ∈ Σ F?HWQ�I(LmF�Fh4qA(B<F?H<H<MlC+L B<RJ{fI(wOM10JB<F�K(C+L Q0w ~ HWMO{fL(My\ kc~EQWMlC+L F?HWQ L( � ) = { � }
� nqC+MOQ e I(LmF Fh4qA(B<F?H�HWMlC+L B<RJ{fI(wOM10JB<F5K(RJLmC+Q�~EL Q L(e) � ~EwlC+B<H e � F?H<Q.~EImH<HWM�I(LmF|Fh4qA(B<F?H�HWMlC+LB<RJ{fI(wOM10JB<F�K(RJLmC+Q�~EL Q.wlF3w ~EL({ ~E{PF L(e)∗

� nqC+MlFJL Q e1
FJQ e2

K(F?H3Fh4 A(B<F?H<HWMlC+LmHvB<RJ{fI(wOM10JB<F?HxK(RJLmC+Q�~EL QxwlF?Hvw ~EL({ ~E{PF?H L(e1)
FJQ L(e2)

�
~EwlC+B<H
e1e2

F?H<Q�I(LmFxFh4qA(B<F?H<H<MlC+L B<RJ{fI(wOM10JB<F�K(RJLmC+Q�~EL Q0wlF3w ~EL({ ~E{PF L(e1) · L(e2)
e1 � e2

F?HWQ�I(LmFxFh4 A(B<F?H<HWMlC+L B<RJ{fI(wOM10JB<F K(RJLmC+Q�~EL Q0wlF3w ~EL({ ~E{PF L(e1) ∪ L(e2)

j F?H Fh4qA(B<F?H<H<MlC+LmH B<RJ{fI(wOM10JB<F?H LmC+ImH K(C+L(LmFJL Q I(L A(B<F32 MlFJB�2 C`APFJL A C+I(B Fh4qA(BWM'2 FJB K(F?H w ~EL({ ~E{PF?H
DGC+B@2 FJwlH;FJL MOL Q<FJLmH<MlC+L %

� �
	 � 2|@ � !�- @ 4�6��o= � 6

t L ~EI(Q<C/2 ~EQ<F�\mL(M�F?HWQoI(L 2 C K�0JwlF DGC+B@2 FJw�K(F kc~EwlkJI(w;K(C+L Q wlF k?C/2 A C+BWQ<F32 FJL Q F?HWQ5QWB 0?H HWM'2 A(wlF %
� L wlF|B<FJA(B<R?H<FJL Q<F wlF|A(wOImH.H<C+I(NPFJL Qv{fB�~EA�:(M1_ ImF32 FJL Q3~cNPF?k K(F?H0L	�3ImK(H _ I(M B<FJA(B<R?H<FJL Q<FJL Q3wlF?H0RJQ�~EQ<HvK(F
wzy ~EI(Q<C/2 ~EQ<F FJQxK(F?H O�0?k :mF?H|RJQWM1_ ImFJQ<R?H3A ~EB3I(L#H@A!2=( C+wlF _ I(M�B<FJA(B<R?H�FJL Q<FJL Q K(F?H3QWB�~ELmHWMOQWMlC+LmH3A CfH�HWM'((wlF?Hd A ~EBWQWMOBoK y I(L'k?FJBWQ�~EMOL'RJQ�~EQ K(F wzy ~EI(Q<C/2 ~EQ<F NPFJB<H5I(L'~EI(QWB<F wlC+B<H _ ImF wlF A(B<C k;: ~EMOL'H@A!2=( C+wlF Km~ELmHow ~
k : ~FElLmF d NPRJBWMy\ FJB|k?C+BWB<F?H<A C+LmK d wzy RJQWM1_ ImFJQWQ<F HWI(Bxw ~&O�0?k :mF %�. ~EB@2 M�wlF?HxRJQ�~EQ<H|K(F5wzy ~EI(Q<C/2 ~EQ<F \mL(M � C+L
K MlHWQWMOL({fImF.I(L RJQ�~EQ�MOL(MOQWM ~Ew FJQ�I(L FJLmH�F32,((wlFvK y RJQ�~EQ<H
\mL ~EI54 % n M FJL A ~EBWQ�~EL Q�K(F0wzy RJQ�~EQ�MOL(MOQWM ~Ew �qC+L ~EBWBWMONPFd I(L RJQ�~EQ>\mL ~Ew A ~EB I(L HWI(MOQ<F3K(F.QWB�~ELmHWMOQWMlC+LmH�k?C+LmH<C/2L2 ~EL Q�I(L d I(L Q<C+ImH wlF?H�H A!2=( C+wlF?H K(F.w ~�k;: ~FElLmF
K y FJL QWB<R?F�� ~EwlC+B<H;w ~ok;: ~FElLmF�F?HWQ;K MOQ<F�~+k?k?FJA(Q<R?F|A ~EB;wzy ~EI(Q<C/2 ~EQ<F %

j�G�MP���R�5MP� ST�HI�nUE�MP���/��IJ�UI"� MP� �@j�

� � - I(L 2 �H8 '$#�2�8S*�� @�T$�6R 8S* ��# TA@�T  >8S* F?HWQ|I(LmF
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{

{a|δ(qi, a) = qj}
HWM i 6= j,
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~EI k;: ~EA(MOQWB<F ] _ ImFxK(FJI54 {fB�~ELmK(F?H.HWQWB�~EQ<RJ{fMlF?H;H<C+L Q;A CfH<HWM'((wlF?H�A C+I(B�A(B<C K I(MOB<F�I(LmFxK(RJBWMON+~EQWMlC+L ,
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� � L A FJI(QvA ~EBWQWMOBxK(F wzy ~F4 MlC/2 FoFJQxF?H<H�~ APFJBxK(Fok?C+LmHWQWBWI(MOB<F5w ~ K(RJBWMON+~EQWMlC+L#K(F5{ ~EImk :mF d K B<C+MOQ<F FJL
B<F32 A(w ~$�c~EL Q d k;: ~/_ ImF5RJQ�~EA F�I(L LmC+L5�zQ<FJB@2 MOL ~Ew�Km~ELmH0w ~ A(B<C+Q<C+A�:(B�~+H<Fok?C+I(B�~EL Q<F5A ~EB0wzy I(LmF5K(F?H
A ~EBWQWMlF|K B<C+MOQ<F|K(F|H�F?H B 0J{fwlF?H0K(F3A(B<CqK ImkJQWMlC+L %

� � L A FJI(Q ~EImH<HWMvA ~EBWQWMOB K(F w ~�A�:(B�~+H<F d K(RJBWMONPFJB FJQ F?H<H�~PAPFJB K(F B<F32 C+L Q<FJB NPFJB<H wzy ~F4qMlC/2 F FJL
I(QWMOwOMlH�~EL Q�FJL _ ImFJw1_ ImFvH<C+BWQ<F.K(F?H 2$@Q8UT ���6R �>T �F2 8UTU'$@� vC$; C+L B<F32 A(w ~+k?FvI(LmFvH<R _ ImFJLmk?FvK(FvH@AB2,( C+wlF?H
Q<FJB@2 MOL ~EI54 C+I LmC+L5�zQ<FJB@2 MOL ~EI54 Km~ELmH w ~#A(B<C+Q<C+A�:(B�~+H<F k?C+I(B�~EL Q<F A ~EB I(L LmC+L5�zQ<FJB@2 MOL ~Ew.A C+I(B
C/((Q<FJL(MOB;w ~oA(B<C+Q<C+A�:(B�~+H<F|A(B<R?k?R?K(FJL Q<F %c ~ELmH wlF kc~+H K(F w ~ k?C+LmHWQWBWImkJQWMlC+L8K(F { ~EImk :mF d K B<C+MOQ<F���k?FJw ~ B<FJNqMlFJL Q d k?C+LmHWQWBWI(MOB<F wzy ~EB@((B<F#K(F

K(RJBWMONf~EQWMlC+LoK(F%w ~;B�~+kJMOLmF�NPFJB<H�wlF?H DGFJI(MOwOwlF?H��Ekfy F?HWQ � d � K MOB<F K(F�K I : ~EI(Q)NPFJB<H wlF>( ~+H��EK y C$; wlF%LmC/2 K y+2�@Q2$) "F �*
�6*� <7*>@��62$@58S* % c ~ELmH�wlF.H�F?k?C+LmK kc~+H�� MOw Hcy ~E{fMOQ A(wOI(Q��+Q�K(F.k?C+LmHWQWI(MOB<Fvwzy ~EB@((B<F3K(F?H�D FJI(MOwOwlF?H�NPFJB<H w ~�B�~+kJMOLmF��
K y C$; wlFvLmC/2 K y+2�@Q2$) "F �*!2$ 9<7*>@�� 2$@58S* % f C+ImH�~EwOwlC+LmH NPC+MOB A(wOImH A(B<R?kJMlH<R32 FJL Q0k?F?H K(FJI54 ~EA(A(B<C k;:mF?H;Km~ELmH
wlF?H�A(B<Cqk : ~EMOLmF?HvH<F?kJQWMlC+LmH %

�:��� � = -;: �36 4 # 4�6 /�4�= #5-;=.@ 4

<�C/2L2 F H<C+L LmC/2�wzy MOLmK M1_ ImF�� wzy ~EL ~Ew'A H<F K(F?H<k?FJLmKm~EL Q<F k?C+LmH<MlHWQ<F d k?C+LmH<QWBWI(MOB<Fow ~ K(RJBWMON+~EQWMlC+L�K(F5w ~
A�:(B�~+H<F.FJL A ~EBWQ�~EL Q K(F;wzy ~F4 MlC/2 F0FJQ�FJL ~EwOw ~EL Q�NPFJB<H�w ~|A�:(B�~+H<F %�X wOwlF.Hcy ~EA(A(wOM1_ ImF d K(F?H%{fB�~�2L2 ~EMOB<F?H _ I(M
LmF%H�C+L Q)A ~+H B<R?kJI(B<HWMONPF?H d { ~EImk;:mF % <�C+LmHWMlK(RJB<C+LmH�K y ~�( C+B<K wzy MlK(R?F%{PRJLmRJB�~EwlF�K(F�wzy ~EA(A(B<Cqk :mF K(F?H<k?FJLmKm~EL Q<F��
~?Nf~EL QvK y FJL NPC+MOB;wlF?H;K M0/ RJB<FJL Q<F?H.N+~EBWM ~EL Q<F?H %
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j y MlK(R?Fx{PRJLmRJB�~EwlFxK(Fxk?FJQWQ<F|~EA(A(B<Cqk :mF|k?C+LmHWMlH<Q<F d A ~EBWQWMOB;K(F3wzy ~F4 MlC/2 F d k?C+LmHWMlK(RJB<FJB�w ~5A�:(B�~+H<F3A C+I(B
H<F3K(F32 ~ELmK(FJB0k?C/2L2 FJL Q.K(RJBWMONPFJB�wlF?H�A(B<F32 MlFJB<H;H A!2=( C+wlF?H;K(F3w ~ A�:(B�~+H<FxFJL B<F32 A(w ~$�c~EL Q0wzy ~F4 MlC/2 F3A ~EB
wzy I(LmF|K(F?H�A ~EBWQWMlF?H.K B<C+MOQ<F?H0K(FxH<F?H;B 0J{fwlF?H0K(F3A(B<CqK ImkJQWMlC+L %
t LmF�DGC+MlH�w ~3A(B<F32 M10JB<F;K(RJBWMONf~EQWMlC+L Dz~EMOQ<F��fK(F;K(FJI54 k :mCfH�F?H�wzy I(LmF:,PH<C+MOQ�C+L ~vMOL QWB<CqK I(MOQ%I(LmF�H<R _ ImFJLmk?F

K(F3Q<FJB@2 MOL ~EI54 ~EI K(R3((I(Q;K(F.w ~5LmC+I(NPFJwOwlF3A(B<C+Q<C+A�:(B�~+H�F|k?C+I(B�~EL Q<F��mH�C+MOQ�w ~�LmC+I(NPFJwOwlF|A(B<C+Q<C+A�:(B�~+H<Fxk?C+I5�
B�~EL Q<F#k?C/2L2 FJLmk?F A ~EB I(L LmC+L5�zQ<FJB@2 MOL ~Ew % n M3K(F?H LmC+L5�zQ<FJB@2 MOL ~EI54 H<C+L Q ~EA(A ~EBWImH ~EI K(R3((I(Q K(F w ~
A(B<C+Q<C+A�:(B�~+H<F k?C+I(B�~EL Q<F�� C+L#wlF?H|~EA(A ~EBWMlF ~cNPF?k wlF?H3Q<FJB@2 MOL ~EI54�K(R3((I(Q�~EL Q w ~ A�:(B�~+H�F FJQxk?F � ImH _ I y d k?F
_ I y C+L B<FJLmk?C+L QWB<F I(L LmC+L5�zQ<FJB@2 MOL ~Ew;Km~ELmHow ~ A(B<C+Q<C+A�:(B�~+H<F k?C+I(B�~EL Q<F % j C+B<H _ I y I(L'LmC+L5�zQ<FJB@2 MOL ~Ew;F?HWQ
~EQWQ<FJMOL Q Km~ELmH w ~ A(B<C+Q<C+A�:(B�~+H�F k?C+I(B�~EL Q<F���C+L H<F K(F32 ~ELmK(F d LmC+I(NPFc~EI k?C/2L2 FJL Q {PRJLmRJB<FJB wlF?H A(B<C��
k : ~EMOLmH�Q<FJB@2 MOL ~EI54�Km~ELmH3w ~ A�:(B�~+H<F FJL#wlF5B<F32 A(w ~$�c~EL Q5A ~EBxwzy I(LmF K(F?HxA ~EBWQWMlF?H|K B<C+MOQ<F?H|K(F H�F?HxB 0J{fwlF?H
K(F A(B<C K ImkJQWMlC+L %tX Qx~EMOLmHWM�K(F5HWI(MOQ<F���� ImH;_ I y d k?F=_ ImF|w ~ A�:(B�~+H<Fo~EMOQ.A(I �JQWB<F�A(B<CqK I(MOQ<F�� C+Ip�[ImH _ I y d k?F
_ ImF0wzy C+L B<FJLmk?C+L QWB<F3I(L H@AB2,( C+wlF0Q<FJB@2 MOL ~Ew Km~ELmH�w ~ A(B<C+Q<C+A�:(B�~+H<F3k?C+I(B�~EL Q _ I(M LmFvHcy ~EA(A ~EBWMlFvA ~+H ~cNPF?k
wlF3A(B<Cqk : ~EMOL Q<FJB@2 MOL ~Ew)Km~ELmH�w ~oA�:(B�~+H<F %
n M C+L ~EBWBWMONPF d I(L R?k :mF?k HWI(B;wzy ~EA(A ~EBWMlF32 FJL QxK I A(B<Cqk : ~EMOL Q<FJB@2 MOL ~Ew�Km~ELmH0w ~ A�:(B�~+H<F d A ~EBWQWMOB.K I

A(B<Cqk : ~EMOL Q<FJB@2 MOL ~Ew�Km~ELmH w ~ A(B<C+Q<C+A�:(B�~+H<F��)~EwlC+B<HoK(F K(FJI54 k :mCfH<F?H wzy I(LmF , H<C+MOQ5MOw�Dz~EI(Q�B<F32 FJQWQWB<F FJL
kc~EImH<Fxwzy I(L K(F?H0k;:mC+My4 K(FxB 0J{fwlF�K(FxA(B<CqK ImkJQWMlC+L DG~EMOQ<H;K(FJA(I(MlH.wlF|K(R3((I(QvK(Fxwzy ~EL ~Ew'AqH�F|A C+I(B0F?H<H�~PAPFJB.K(F
K(RJBWMONPFJB;~EI(QWB<F32 FJL Q w ~�A�:(B�~+H<F�� H�C+MOQ�MOw L y A ~|A ~+H�K y ~EI(QWB<F?H k :mC+My4 A CfH<H<M'((wlF?H � FJQ C+L FJL F?HWQ H��(B � ~EI�_ ImFJw
kc~+H��(C+L A FJI(Q;K(R?kJw ~EB<FJB _ ImF3w ~oA�:(B�~+H<F3L y ~EA(A ~EBWQWMlFJL Q.A ~+H.~EI w ~EL({ ~E{PF|K(Rh\mL(M A ~EB;w ~ {fB�~�2L2 ~EMOB<F %
j F�A(B<Cqk?F?H<HWImH�_ ImF|LmC+ImHvNPFJLmC+LmH3K(R?kJBWMOB<Fok?C+BWB<F?HWA C+LmK FJL DG~EMOQ d I(LmF�DGC+I(MOwOwlF Km~ELmHvI(L#~EB@((B<F A C+I(B

QWB<C+I(NPFJB|w ~ K(RJBWMONf~EQWMlC+L d { ~EImk :mF K(Fow ~ A�:(B�~+H�F d ~EL ~Ew'AqH<FJB % t L L	�3ImK�Km~ELmH|k?FJQWQ<F ~EB@((B<F K(F5DGC+I(MOwOwlF
k?C+BWB<F?HWA C+LmK d I(LmF A(B<C+Q<C+A�:(B�~+H<F { ~EImk :mF ~EwlC+B<H _ I y I(L ~EB<k k?C+BWB<F?HWA C+LmK d I(LmF K(RJBWMONf~EQWMlC+L d { ~EImk;:mF
A ~EB;wzy I(LmF|K(F?H;B 0J{fwlF?H0K(F3A(B<CqK ImkJQWMlC+L %
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� qO�!�Rk� "��
 �"
 nqC+MOQ;w ~5{fB�~�2L2 ~EMOB<F&,
S → � A }
A → � + | �

. C+I(B.k?FJQWQ<Fx{fB�~�2L2 ~EMOB<F�QWB 0?H;HWM'2 A(wlF��(wzy ~EB@((B<F|K(FxD C+I(MOwOwlFxF?HWQ)\mL(M � MOw�~5w ~5DGC+B@2 FxHWI(MON+~EL Q<F�,
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. C+I(BWQ�~EL Q��EwlC+B<H _ I y C+LxD C+I(MOwOwlF�k?FJQ)~EB@((B<F�A C+I(B)~EL ~Ew'A H<FJB w ~;A�:(B�~+H<F �&�&}5�cw ~�A(B<F32 M10JB<F%K(RJBWMONf~EQWMlC+L F?H<QO((MlFJL
S ⇒ � A }Q��2 ~EMlH�w ~ H<I(MON+~EL Q<F|A CfH<FxK(F?H0K M0G kJI(wOQ<R?H % j F|H@AB2,( C+wlF yy�qy MOL QWB<CqK I(MOQvFJL A(B<F32 M10JB<F�A CfH<MOQWMlC+Lk?C+BWB<F?HWA C+LmK ((MlFJL ~EI A(B<F32 MlFJBxH@A!2=( C+wlFoK(F w ~ A�:(B�~+H�F d B<F?k?C+L(L ~FElQWB<F��t2 ~EMlHvwlF H<F?k?C+LmK H@AB2,( C+wlF�� y �(yW�
~EA(A ~EB�~FElQ d w ~ DGC+MlH|Km~ELmH�w ~�((B�~ELmk :mF K(F { ~EImk :mF FJQ�Km~ELmH|w ~ ((B�~ELmk :mF K(F K B<C+MOQ<F K I#L	�3ImK�k?C+I(B�~EL Q
K(F3wzy ~�((B<F|K(FvDGC+I(MOwOwlF %�X L k?C+LmHWMlK(RJB�~EL Q.K y ~�( C+B<K wlF3L	�3ImK K(Fx{ ~EImk;:mF��mC+L B<F?k?C+L(L ~FElQ�((MlFJL wlF y �myW�52 ~EMlH
wlC+B<H _ I y C+L A ~+H<H<Fo~EI H A!2=( C+wlFoHWI(MONf~EL Q y } y Km~ELmH3w ~ A�:(B�~+H<F d ~EL ~Ew'A H<FJB�� C+L#R?k :mC+ImF d B<F?k?C+L(L ~FElQWB<F wlF
y + y MOL QWB<CqK I(MOQ;Km~ELmH�w ~|A(B<C+Q<C+A�:(B�~+H�Fxk?C+I(B�~EL Q<F % psw Dz~EI(Q�K(C+LmkvB<FJNPFJL(MOB d w ~�A(B<C+Q<C+A�:(B�~+H�F.A(B<R?k?R?K(FJL Q<F|FJQ
Q<FJL Q<FJB�w ~5K(FJI54 M1032 FxK(RJBWMON+~EQWMlC+L A CfH<HWM'((wlF��B_ I(M K(C+L(LmF3w ~ A(B<C+Q<C+A�:(B�~+H<F �&�&}L_ I(M k?C+BWB<F?HWA C+LmK ((MlFJL d w ~
A�:(B�~+H<F d ~EL ~Ew'A H<FJB %
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S → � | � S � | + S +
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n MmC+L NPFJI(Q�B<F?k?C+L(L ~FElQWB<F0w ~vA�:(B�~+H<F � +�� +�� �fC+L K(C+MOQ%K y ~�( C+B<K k :mC+MlH<MOB�w ~3K(RJBWMON+~EQWMlC+L S ⇒ � S ���+A(I(MlH _ ImFkfy F?HWQ3w ~ H<FJI(w d k?FJQWQ<FoRJQ�~EA F _ I(M)A FJB@2 FJQxK y MOL QWB<C K I(MOB<F I(L#H@AB2,( C+wlF y �(y FJL A(B<F32 M10JB<FoA CfHWMOQWMlC+L#K(F5w ~
A(B<C+Q<C+A�:(B�~+H<F k?C+I(B�~EL Q<F % <�F H@AB2,( C+wlF B<F?k?C+L(L IM�)wlF A(B<Cqk : ~EMOL'H@AB2,( C+wlF d B<F?k?C+L(L ~FElQWB<F RJQ�~EL Q y + yW�)C+L
k :mC+MlH<MOQ�w ~ K(RJBWMONf~EQWMlC+L � S � ⇒ � + S +5� %BX L5\mLM�m~EA(B 0?H w ~�B<F?k?C+L(L ~EMlH�H�~ELmk?FxK I#y + yW�qwlFvA(B<C k;: ~EMOL H@AB2,( C+wlFd B<F?k?C+L(L ~FElQWB<F�RJQ�~EL Q yy�qyW�(C+L k :mC+MlHWMOQ0w ~ K(RJBWMON+~EQWMlC+L HWI(MON+~EL Q<F|k?C/2L2 F ��+ S +�� ⇒ ��+�� +�� %
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c F k?FJQWQ<F Fh4 A(wOMlkc~EQWMlC+L {PRJLmRJB�~EwlF FJQoK(F?H5Fh4 F32 A(wlF?H A(B<R?k?R?K(FJL Q<H�� C+L k?C+L5\mB@2 F�_ ImF wzy ~EL ~Ew'A H<F K(F?H �
k?FJLmKm~EL Q<F�A(B<C K I(MOQ.FJL DG~EMOQ�I(LmF|K(RJBWMONf~EQWMlC+L d { ~EImk;:mF�� Km~ELmH�w ~ 2 F?H<I(B<FxC$; FJL ~?Nf~EL��c~EL QvFJL A ~EB�~EwOw10JwlF
Km~ELmH�w ~ A(B<C+Q<C+A�:(B�~+H<F|k?C+I(B�~EL Q<F|FJQ;Km~ELmH�w ~ A�:(B�~+H<F d ~EL ~Ew'A H<FJB�� C+L B<R?K I(MOQ�Q<C+I/�[C+I(B<H;wlF3LmC+L5�zQ<FJB@2 MOL ~Ew
wlF;A(wOImH d { ~EImk;:mF.Km~ELmH�w ~xA(B<C+Q<C+A�:(B�~+H�F % <�FJQWQ<F.kc~EB�~+kJQ<RJBWMlHWQWM1_ ImFvF?H<Q%k?C/2L2�I(LmF d Q<C+I(Q<F?H�wlF?H�N+~EBWM ~EL Q<F?H
K(Fxwzy ~EL ~Ew'A H<FxK(F?H<k?FJLmKm~EL Q<F %

. ~EB@2 M wlF?H�N+~EBWM ~EL Q<F?H�K(F0wzy ~EL ~Ew'A H<F3K(F?H<k?FJLmKm~EL Q<F�� wzy ~EL ~Ew'AqH<F.LmC+L5�zA(B<R?K MlkJQWMONPF3Nf~|B<F32 FJQWQWB<F3FJL kc~EImH<F
wlF?H k :mC+My4 K(F?H B 0J{fwlF?H DG~EMOQ<H K(FJA(I(MlH wlF K(R3((I(Q K(F wzy ~EL ~Ew'AqH<F FJL�kc~+H K y R?k :mF?k#K(F wzy ~EA(A ~EBWMlF32 FJL Q K I
A(B<Cqk : ~EMOL'Q<FJB@2 MOL ~Ew d B<F?k?C+L(L ~FElQWB<F���A ~EB Fh4(F32 A(wlF FJL I(QWMOwOMlH�~EL Q wlF B<FJQ<C+I(B ~EBWBWM10JB<F���FJQ k?F Q�~EL QN_ I y MOw
Fh4 MlHWQ<FxK y ~EI(QWB<F?H0k;:mC+My4 A CfH<HWM'((wlF?H % <vy F?HWQ;wlFxkc~+H;K(Fxwzy Fh4(F32 A(wlF 65%'$&%
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c ~ELmH.wzy ~EL ~Ew'A H<F�A(B<R?K MlkJQWMONPF�� C+L N+~ Hcy MOL Q<RJB<F?H<H�FJB d I(LmF kJw ~+H<H�F�K(F|{fB�~�2L2 ~EMOB<F?HvLmC+L5� k?C+L Q<Fh4qQWImFJwOwlF?H
A C+I(B�wlF?H _ ImFJwOwlF?H MOw F?HWQ�A CfH<HWM'((wlF3K(F3K(R?kJMlK(FJB d k?C+I(A H��(B d k : ~/_ ImFxRJQ�~EA F+_ ImFJwOwlF3B 0J{fwlFxK(F3A(B<CqK ImkJQWMlC+L
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(α) HWM ε 6∈ ������� �����

(α)
(
�
����� �����

(α)\{ε}) ∪
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(Y ) = { � , � , � , � , $, - }#�$ �&%0'1)�*
(Z) =

#�$ �&%('�)�*
(F ) ∪

#�$ �3%0'�)�*
(Z) = { � , � , � , � , $, - }#�$ �3%0'�)�*

(P ) =
�
����� �����

(Z)\{ε} ∪
#�$ �&%0'1)�*

(F ) ∪
#�$ �3%0'�)�*

(Z) = {
�
, � , � , � , � , $, - }



65% �L[ L ~Ew'AqH�FxK(F?H<k?FJLmKm~EL Q<F 6mC

� ���������
	 �����
� � �������

������� � � ��� ��� � ����� ������������������� � � ���
�

� ��� ���!����"��!�!������� � ���#����$��!�%�������'&!�'������(����*� �)� � �
��� � � ����� �!����� � � ��* ���,+.- ������(���� � �)�/�
� ��� 0���� � � � ��� ������� �!����� ������� � �����'&��!�
�1���2������(����*� �)�3�����4��5 ��� ����6 �!� � �
��� � � ����� �!����� � � � ��� �%��� � � � ���%7��������!�����8�
� ��� 9�� �������3���������1&�� �!6������������3& �!�
�1���3����$����3&��'�����!(����*� ��� � �
��� � � ����� �!����� � � � ��� �%� ��������:�6������������;�

��� � � ����� �!����� � �2��� � & &���� �����=<(��* ���'����� ��* � � ��7 ���)>
�

��? <@������(����*� �)�A+B��� � � � � ���%7������ �!������-DC�C2����� ��* � � ��7 ���D> �
����� � � � ����7���������������E�E8�

F ������� �
:�6 �����*�G�H�����A�I��� � �������A<KJ��������!���D&�� �!6���� ��$��LJ�>M�

F
F

��� � � ����� �!����� � �N��������� �!� ����� �!?%� �!0�������*�� � �O< ��* ���2��������*�� � �%7 ���)>
�

�%������� ��� �����;�

��? <@��� � � � � ���%7������ �!�����#PN���"��������:!6������������#> �
�����'C�<.������(����*� �)�A+B��� � � � � ���%7������ �!������-DC�C2����� ��* � � ��7 ���)>Q�

F ������� �!? <@�%��� � � � ���%7��������!�����
C�C2�%� ��������:�6������������1R�R3��������* � � �%7 ���4C�C�5�S�5T> �
�����'C3�������;�

F ������� �
�����'C ? ��� ���;�

F
�����������U�����/�

F

��� � � ����� �!����� � �2��� � & ����&�� � �V< � ���3��:�6*����������������&
W ��*����3� ����� � ��X ���
��*%��>
�

� ��� ������:�� � ���!�����=W � �

��? <@��:!6�����������������&
C�C3Y#> �
? ���;< � C ��� ��������:�6����%�������;� �2Z ����� � � � ���%7��������!�����V� ��[�[ > �

������(�� �*� �)�A+ � -4C2�����!(����*� ���A+ ��[�\ -]�
F1��� �!��&4� ?1? ���;<T>
�����!(����*� ���A+B����� � � � ����7���������������E�E�-^C2� ����� � ��X ���
��*%�V�
��� ��������:�6*������������E�EV�

F ������� �
������:�� � ���������UC2��� � � � � ���%7������ �!�����8�
����� � � � ����7�������������� [ C2��:!6�����������������&8� ��� &�"!� � ���4����� �!6������������

��� ��"��*��� � ���4� �2� ����� � �'(����
��*%�
�����!(����*� ���A+B����� � � � ����7���������������E�E�-^C2� ����� � ��X ���
��*%�V�

��� &�"�� �����'����� �1� �3(��!�
��*��U�����
��� � �������!��_������ ��� � ���!��� �

? ���;< � C1Y��`��� ��:�� � � �!�����UE � P ��� ��������:�6*�����������/� � E�E#> �
������(�� �*� �)�A+a����� � � � ���%7��������!�����DE � -'C �����!(����*� ���A+B������:�� � ���������bE � -/�

F
? ���;< � C \ � � P ��:�6�����������������&8� � E�E#> �

������(�� �*� �)�A+a��� ��������:�6����%������� [3� -'C�5151�
F
��� ��������:�6*�����������UCQ<.��� ��������:�6*����������� [ ��:�6����%������������&)>3E \ �

F
F

F'��� [�[�[�[�[�[�[�[�[�[�[�[�[�[�[�[�[�[�[�[�[�[�[�[�[�[�[�[�[�[�[�[�[�[�[�[�[�[�[�[�[�[�[�[�[�[ ��� ��� ���1����� ���!�����������K��� � � ���

��� ��� 65%87 � c F?H<k?FJL Q<F|B<R?kJI(B<HWMONPF|A(B<R?K MlkJQWMONPF FJL � ~?Nf~ %



6	� <�C+LmHWQWBWImkJQWMlC+L K(F?H0~EL ~Ew'A H<FJI(B<H�A C+I(B;{fB�~�2L2 ~EMOB<F?H;LmC+L5� k?C+L Q<Fh4qQWImFJwOwlF?H

<�F?H D C+LmkJQWMlC+LmH kc~EwlkJI(wlR?F?H��;C+L�QWB<C+I(NPFJB�~ d w ~ \m{fI(B<F 65%87 K(C+L(LmF#wlF?H K(Rh\mL(MOQWMlC+LmH B<FJw ~EQWMONPF?H d w ~
{PF?HWQWMlC+L K(Fxw ~5A�:(B�~+H�FxFJQ;K(F3w ~5A(MOwlF % � L K(C+MOQ;FJL5\mL A ~+H<H<FJB d w ~5A(B<C+{fB�~�2L2 ~EQWMlC+L K(F?H�A(B<Cqk?R?K I(B<F?H0K(F
B<F?k?C+L(L ~EMlH<H�~ELmk?F %�. C+I(B3w ~ A(B<Cqk?R?K I(B<FoK(F�B<F?k?C+L(L ~EMlH�H�~ELmk?F K(F N � wlF5K(R?kc~Ew ~E{PFoRJQ�~EL Q|HWA R?kJMy\�_ ImF d I(L
Q<FJB@2 MOL ~Ew�K(C+L(LmR���w ~ A(B<Cqk?R?K I(B<F HWI(MONf~EL Q<F K(RJQ<F?kJQ<F w ~ B 0J{fwlF K(F A(B<CqK ImkJQWMlC+L d ~EA(A(wOM1_ ImFJB FJL NPRJBWMy\ FJB
wlF A(B<F32 MlFJBoH A!2=( C+wlF K(RJBWMON+~�((wlF K(F k : ~+kJI(LmF K(F?H A ~EBWQWMlF?H K B<C+MOQ<F?HoK(F?H B 0J{fwlF?HoK(F A(B<C K ImkJQWMlC+L � C+L'~
Dz~+kJQ<C+BWMlH<Rxw ~5B<R?K ImkJQWMlC+L d w ~ \mL K(Fxw ~5A(B<C k?R?K I(B<F � ,

��� � ������� �!����� � �2��� � & ����������� � � ��9A<T>
�

�!? < ����� �!?%� �!0�������*�� � �,<�5 Y=5T>b> � &���� �����=<�5 Y=5T>M�
F ������� ��? < ����� �!?%� �!0�������*�� � �,<�5 \ 5T>b> � &���� �����=<�5 \ 5T>M�
F ������� ��? < ����� �!?%� �!0�������*�� � �,<�5 � 5T>b> � &���� �����=<�5 � 5T>M�
F ������� ��? < ����� �!?%� �!0�������*�� � �,<�5��=5T>b> � &���� �����=<�5��=5T>M�
F ������� ��? < ����� �!?%� �!0�������*�� � �,<�5��
5T>b> � &���� �����=<�5��
5T>M�
F ������� ��? < ����� �!?%� �!0�������*�� � �,<�5���5T>b> � &���� �����=<�5���5T>M�
F ������� ��? < ����� �!?%� �!0�������*�� � �,<�5��=5T>b> � &���� �����=<�5��=5T>M�
F ������� ��? < ����� �!?%� �!0�������*�� � �,<�5�	=5T>b> � &���� �����=<�5�	=5T>M�
F ������� ��? < ����� �!?%� �!0�������*�� � �,<�5�
=5T>b> � &���� �����=<�5�
=5T>M�
F ������� ��? < ����� �!?%� �!0�������*�� � �,<�5��=5T>b> � &���� �����=<�5��=5T>M�
F ������� �

:�6 �!���*�G�H�����A�I��� � �������,< J������������D&�� �!6�������$��
� J�>Q� :�6 �!��� �G� ��$ � �
< \ >Q�
F3��� �!��&U� ? ��� ���
����&�� � �
< \ WU5 9A5T>^�

F

. C+I(B wlF LmC+L5�zQ<FJB@2 MOL ~Ew P � LmC+ImH ~?NPC+LmH K(FJI54 B 0J{fwlF?H K(F A(B<CqK ImkJQWMlC+L % j ~ A(B<F32 M10JB<F ~ k?C/2L2 FH@AB2,( C+wlF?H K(F A(B<RJNqMlHWMlC+L ������� �����
( ( E - ) = { ( } %H. C+I(B5w ~ H�F?k?C+LmK(F B 0J{fwlF K(F A(B<CqK ImkJQWMlC+LM� C+L K(C+MOQB<F?k?C+L(L ~FElQWB<F.I(L LmC/2,((B<F.K y C$; ������� ����� (N) = {

�
,
�
,
�
, � , � , � , � , � , � , � } % � L C/((QWMlFJL Q%w ~|A(B<C k?R?K I(B<FK(FxB<F?k?C+L(L ~EMlH<H^~ELmk?F�,

��� � ������� �!����� � �2��� � & ����������� � � ��08<T>
�

�!? < ����� �!?%� ��0�������* � � �,<�5�<�5T>#> �
&���� �����=<�5�<�5T>M�
����������� � � � �A<T>M�
&���� �����=<�5T> 5T>M�
����&�� � �
<��=WU5.0A5T> �

F ������� ��? < ����� �!?%� �!0�������*�� � �,<�5 Y=5T>
��� ����� ��?%� ��0�������* � � �,<�5 \ 5 >����
����� �!?%� �!0�������*�� � �,<�5 � 5T>
��� ����� ��?%� ��0�������* � � �,<�5��=5 >����
����� �!?%� �!0�������*�� � �,<�5��
5T>
��� ����� ��?%� ��0�������* � � �,<�5���5 >����
����� �!?%� �!0�������*�� � �,<�5��=5T>
��� ����� ��?%� ��0�������* � � �,<�5�	=5 >����
����� �!?%� �!0�������*�� � �,<�5�
=5T>
��� ����� ��?%� ��0�������* � � �,<�5��=5 >#> �

����������� � � ��9A<T>M�
����&�� � �
< \ WU5.0A5T> �

F ������� �
:�6 �!���*�G�H�����A�I��� � �������,< J������������D&�� �!6�������$��
� J�>Q� :�6 �!��� �G� ��$ � �
< \ >Q�

F
F

. C+I(BowlF LmC+L5�zQ<FJB@2 MOL ~Ew Z ��C+L ~ K(FJI54�B 0J{fwlF?HoK(F A(B<CqK ImkJQWMlC+L %�. C+I(Bow ~ A(B<F32 M10JB<F��)C+L'~ k?C/2L2 FH@AB2,( C+wlF?H K(F A(B<RJN MlH<MlC+L �
����� �����
(
�
PZ) = {

�
}
%U. C+I(Bow ~ H�F?k?C+LmK(F B 0J{fwlF���w ~ A ~EBWQWMlF K B<C+MOQ<F F?HWQ ε �k?FJQWQ<F B 0J{fwlF�� LmF k?C+LmH<C/2L2 ~EL Q A ~+H K(F H@AB2,( C+wlF?H��)LmF Hay ~EA(A(wOM1_ ImFJL Qp_ ImF HWM wlF A(B<Cqk : ~EMOL H@AB2,( C+wlF d

B<F?k?C+L(L ~FElQWB<FxDz~EMOQ�A ~EBWQWMlF�K(F?H0HWI(MON+~EL Q<H;K(F Z �(K(C+Lmk { � , � , � , � , $, - } % � L C/((QWMlFJL QvK(C+Lmk�,
��� � ������� �!����� � �2��� � & ����������� � � ���=<T>
�

�!? < ����� �!?%� ��0�������* � � �,<�5�� 5T>#> �
&���� �����=<�5�� 5T>M�
����������� � � ��0A<T>M�
����������� � � ���=<T>M�
����&�� � �
<��=WU5��=5T> �

F ������� ��? < ����� �!?%� �!0�������*�� � �,<�5�� 5T>
��� ����� ��?%� ��0�������* � � �,<�5 � 5 >����
����� �!?%� �!0�������*�� � �,<�5 E=5T>
��� ����� ��?%� ��0�������* � � �,<�5 [ 5 >����
����� �!?%� �!0�������*�� � �,<�5HS�5T>
��� ����� ��?%� ��0�������* � � �,<�5T> 5 >#> �

����&�� � �
<HY=WU5��=5T> �



65% �L[ L ~Ew'AqH�FxK(F?H<k?FJLmKm~EL Q<F 6&W

F ������� �
:�6 �!���*�G�H�����A�I��� � �������,< J������������D&�� �!6�������$��
� J�>Q� :�6 �!��� �G� ��$ � �
< \ >Q�

F
F

j ~.B<F?k?C+L(L ~EMlH<H�~ELmk?F K y I(L5DG~+kJQ<FJI(B)Dz~EMOQ�MOL Q<FJBWNPFJL(MOB�I(LmF�H�FJI(wlF%B 0J{fwlF K(F�A(B<C K ImkJQWMlC+LL_ I(MqHcy ~EA(A(wOM1_ ImF HWM
wlF|A(B<Cqk : ~EMOL#H@AB2,( C+wlF d B<F?k?C+L(L ~FElQWB<F DG~EMOQ.A ~EBWQWMlF K(F �
����� ����� (PZ) = { ( , � , � , � , � , � , � , � , � , � , � } %� L ~oK(C+Lmk�,

��� � ������� �!����� � �2��� � & ����������� � � ���V<T>
�

�!? < ����� �!?%� ��0�������* � � �,<�5�<�5T>���� ����� ��?%� ��0�������* � � �,<�5HY=5 >
���
����� �!?%� ��0�������* � � �,<�5 \ 5T>���� ����� ��?%� ��0�������* � � �,<�5 � 5 >
���
����� �!?%� ��0�������* � � �,<�5���5T>���� ����� ��?%� ��0�������* � � �,<�5��
5 >
���
����� �!?%� ��0�������* � � �,<�5�� 5T>���� ����� ��?%� ��0�������* � � �,<�5��=5 >
���
����� �!?%� ��0�������* � � �,<�5�	�5T>���� ����� ��?%� ��0�������* � � �,<�5�
=5 >
���
����� �!?%� ��0�������* � � �,<�5���5T>�> �
����������� � � ��0A<T>M�
����������� � � ���=<T>M�
����&�� � �
< � WU5��
5T> �

F ������� �
:�6 �!���*�G�H�����A�I��� � �������,< J������������D&�� �!6�������$��
� J�>Q� :�6 �!��� �G� ��$ � �
< \ >Q�

F
F

. C+I(B;w ~ B<F?k?C+L(L ~EMlH<H^~ELmk?FxK y I(L Y � C+L ~�QWB<C+MlH B 0J{fwlF?H0K(F.A(B<CqK ImkJQWMlC+L K(C+L Q�wlF?H�H A!2=( C+wlF?H�K(FvA(B<RJNqMy�HWMlC+LmH;H�C+L Q;B<F?HWA F?kJQWMONPF32 FJL Q � � � FJQ;wlF?H;HWI(MONf~EL Q<H.K(F Y �(K y C$; ,
��� � ������� �!����� � �2��� � & ����������� � � ���A<T>
�

�!? < ����� �!?%� ��0�������* � � �,<�5 � 5T>#> �
&���� �����=<�5 � 5T>M�
����������� � � ���
<T>M�
����������� � � ���A<T>M�
����&�� � �
<��=WU5��A5T> �

F ������� ��? < ����� �!?%� �!0�������*�� � �,<�5 � 5T>b> �
&���� �����=<�5 � 5T>M�
����������� � � ���
<T>M�
����������� � � ���A<T>M�
����&�� � �
<��=WU5��A5T> �

F ������� ��? < ����� �!?%� �!0�������*�� � �,<�5 E=5T>
��� ����� ��?%� ��0�������* � � �,<�5 [ 5 >����
����� �!?%� �!0�������*�� � �,<�5HS�5T>
��� ����� ��?%� ��0�������* � � �,<�5T> 5 >#> �

����&�� � �
<HY=WU5��A5T> �
F ������� �

:�6 �!���*�G�H�����A�I��� � �������,< J������������D&�� �!6�������$��
� J�>Q� :�6 �!��� �G� ��$ � �
< \ >Q�
F

F

. C+I(B|wlFoLmC+L5�zQ<FJB@2 MOL ~Ew T � MOw�L y A ~ FJLmk?C+B<FL_ I y I(LmF H�FJI(wlF B 0J{fwlF K(C+L QxwlF?HxH@AB2,( C+wlF?H|K(F5A(B<RJN MlH<MlC+LH<C+L Q;wlF?H�A(B<F32 MlFJB<H0K(F F �(K y C$; ,
��� � ������� �!����� � �2��� � & ����������� � � ���
<T>
�

�!? < ����� �!?%� ��0�������* � � �,<�5�<�5T>���� ����� ��?%� ��0�������* � � �,<�5HY=5 >
���
����� �!?%� ��0�������* � � �,<�5 \ 5T>���� ����� ��?%� ��0�������* � � �,<�5 � 5 >
���
����� �!?%� ��0�������* � � �,<�5���5T>���� ����� ��?%� ��0�������* � � �,<�5��
5 >
���
����� �!?%� ��0�������* � � �,<�5�� 5T>���� ����� ��?%� ��0�������* � � �,<�5��=5 >
���
����� �!?%� ��0�������* � � �,<�5�	�5T>���� ����� ��?%� ��0�������* � � �,<�5�
=5 >
���
����� �!?%� ��0�������* � � �,<�5���5T>�> �
����������� � � ���
<T>M�
����������� � � ���A<T>M�
����&�� � �
< � WU5��
5T> �

F ������� �
:�6 �!���*�G�H�����A�I��� � �������,< J������������D&�� �!6�������$��
� J�>Q� :�6 �!��� �G� ��$ � �
< \ >Q�

F
F



C/Z <�C+LmHWQWBWImkJQWMlC+L K(F?H0~EL ~Ew'A H<FJI(B<H�A C+I(B;{fB�~�2L2 ~EMOB<F?H;LmC+L5� k?C+L Q<Fh4qQWImFJwOwlF?H

j FxLmC+L5�zQ<FJB@2 MOL ~Ew X H<FxQWB�~EMOQ<F�K(F+2 ~EL(M10JB<F�HWM'2 MOw ~EMOB<F d Y FJQ Z
% a B<C+MlH0B 0J{fwlF?H.K(FxA(B<CqK ImkJQWMlC+L C+L Q

A C+I(B;H@A!2=( C+wlF?H.K(F3A(B<RJN MlH<MlC+L B<F?HWA F?kJQWM D H � � ��FJQ;wlF?H0HWI(MON+~EL Q<H;K(F X �(K y C$;
��� � ������� �!����� � �2��� � & ����������� � � ���
<T>
�

�!? < ����� �!?%� ��0�������* � � �,<�5HE�5T>#> �
&���� �����=<�5HE�5T>M�
����������� � � ���
<T>M�
����������� � � ���
<T>M�
����&�� � �
<��=WU5��
5T> �

F ������� ��? < ����� �!?%� �!0�������*�� � �,<�5 [ 5T>b> �
&���� �����=<�5 [ 5T>M�
����������� � � ���
<T>M�
����������� � � ���
<T>M�
����&�� � �
<��=WU5��
5T> �

F ������� ��? < ����� �!?%� �!0�������*�� � �,<�5HS�5T>
��� ����� ��?%� ��0�������* � � �,<�5T> 5 >#> �
����&�� � �
<HY=WU5��
5T> �

F ������� �
:�6 �!���*�G�H�����A�I��� � �������,< J������������D&�� �!6�������$��
� J�>Q�
:�6 �!���*�G� ��$ � �
< \ >Q�

F
F

X Q�FJL5\mLM� A C+I(B wlF.H A!2=( C+wlF E � MOw L y Ap_ I y I(LmFvB 0J{fwlF3K(F.A(B<C K ImkJQWMlC+L _ I(M Hay ~EA(A(wOM1_ ImF3HWM wlFvA(B<C k;: ~EMOLH@AB2,( C+wlF d B<F?k?C+L(L ~FElQWB<FxDz~EMOQ�A ~EBWQWMlF|K(F?H0A(B<F32 MlFJB<H0K(F T �(K y C$; ,
��� � ������� �!����� � �2��� � & ����������� � � � �A<T>
�

�!? < ����� �!?%� ��0�������* � � �,<�5�<�5T>���� ����� ��?%� ��0�������* � � �,<�5HY=5 >
���
����� �!?%� ��0�������* � � �,<�5 \ 5T>���� ����� ��?%� ��0�������* � � �,<�5 � 5 >
���
����� �!?%� ��0�������* � � �,<�5���5T>���� ����� ��?%� ��0�������* � � �,<�5��
5 >
���
����� �!?%� ��0�������* � � �,<�5�� 5T>���� ����� ��?%� ��0�������* � � �,<�5��=5 >
���
����� �!?%� ��0�������* � � �,<�5�	�5T>���� ����� ��?%� ��0�������* � � �,<�5�
=5 >
���
����� �!?%� ��0�������* � � �,<�5���5T>�> �
����������� � � ���
<T>M�
����������� � � ���
<T>M�
����&�� � �
< � WU5 �A5T> �

F ������� �
:�6 �!���*�G�H�����A�I��� � �������,< J������������D&�� �!6�������$��
� J�>Q�
:�6 �!���*�G� ��$ � �
< \ >Q�

F
F
^ ~EMOL Q<FJL ~EL Q�� C+L A FJI(Q�QWB�~+k?FJB�wzy Fh4(R?kJI(QWMlC+L K I A(B<C+{fB�~�2L2 F0B<R?HWI(wOQ�~EL Q%H<I(B�I(LmF�Fh4qA(B<F?H<H<MlC+L � HWM'2 A(wlF��A C+I(B�LmFxA ~+H;H<F3LmC`APFJB.Km~ELmH�I(LmFxwlC+L({fImF|QWB�~+k?F � k?C/2L2 F � � �1,

Z ������������� � � �A< >
Z ����������� � � ���=<T>
Z ����������� � � ���
<T>
Z ����������� � � ��0A<T>
Z ����������� � � ��9
<T>
Z &���� �����=<�5 � 5T>
P3&���� �����=<�5 � 5T>
� ����� ��� �%�19 [!Z �
P ����������� � � ��9
<T>
� ����� ��� ���10 [!Z 9

P3����������� � � ��0A<T>
Z ����������� � � ���=<T>

� ����� ��� ��� � [!Z P��!�
� � ����� Z
P3����������� � � ���=<T>
� ���%� ��� �%� � [!Z 0 �

P2����������� � � ���
<T>
Z ����������� � � ���A<T>

� ���%� ��� �%� � [!Z P����
� � ����� Z
P2����������� � � ���A<T>
� ����� ��� �%� � [�Z � �

P2����������� � � ���=<T>
Z ����������� � � ���=<T>
Z &���� �����=<�5 E=5T>



65% �L[ L ~Ew'AqH�FxK(F?H<k?FJLmKm~EL Q<F CB$

P2&���� �����=<�5 E=5T>
Z ����������� � � ���
<T>
Z ����������� � � ���
<T>
Z ����������� � � ��0
<T>
Z ����������� � � ��9A<T>
Z &���� �����=<�5��=5T>
P2&���� �����=<�5��=5T>
� ����� ��� �%�19 [!Z �

P3����������� � � ��9A<T>
� ����� ��� �%�10 [!Z 9
P ����������� � � ��0
<T>
Z ����������� � � ����<T>

� ����� ��� �%� � [!Z P��!�
� � ����� Z
P ����������� � � ����<T>
� ����� ��� ��� � [!Z 0 �

P3����������� � � ���
<T>
Z ����������� � � ���A<T>

� ����� ��� ��� � [!Z P��!�
� � ����� Z
P3����������� � � ���A<T>
� ���%� ��� �%� � [!Z � �

P2����������� � � ���
<T>
Z ����������� � � ���
<T>

� ���%� ��� �%� � [!Z P����
� � ����� Z
P2����������� � � ���
<T>
� ����� ��� �%� � [�Z E � �

P2����������� � � ���=<T>
� ����� ��� �%� � [!Z � �

P2������������� � � �A< >
2

��� � ��� � �
	 �����'� ����� $	��� �	������� � � �	����� ��� � �	��� � � � ��� � � $ � � ���'
��

j F?H0~EL ~Ew'A H<FJI(B<H�A ~EB0K(F?H<k?FJL Q<FxB<R?kJI(B<HWMONPFxA(B<R?K MlkJQWMONPF�H<C+L Q�B<FJw ~EQWMONPF32 FJL Q0Dz~+kJMOwlF?H;FJQ�A ~+H�QWB<C+A Dz~+HWQWMy�
K MlFJI54 d k?C+LmHWQWBWI(MOB<F�H<M w ~o{fB�~�2L2 ~EMOB<F�F?HWQ�B<FJw ~EQWMONPF32 FJL Q.A FJQWMOQ<F % � L A FJI(Q;k?FJA FJLmKm~EL Q0wlFJI(B0B<FJA(B<C k;:mFJB
I(LmFvI(QWMOwOMlH�~EQWMlC+L A FJI F>G kc~+k?F3K I Q<F32 AmH�FJQ K(Fvwzy F?HWA ~+k?F d kc~EImH�F.K(F?H�LmC/2,((B<FJI54 ~EA(A FJwlH�K(F 2 RJQ@:mCqK(F?H
� k?F _ ImF wzy C+L A FJI(Q k?C+LmH<Q�~EQ<FJB Km~ELmH w ~ QWB�~+k?F K(F wzy Fh4(F32 A(wlF A(B<R?k?R?K(FJL Q � _ I(M;LmR?k?F?H�HWMOQ<FJL Q d w ~ DGC+MlH
K I Q<F32 AmHxFJQvk?C+LmH<C/2L2 FJL QxA ~+H<H�~�((wlF32 FJL Q3K y F?H<A ~+k?F5Km~ELmHvw ~ A(MOwlFoK y Fh4 R?kJI(QWMlC+L#K I A(B<C+{fB�~�2L2 F %�X L
HWI(MONf~EL Q�wzy I(L K(F?H�A(wOImH NqMlFJI54 Q@:mR?C+B 032 F?H;K(F3wzy MOL D C+B@2 ~EQWM1_ ImF�� d H�~cNPC+MOB)_ ImFvQ<C+I(Q0k?F�_ I(M A FJI(Q�H<FvDz~EMOB<F
B<R?kJI(B<HWMONPF32 FJL Q A FJI(Q ~EImH�HWM�H<F DG~EMOB<F MOQ<RJB�~EQWMONPF32 FJL Q���MOw�F?HWQoA CfH�HWM'((wlF K(F k?C+LmHWQWBWI(MOB<F K(F?H ~EL ~Ew'A H<FJI(B<H
A(B<R?K MlkJQWM DGH0LmC+L5�zB<R?kJI(B<HWM DGH�_ I(M I(QWMOwOMlH<FJL Q.wzy MOQ<RJB�~EQWMlC+L % j F�k;:mC+My4 K(F?H;B 0J{fwlF?H.K(FxA(B<C K ImkJQWMlC+L d ~EA(A(wOM1_ ImFJBd k : ~/_ ImF;RJQ�~EA F�K(F�K(RJBWMONf~EQWMlC+L H<F�Dz~EMOQ FJL I(QWMOwOMlH^~EL Q�I(LmF�Q�~�((wlF _ I(M �fRJQ�~EL Q�K(C+L(LmR�wlF�A(B<Cqk : ~EMOL H@AB2,( C+wlFd B<F?k?C+L(L ~FElQWB<F Km~ELmH|w ~ A�:(B�~+H<F FJQ|wlF LmC+L5�zQ<FJB@2 MOL ~Ew d B<R?K I(MOB<F�� B<FJQ<C+I(BWLmF w ~ B 0J{fwlF K(F A(B<CqK ImkJQWMlC+L d
I(QWMOwOMlH<FJB %
nqC+MOQ G I(LmF;{fB�~�2L2 ~EMOB<F.K(C+L Q�w ~3Q�~�((wlF;K y ~EL ~Ew'A H<F;F?HWQ � FJQ ω I(LmF;k;: ~FElLmF d ~EL ~Ew'A H<FJB��fwzy ~EwO{PC+BWMOQ@:�2 F

K y ~EL ~Ew'A H<F _ I(M A(B<C K I(MOQ I(LmFvK(RJBWMON+~EQWMlC+L d { ~EImk :mF3K(F ω FJL H<F�( ~+H^~EL Q�HWI(B�wlF.H<k;:mR32 ~5K(F0w ~,\m{fI(B<F 65% ]
H<FxK(R?kJwOMOLmF|K(F|w ~ DG~$�?C+L H<I(MON+~EL Q<F�,
$&%e. CfHWMOQWMlC+L(LmFJBvwlFxkJI(B<H<FJI(B0H<I(B�wlFxA(B<F32 MlFJB0H@AB2,( C+wlF|K(F ω

%
�5% p L(MOQWM ~EwOMlH<FJB0w ~ pile ~?NPF?k|wzy ~F4qMlC/2 F|FJL D C+LmK K(FxA(MOwlF %75% MP���QM �OG�� w ~oA(MOwlF3L y F?HWQ;A ~+H;N MlK(FxFJQ;wzy FJL QWB<R?F ω L y F?HWQ�A ~+H0Q<FJB@2 MOLmR?F ����I"���]�% nqC+MOQ � wlF|H@AB2,( C+wlFxFJL H<C/2L2 FJQ0K(F3A(MOwlF�FJQ �owlF3A(B<Cqk : ~EMOL Q<FJB@2 MOL ~Ew d B<F?k?C+L(L ~FElQWB<F�Km~ELmH ω-5% �FI �	7g� 7 . �� "���F�65% \mL FJQ0HWImk?k 0?H0K(Fxwzy ~EL ~Ew'AqH�FCB% �FI"�U���o�`I �?7 � 6= .L�����&w�~
�5% K(RJA(MOwlFJB � FJQ;A ~+H<H<FJB0~EI A(B<Cqk : ~EMOL Q<FJB@2 MOL ~Ew�Km~ELmH ωW5% �FI"�U���o�`I � F?HWQ;I(L LmC+L5�zQ<FJB@2 MOL ~EwT�����/w�~$PZ5% �`I � � � � � � 7 9 � → � � � ; �����&w�~



C � <�C+LmHWQWBWImkJQWMlC+L K(F?H0~EL ~Ew'A H<FJI(B<H�A C+I(B;{fB�~�2L2 ~EMOB<F?H;LmC+L5� k?C+L Q<Fh4qQWImFJwOwlF?H

Tampon d’entrée $b+a...

$
X
Y
Z

Pile

Programme d’analyse
prédictive

Table
d’analyse M

flot de sortie

������� 65% ] � nqk :mR32 ~ K I A(B<C+{fB�~�2L2 F�K y ~EL ~Ew'A H<FxA(B<R?K MlkJQWMONPF

$&$&% K(RJA(MOwlFJB � FJQ0F32 A(MOwlFJB � � � FJQ �$ �5% M'2 A(BWM'2 FJB � → � � � HWI(B�wlF O �+Q;K(F|H<C+BWQWMlF
~!{F| �&|$P75% FJBWB<FJI(B0K(F|H@AqL Q�~F4(F$3]�% �FI"�U���

$P-5% FJBWB<FJI(B0K(FxH@AqL Q�~F4(FS��

j y ~EwO{PC+BWMOQ@:�2 F K(F k?C+LmHWQWBWImkJQWMlC+L K(F w ~ Q�~�((wlF K y ~EL ~Ew'A H<F A(B<R?K MlkJQWMONPF MOQ<RJB�~EQWMONPF F?HWQoK(C+L(LmR d w ~ \��
{fI(B<F 65%8-5% <�FJQ�~EwO{PC+BWMOQ@:�2 F3B<FJA(B<FJLmK F?H<H<FJL QWMlFJwOwlF32 FJL Q�wlF?H kJBWMOQ 0JB<F?H K(F.k;:mC+My4 K(F?H�B 0J{fwlF?H�K(F0A(B<CqK ImkJQWMlC+L
_ ImF�LmC+ImH�~cNPC+LmH%I(QWMOwOMlH<R?H�Km~ELmH�w ~xK(F?H�k?FJL Q<F;B<R?kJI(B<H<MONPF;A(B<R?K MlkJQWMONPF��qFJL wlF?H�B<FJ{fB<C+I(A ~EL Q�Km~ELmH%I(LmF�Q�~�((wlF %
� L�B<F?k?C+L(L ~FElQowlF kc~+H K(F?H5H@AB2,( C+wlF?H�A ~EB@2 M�wlF?H�A(B<F32 MlFJB<HoK(F w ~ A ~EBWQWMlF K B<C+MOQ<F K(F k : ~/_ ImF B 0J{fwlF K(F
A(B<CqK ImkJQWMlC+LM�mA(I(MlH;k?FJwOI(M K(F3wzy ~EA(A(wOMlkc~EQWMlC+L K(F?H�B 0J{fwlF?H0A(B<C K I(MlH�~EL Q;w ~ k;: ~FElLmFxN MlK(F ε

%

� qO�!�Rk� "��
 �y� <�C+LmHWMlK(RJB<C+LmH d LmC+I(NPFc~EI w ~5{fB�~�2L2 ~EMOB<F�K(FxLmC+QWB<F�Fh4 F32 A(wlFxA(B<R?k?R?K(FJL Q�,
E → TX F → PZ

X → � TX | � TX | ε Z →
�
PZ | ε

T → FY P → ( E - | N

Y → � FY | � FY | ε

N →
�
|
�
|
�
| � | � | � | � | � | � | �

j ~oQ�~�((wlF�K y ~EL ~Ew'AqH<F�C/((Q<FJL ImF d A ~EBWQWMOB.K(Fxwzy ~EwO{PC+BWMOQ@:�2 F�F?HWQ:,



65% �L[ L ~Ew'AqH�FxK(F?H<k?FJLmKm~EL Q<F C/7

nqC+MOQ�I(LmF {fB�~�2L2 ~EMOB<F G �+wzy ~EwO{PC+BWMOQ@:�2 F�A(B<CqK I(MOQ�I(LmF Q�~�((wlF�K y ~EL ~Ew'A H<F A(B<R?K MlkJQWMONPF M A C+I(B G �fHWMw ~0{fB�~�2L2 ~EMOB<F G F?HWQ j j � $��h%&. C+I(B�k?FJw ~H�+C+L HWI(A(A CfH<Fb_ ImF�wlF?H)D C+LmkJQWMlC+LmH ������� ����� FJQ #�$ �3%0'�)4*
C+L Q0RJQ<RxA(B<Rc~Ew ~�((wlF32 FJL Qvkc~EwlkJI(wlR?F?H %
$&% k �QG�� k : ~/_ ImF|A(B<CqK ImkJQWMlC+L A→ α

� ��IK���
�5% k �QG�� k : ~/_ ImFxQ<FJB@2 MOL ~Ew a Km~ELmH �
����� �����,+ α - � ��I"�F�75% ~F�[C+I(Q<FJB A→ α

d
M [A, a]

%
ST�

]�% �`I
ε ∈

������� �����,+
α - �� K���F�-5% k ��GU� k;: ~/_ ImFxQ<FJB@2 MOL ~Ew b ∈

#�$ �&%('�)�*,+
A - ����I"���65% ~F�WC+I(Q<FJB A→ α

d
M [A, b]

%
CB% �`I

$ ∈
#�$ �&%0'1)�*,+

A - �� "������5% ~F�[C+I(Q<FJB A→ α
d

M [A, $]
%

S��
ST�

W5% u ~EMOB<F K(Fxk : ~/_ ImF�FJL QWB<R?FxLmC+L5� K(Rh\mL(MlF�K(F M I(LmF|FJBWB<FJI(B %

��� ��� 65%8- � <�C+LmHWQWBWImkJQWMlC+L K(F?H�Q�~�((wlF?H;K y ~EL ~Ew'A H<F j j � $��

� � � � �

E
X X → � TX X → � TX
T
Y Y → ε Y → ε Y → � FY Y → � FY
F
Z Z → ε Z → ε Z → ε Z → ε Z →

�
PZ

P
N

( - @ �

E E → TX E → TX
X X → ε X → ε
T T → FY T → FY
Y Y → ε Y → ε
F F → PZ F → PZ
Z Z → ε Z → ε
P P → ( E - P → N
N N → n

j ~ \m{fI(B<F 65%86 B<FJQWB�~+k?F�wzy ~EA(A(wOMlkc~EQWMlC+L K(Fxwzy ~EwO{PC+BWMOQ@:�2 F5K y ~EL ~Ew'AqH�F ~EI kc~+H.K(F|wzy Fh4 A(B<F?H<HWMlC+L � � � % j ~K(RJBWMONf~EQWMlC+L C/((Q<FJL ImF5F?HWQ!, E ⇒
g

TX ⇒
g

FY X ⇒
g

PZY X ⇒
g

�
ZY X ⇒

g

�
Y X ⇒

g

�
X ⇒

g

�
� TX ⇒

g�
� FY X ⇒

g

�
� PZY X ⇒

g

�
� NZY X ⇒

g

�
� � ZY X ⇒

g

�
� � Y X ⇒

g

�
� � X ⇒

g

�
� �

2



CF] <�C+LmHWQWBWImkJQWMlC+L K(F?H0~EL ~Ew'A H<FJI(B<H�A C+I(B;{fB�~�2L2 ~EMOB<F?H;LmC+L5� k?C+L Q<Fh4qQWImFJwOwlF?H

A(MOwlF ω
c R?kJMlHWMlC+L

E
�
� �

� [ A(A(wOM1_ ImFJB E → TX
XT

�
� �

� [ A(A(wOM1_ ImFJB T → FY
XY F

�
� �

� [ A(A(wOM1_ ImFJB F → PZ
XY ZP

�
� �

� [ A(A(wOM1_ ImFJB P → N
XY ZN

�
� �

� [ A(A(wOM1_ ImFJB N →
�

XY Z
� �

� �
� c R?kc~EwlFJB �

XY Z � �
� [ A(A(wOM1_ ImFJB Z → ε

XY � �
� [ A(A(wOM1_ ImFJB Y → ε

X � �
� [ A(A(wOM1_ ImFJB X → � TX

XT � � �
� c R?kc~EwlFJB �

XT � � [ A(A(wOM1_ ImFJB T → FY
XY F � � [ A(A(wOM1_ ImFJB F → PZ
XY ZP � � [ A(A(wOM1_ ImFJB P → N
XY ZN � � [ A(A(wOM1_ ImFJB N → �

XY Z � � � c R?kc~EwlFJB �
XY Z

� [ A(A(wOM1_ ImFJB Z → ε
XY

� [ A(A(wOM1_ ImFJB Y → ε
X

� [ A(A(wOM1_ ImFJB X → ε� [ k?k?FJA(Q<FJB

��� ��� 65%86 � [ L ~Ew'AqH<F j j�� $�� LmC+L5�zB<R?kJI(B<HWMONPF K(Fxwzy Fh4qA(B<F?H�HWMlC+L � � 75%

�:�
	 � = -;: �36 4	-;6 /)4�= # -;=.@ 4

j y ~EL ~Ew'AqH�F K(F?H�k?FJLmKm~EL Q<F k?C+LmHWMlK�0JB<F w ~ A�:(B�~+H<F K(F { ~EImk :mF d K B<C+MOQ<F FJQ k :mFJB<k;:mF d A(B<CqK I(MOB<F I(LmF
K(RJBWMONf~EQWMlC+L d { ~EImk;:mF FJL�A ~EBWQ�~EL QoK(F wzy ~F4 MlC/2 F A C+I(B ~EBWBWMONPFJB5RJNPFJL QWImFJwOwlF32 FJL Q d w ~ A�:(B�~+H<F FJL QWM10JB<F %
<�FoDz~EMlH�~EL Q�� d k : ~/_ ImF RJQ�~EA F�� wzy ~EL ~Ew'A H<F K(F?H�k?FJLmKm~EL Q<F A(B<R?K MlkJQWMONPF k :mC+MlH<MOQ�wlF?H|B 0J{fwlF?H K(F A(B<CqK ImkJQWMlC+Ld ~EA(A(wOM1_ ImFJBxFJL H<FxDGC+LmKm~EL Q3I(L(M1_ ImF32 FJL Q|HWI(BvwlF�A(B<Cqk : ~EMOL � C+I wlF?H�_ ImFJw1_ ImF?HvA(B<C k;: ~EMOLmH � H@A!2=( C+wlF d
B<F?k?C+L(L ~FElQWB<F�Km~ELmH0w ~5A�:(B�~+H<F %
j y ~EL ~Ew'AqH�Fo~+H�k?FJLmKm~EL Q<FoA(B<Cqk 0?K(F5K(F 2 ~EL(M10JB<F K M ~�2 RJQWB�~EwlF32 FJL Q�C+A(A CfH�R?F %QX wOwlF A ~EBWQxK(F5w ~ A�:(B�~+H<Fd ~EL ~Ew'AqH�FJBoFJQok :mFJB<k;:mF d B<F32 C+L Q<FJB d wzy ~F4 MlC/2 F FJL B<R?K I(MlH�~EL Q I(LmF H<R _ ImFJLmk?F K(F H@AB2,( C+wlF?HoQ<FJB@2 My�

L ~EI54 FJQvLmC+L5�zQ<FJB@2 MOL ~EI54#Km~ELmH3w ~ A(B<C+Q<C+A�:(B�~+H<F k?C+I(B�~EL Q<FoNPFJB<H3wlF H A!2=( C+wlF5LmC+L5�zQ<FJB@2 MOL ~Ew�FJL A ~EBWQWMlF
{ ~EImk :mF K y I(LmFoB 0J{fwlF K(FoA(B<C K ImkJQWMlC+L � k?F5B<F32 A(w ~+k?F32 FJL Q A(B<CqK I(MOQxw ~ A(B<C+Q<C+A�:(B�~+H<F A(B<R?k?R?Km~EL Q<F Km~ELmH
w ~oK(RJBWMONf~EQWMlC+L K(F3w ~oA�:(B�~+H<F %
j y ~EL ~Ew'AqH�F ~+H<k?FJLmKm~EL Q<F Nf~ k;:mFJB<k :mFJB d A(B<CqK I(MOB<F|I(LmF K(RJBWMON+~EQWMlC+L d K B<C+MOQ<F % j y MOL Q<RJBP�JQ3K(F�k?F k :mC+My4

F?HWQ�DGC+BWQ;HWM'2 A(wlF % <�C/2L2 F|C+L k?C+LmHWQWBWI(MOQ;w ~oK(RJBWMONf~EQWMlC+L FJL B<F32 C+L Q�~EL Q.K(F3w ~5A�:(B�~+H<F3NPFJB<H wzy ~F4 MlC/2 F|FJL
k?C+LmHWMlK(RJB�~EL Q)w ~0A�:(B�~+H<F�K(F%{ ~EImk;:mF d K B<C+MOQ<F��!w ~;B 0J{fwlF�K(F%A(B<CqK ImkJQWMlC+LL_ ImF%wzy C+L5k;:mFJB<k :mF d k : ~/_ ImF�RJQ�~EA F
F?HWQ;k?FJwOwlF+_ I(M ~EA(A ~EBWMlFxwlF?H;H@AB2,( C+wlF?H wlF?H�A(wOImH d { ~EImk :mF�A CfH�HWM'((wlF3Km~ELmH�w ~5A(B<C+Q<C+A�:(B�~+H<F|k?C+I(B�~EL Q<F % � I
Km~ELmH�wlF%H<FJLmH LmC+B@2 ~EwqK(F%w ~;K(RJBWMONf~EQWMlC+LM�!k?FJw ~0k?C+BWB<F?HWA C+LmK5K(C+Lmk�~EI B<F32 A(w ~+k?F32 FJL Q�K I5K(FJBWL(MlFJB)H@AB2,( C+wlF
LmC+L5�zQ<FJB@2 MOL ~Ew wlF;A(wOImH d K B<C+MOQ<F0Km~ELmH�w ~3A(B<C+Q<C+A�:(B�~+H<Fvk?C+I(B�~EL Q<F��qkfy F?HWQ � d � K MOB<F.wlF;A(wOImH d K B<C+MOQ<F0wlC+B<H _ ImF
Q<C+I(Q�k?FJI54p_ I(M RJQ�~EMlFJL Q�FJLmk?C+B<F.A(wOImH d K B<C+MOQ<F0C+L Q�K(R � d RJQ<R;B<R?K I(MOQ<H�wlC+B<H%K(F?H�K(RJBWMON+~EQWMlC+LmH�A(B<R?k?R?K(FJL Q<F?H %
� L k?C+LmH<Q�~EQ<F K(C+Lmkp_ ImF k?FJQWQ<F DG~$�?C+L K(F A(B<C k?R?K(FJB N+~ L ~EQWI(B<FJwOwlF32 FJL Q k?C+LmHWQWBWI(MOB<F I(LmF K(RJBWMON+~EQWMlC+L d
K B<C+MOQ<F�� A(I(MlH _ I y FJL#k?C/2L2 FJL��c~EL Q�A ~EB3wlFoH@AB2,( C+wlFowlF5A(wOImH d K B<C+MOQ<FL_ I(M�H<F QWB<C+I(NPFowlF A(wOImH d { ~EImk;:mF
Km~ELmHow ~ A(B<F32 M10JB<F A(B<C+Q<C+A�:(B�~+H<F wlC+B<H K(F w ~ k?C+LmHWQWBWImkJQWMlC+L K y I(LmF K(RJBWMON+~EQWMlC+L'FJL H<FJLmH5MOL NPFJB<H<F � NPFJB<H
wzy ~F4 MlC/2 F � �mC+L Nf~ ~EwOwlFJB;A FJI d A FJI NPFJB<H�wlF|A(wOImH d K B<C+MOQ<F|Km~ELmH;w ~5A(B<F32 M10JB<F�A(B<C+Q<C+A�:(B�~+H<F %
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. C+I(B5k?C+LmHWQWBWI(MOB<F I(LmF K(RJBWMONf~EQWMlC+L d K B<C+MOQ<F FJL�H<FJLmH�MOL NPFJB<H<F���C+L�N+~�( ~Ew ~PAPFJB wlF?H�H@A!2=( C+wlF?H K(F w ~
A(B<C+Q<C+A�:(B�~+H<F k?C+I(B�~EL Q<F K(F { ~EImk :mF d K B<C+MOQ<F K(Fp2 ~EL(M10JB<F d B<F?k?C+L(L ~FElQWB<F wlF A(wOImH�NqMOQ<F A CfH<HWM'((wlF I(LmF
A ~EBWQWMlF�K B<C+MOQ<F K(F|B 0J{fwlF|K(F�A(B<C K ImkJQWMlC+L _ ImF|wzy C+L Nf~oA C+I(NPC+MOB.B<F32 A(w ~+k?FJB0A ~EBvH�~oA ~EBWQWMlF|{ ~EImk;:mF�A C+I(B
C/((Q<FJL(MOBow ~ A(B<C+Q<C+A�:(B�~+H<F A(B<R?k?R?K(FJL Q<F Km~ELmH w ~ K(RJBWMONf~EQWMlC+L % a�C+I(Q5wlF A(B<C/((w1032 F B<R?HWMlK(F K(C+Lmk Km~ELmH5w ~
B<F?k?C+L(L ~EMlH<H�~ELmk?F K(F3w ~oA ~EBWQWMlF|K B<C+MOQ<F|K(F|w ~ ( C+L(LmFxB 0J{fwlF�K(F3A(B<C K ImkJQWMlC+L %
� qO�!�Rk� "��
 �1# <�C+LmHWMlK(RJB<C+LmH;w ~ {fB�~�2L2 ~EMOB<F�,

S → � AB u
A → A +�� | +
B → }

p wOwOImHWQWB<C+LmH5wzy ~EL ~Ew'A H<F ~+H<k?FJLmKm~EL Q<F K(F w ~ k : ~FElLmF ω 7 ��+�+���}Bu % � L ( ~Ew ~EMlF w ~ A�:(B�~+H�F K(F { ~EImk :mFd K B<C+MOQ<F A C+I(B B<F?k?C+L(L ~FElQWB<F _ ImF wlF +'FJL H<F?k?C+LmK(F A CfHWMOQWMlC+L A FJI(Q �JQWB<F B<F32 A(w ~+k?R A ~EB A H<FJwlC+L w ~
H<F?k?C+LmK(F B 0J{fwlF K(FoA(B<C K ImkJQWMlC+L K(F k?FoLmC+L5�zQ<FJB@2 MOL ~Ew % � L�C/((QWMlFJL Q5~EwlC+B<H�w ~ A(B<C+Q<C+A�:(B�~+H<F A(B<R?k?R?K(FJL Q<F
� A +���}Bu % � L�B<F?k?C/2L2 FJLmk?F ~EwlC+B<H�A C+I(B H<F B<FJLmK B<F k?C/2 A(Q<F�_ ImF w ~ H<R _ ImFJLmk?F A +�� k?C+BWB<F?H<A C+LmK d w ~A ~EBWQWMlF3K B<C+MOQ<F.K(F.w ~�A(B<F32 M10JB<F.B 0J{fwlF3K(F.A(B<C K ImkJQWMlC+L HWI(B A

% � L B<F32 A(w ~+k?FvK(C+Lmkvk?FJQWQ<F3H<R _ ImFJLmk?F0A C+I(B
C/((Q<FJL(MOB�w ~ A(B<C+Q<C+A�:(B�~+H<F3A(B<R?k?R?K(FJL Q<F � A }5u %B^ ~EMOL Q<FJL ~EL Q��mkfy F?H<Q�wlF�} FJL QWB<C+MlHWM1032 FvA CfHWMOQWMlC+L _ I(M A FJI(Q�JQWB<F B<F32 A(w ~+k?R A ~EB B A C+I(B C/((Q<FJL(MOB � AB u % f C+ImH ~?NPC+LmH ~EwlC+B<H w ~�A ~EBWQWMlF K B<C+MOQ<F K(F w ~#B 0J{fwlF K(FA(B<CqK ImkJQWMlC+L K(F3wzy ~F4 MlC/2 F S �(k?F*_ I(M LmC+ImH;A FJB@2 FJQ;K y C/((Q<FJL(MOB S

%�X L B<R?HWI�2 R��mC+L ~ ,
� + +��F}5u ⇐

d

� A +�� }Bu ⇐
d

� A } u ⇐
d

� AB u ⇐
d

S 2

f C+ImH ~EwOwlC+LmH�NPC+MOB _ ImF0A C+I(B�I(LmF.kJw ~+H<H�F0K(F.{fB�~�2L2 ~EMOB<F?H LmC+L5� k?C+L Q<Fh4 QWImFJwOwlF?H�MOLmkJwOI ~EL Q�HWQWBWMlkJQ<F32 FJL Q
wlF?H {fB�~�2L2 ~EMOB<F?H j j � MOw F?H<Q�A CfH<HWM'((wlF3K(F.DG~EMOB<F3k?FJQWQ<F3B<F?k?C+L(L ~EMlH<H^~ELmk?FxFJL�( ~Ew ~PA ~EL Q;wlF?H�H A!2=( C+wlF?H�K(Fvw ~
A ~EBWQWMlF3K B<C+MOQ<FxFJQ�FJL H<F3K(C+L(L ~EL Q�I(L LmC/2=((B<F�( C+BWLmR k K(F.H A!2=( C+wlF?H�K(FvA(B<R?K MlkJQWMlC+LmH�Km~ELmH w ~5HWI(MOQ<F3K(Fw ~ A(B<C+Q<C+A�:(B�~+H<Fxk?C+I(B�~EL Q<F|~EA(B 0?H wlF 2 ~ELmk :mF % <vy F?H<Q�~EMOLmH<Mt_ ImFvk?FJQWQ<F3~EA(A(B<Cqk :mFxK y ~EL ~Ew'A H<Fx~+H<k?FJLmKm~EL Q<F
F?HWQ�~EA(A FJwlR?F LR(k) A C+I(B�� � * �98 � 8 ' � ��T 	 4 8  <P2$@�@�TA@
	 '�� 8A4H* T @�3��	8 � 3�� '�� �H< T @
	&2 ��T 	 4 8U#�'  98 � * ��T �F2�8UT '$@TA@ �P* � * �� * � TU8A4 	
 >"$#�%P'$)  �'�� 3��(*��$TU<�8UTU'$@�� %

����� ��
 � � 	 � ��� ��!	#%� � � 	 �
	 �����'� 	 � � � � 	 �

n I(A(A CfH<C+LmH5I(LmF MOLmHWQ�~EL Q _ ImF wlF A(B<C/((w1032 F K(F B<F?k?C+L(L ~EMlH<H�~ELmk?F K(F w ~ A ~EBWQWMlF K B<C+MOQ<F K(F w ~ B 0J{fwlF
K(F A(B<C K ImkJQWMlC+L d ~EA(A(wOM1_ ImFJBxF?HWQvB<R?H<C+wOI % j y ~EwO{PC+BWMOQ@:�2 F {PRJLmRJB�~Ew�K y ~EL ~Ew'A H<F ~+H<k?FJLmKm~EL Q<FoNf~ k?C+LmH<MlHWQ<FJBd ( ~Ew ~ APFJB5K(Fow ~ A(B<C+Q<C+A�:(B�~+H<F k?C+I(B�~EL Q<F K(Fo{ ~EImk;:mF d K B<C+MOQ<F FJQ d F32 A(MOwlFJB k?F?H|H@AB2,( C+wlF?HxQ�~EL Q,_ ImF
wzy C+L L y ~ A ~+H ( ~Ew ~ APFJBvQ<C+I(Q<F�w ~ A ~EBWQWMlF5K B<C+MOQ<F K(F w ~ B 0J{fwlF5K(F�A(B<CqK ImkJQWMlC+L d ~EA(A(wOM1_ ImFJB % j C+B<H _ I y C+L#~
B<F?k?C+L(L I#I(LmF5A ~EBWQWMlFoK B<C+MOQ<FoK(F5B 0J{fwlF5K(F A(B<CqK ImkJQWMlC+LM� C+L Nf~ wzy ~EA(A(wOM1_ ImFJB|FJL K(RJA(MOw ~EL Q|H<F?H3H@AB2,( C+wlF?H
A C+I(BoF32 A(MOwlFJB d w ~ A(w ~+k?F wlF LmC+L5�zQ<FJB@2 MOL ~Ew0FJL A ~EBWQWMlF { ~EImk :mF K(F w ~+K MOQ<F B 0J{fwlF % n M C+L'A C+I(B<HWI(MOQ k?F
A(B<Cqk?F?H<HWImH � ImH;_ I y d k?F _ ImF wzy ~F4 MlC/2 F H<C+MOQ F32 A(MOwlR FJQL_ ImF w ~ A�:(B�~+H�F ~EMOQ RJQ<R FJL QWM10JB<F32 FJL Qp( ~Ew ~PAPR?F��
~EwlC+B<H w ~ A�:(B�~+H<F H<FJB�~ ~+k?k?FJA(Q<R?F % n M�C+L L y ~EBWBWMONPF A ~+H d B<F?k?C+L(L ~FElQWB<F I(LmF A ~EBWQWMlF K B<C+MOQ<F K(F B 0J{fwlF K(F
A(B<CqK ImkJQWMlC+L C+I�FJLmk?C+B<F HWM�C+L�Q<FJB@2 MOLmF wlF?H�H@AB2,( C+wlF?H|K(Fow ~ A(B<C+Q<C+A�:(B�~+H�F k?C+I(B�~EL Q<F FJL#w ~EMlH<H�~EL Q|I(LmF
A(MOwlF*_ I(M LmF|k?C+L QWMlFJL Q0A ~+H)_ ImFxwzy ~F4 MlC/2 F�� ~EwlC+B<H�w ~oA�:(B�~+H�FxF?HWQ;B<F �WFJQ<R?F %
r0FJNPFJLmC+LmH�2 ~EMOL Q<FJL ~EL Q�~EIoA(B<C/((w1032 F�K(F w ~.B<F?k?C+L(L ~EMlH<H�~ELmk?F�K(F�w ~.A ~EBWQWMlF�K B<C+MOQ<F�K(F�w ~�( C+L(LmF�B 0J{fwlF

K(F A(B<C K ImkJQWMlC+L'Km~ELmH5w ~ A(B<C+Q<C+A�:(B�~+H�F k?C+I(B�~EL Q<F %�X L Q<FJB@2 F K(F NPC kc~�((I(w ~EMOB<F�� C+L A ~EBWwlF K(F #�2$@Q<>4 *
A C+I(B;K(R?HWMO{fLmFJB.k?FJQWQ<FxA ~EBWQWMlF�K B<C+MOQ<F�,

�e���Ul  U� - H<C+ImH � k : ~FElLmFvK y I(LmF.A(B<C+Q<C+A�:(B�~+H<F.K B<C+MOQ<F.K(F;w ~|{fB�~�2L2 ~EMOB<F _ I(M k?C+BWB<F?HWA C+LmK d
w ~5A ~EBWQWMlF3K y I(LmF3B 0J{fwlFxK(FvA(B<CqK ImkJQWMlC+L K(C+L Q�wzy ~EA(A(wOMlkc~EQWMlC+L B<FJA(B<R?H�FJL Q<FxI(LmF3RJQ�~EA F3wlF.wlC+L({



C/6 <�C+LmHWQWBWImkJQWMlC+L K(F?H0~EL ~Ew'A H<FJI(B<H�A C+I(B;{fB�~�2L2 ~EMOB<F?H;LmC+L5� k?C+L Q<Fh4qQWImFJwOwlF?H

K y I(LmF�K(RJBWMON+~EQWMlC+L K B<C+MOQ<FxMOL NPFJB<H<F|A(B<C K I(MOQ<F d wzy ~EMlK(F|K(Fxk?FJQWQ<Fx{fB�~�2L2 ~EMOB<F %
t L 2 ~ELmk;:mF�F?HWQ K(C+Lmk I(LmF#H<R _ ImFJLmk?F K(F#H A!2=( C+wlF?H Q<FJB@2 MOL ~EI548FJQ LmC+L5�zQ<FJB@2 MOL ~EI548~EMOLmH<M�_ ImF H�~
A CfHWMOQWMlC+L Km~ELmH w ~ A(B<C+Q<C+A�:(B�~+H<F K B<C+MOQ<F % f C+QWB<F A(B<C/((w1032 F K(F B<F?k?C+L(L ~EMlH�H�~ELmk?F H�F B<R?HWI�2 F K(C+Lmk ~EI
A(B<C/((w1032 F K(F5B<F?k?C+L(L ~EMlH<H�~ELmk?F K(F?H�2 ~ELmk :mF?H�Km~ELmH3wlF?H3A(B<C+Q<C+A�:(B�~+H�F?H�K B<C+MOQ<F?H3A(B<CqK ImkJQWM'((wlF?H d A ~EBWQWMOB
K(F.w ~�{fB�~�2L2 ~EMOB<F % � L A ~EBWwlF3K y R>)W2�	 2�	6* K I�2 ~ELmk :mF3wlC+B<H _ I y C+L wlF0B<F32 A(w ~+k?F3A ~EB�w ~ A ~EBWQWMlFv{ ~EImk :mFxK(F
w ~5B 0J{fwlF|K(FxA(B<CqK ImkJQWMlC+L k?C+BWB<F?HWA C+LmKm~EL Q<F %
j y MlK(R?F � ~+H�H<F�� {PRJL(M ~EwlF � K(F?H ~EL ~Ew'A H<F?H ~+H<k?FJLmKm~EL Q<F?H K I Q A A F j r F?HWQ K y ~?NPC+MOB B<F?k?C+L(L I _ ImF wlF?H

2 ~ELmk :mF?H K y I(LmF%{fB�~�2L2 ~EMOB<F�DGC+B@2 FJL Q FJL|B<Rc~EwOMOQ<R%I(L�w ~EL({ ~E{PF�B<RJ{fI(wOMlFJB��EFJQ A FJI(NPFJL Q)K(C+Lmk �JQWB<F�B<F?k?C+L(L ImH
A ~EB�I(L ~EI(Q<C/2 ~EQ<FxK y RJQ�~EQ<Hb\mL(M % f C+ImH;~EwOwlC+LmH�NPC+MOB;Km~ELmH�wlF?H�H<F?kJQWMlC+LmH0HWI(MON+~EL Q<F?H�k?C/2L2 FJL Qvk?C+LmHWQWBWI(MOB<F
wzy ~EI(Q<C/2 ~EQ<F _ I(M%B<F?k?C+L(L ~FElQ k?F?H 2 ~ELmk :mF?H %�^ ~EMlH5H^~+k : ~EL QL_ ImF wlF?H 2 ~ELmk;:mF?H H<C+L Q5B<F?k?C+L(L ImHoA ~EBoI(L
~EI(Q<C/2 ~EQ<F��mwzy ~EwO{PC+BWMOQ@:�2 F K y ~EL ~Ew'AqH�F3N+~H� A C+I(B;k : ~/_ ImF|RJQ�~EA F|K(FxK(RJBWMON+~EQWMlC+L MOL NPFJB<H<F��mk?C+LmH�C/2L2 FJB � FJQ
F32 A(MOwlFJB � wlF?H�H@AB2,( C+wlF?H)K(F�w ~0A(B<C+Q<C+A�:(B�~+H<F�k?C+I(B�~EL Q<F d wzy ~EMlK(F K(F�k?FJQ�~EI(Q<C/2 ~EQ<F��fFJQ�RJw ~E{fImFJB wlF
2 ~ELmk;:mF
K�0?H)_ ImFxk?F|K(FJBWL(MlFJB0F?HWQ�B<F?k?C+L(L I %

� qO�!�Rk� "��
 � 
 <�C+LmHWMlK(RJB<C+LmH d LmC+I(NPFc~EI w ~5{fB�~�2L2 ~EMOB<F|A(B<R?k?R?K(FJL Q<F=,
S → � AB u
A → A +�� | +
B → }

j y ~EI(Q<C/2 ~EQ<F H<I(MON+~EL QxB<F?k?C+L(L ~FElQxwlF?H�2 ~ELmk :mF?H|Km~ELmHxwlF5A(B<C+Q<C+A�:(B�~+H<F?H�K B<C+MOQ<F?HxFJL({PFJLmK B<R?F?H|A ~EBxk?FJQWQ<F
{fB�~�2L2 ~EMOB<F&,

?>=<89:;765401233

K(R3((I(Q // ?>=<89:;0
a // ?>=<89:;1

b
77

A ''

?>=<89:;4
c // ?>=<89:;765401236

?>=<89:;2

b
77

B ''
d

��

?>=<89:;5
e // ?>=<89:;765401237

?>=<89:;765401238

n M�C+L H<C+I�2 FJQ d k?FJQ3~EI(Q<C/2 ~EQ<F w ~ A(B<C+Q<C+A�:(B�~+H<FoK B<C+MOQ<F ��+�+��F}Bu��mwzy ~EI(Q<C/2 ~EQ<F N+~ K(F�wzy RJQ�~EQ Z d wzy RJQ�~EQ$ H<I(B�� � A(I(MlH0NPFJB<H.wzy RJQ�~EQ 7 HWI(B +Q��_ I(M�F?HWQ.I(L RJQ�~EQvQ<FJB@2 MOL ~Ew)H<MO{fL ~Ew ~EL Q3wlF*2 ~ELmk;:mF + % c F*2��32 F�� HWM
C+L#H<C+I�2 FJQxw ~ A(B<C+Q<C+A�:(B�~+H<Fp� � +���}Bu � wzy ~EI(Q<C/2 ~EQ<F Nf~ K(Fowzy RJQ�~EQ Z d $ HWI(B,� � A(I(MlH3NPFJB<H3wzy RJQ�~EQ 7 HWI(B
� � A(I(MlH0NPFJB<H�wzy RJQ�~EQ ] HWI(B + FJQ0~EBWBWMONPF d w�� RJQ�~EQ)\mL ~Ew 6 HWI(B+� �(k?F,_ I(M HWMO{fL ~EwlF|wlF�2 ~ELmk :mF � +�� %

2

}�MlFJL H��(B�� MOw L y F?H<Q�A ~+H�LmR?k?F?H<H�~EMOB<FvK(F0B<FJA(B<FJLmK B<F3wlF�( ~Ew ~ A ~E{PFxK(F.w ~|A(B<C+Q<C+A�:(B�~+H�Fvk?C+I(B�~EL Q<F3K(FJA(I(MlH
wlF K(R3((I(Qo~EA(B 0?H k;: ~/_ ImF RJw ~E{ ~E{PF % t L�RJw ~E{ ~E{PF A FJI(Q��JQWB<F NqI�k?C/2L2 F wlF DG~EMOQ K(F B<FJNPFJL(MOB FJL ~EBWBWM10JB<F
Km~ELmH5wzy ~EI(Q<C/2 ~EQ<F=� ImH _ I y d wzy RJQ�~EQ ~EQWQ<FJMOL Q ~cN+~EL Q K(F k?C+LmH<C/2L2 FJBowlF?H5H@AB2,( C+wlF?H5K I 2 ~ELmk :mF��)A(I(MlH d
F>/ F?kJQWImFJB�w ~vQWB�~ELmHWMOQWMlC+L HWI(B wlF LmC+L5�zQ<FJB@2 MOL ~Ew FJL A ~EBWQWMlF { ~EImk :mF0K(F w ~0B 0J{fwlF�K(F A(B<CqK ImkJQWMlC+L ~EA(A(wOM1_ ImR?F %. C+I(B�Dz~EMOB<F k?F k;:mF32 MOL FJL H<FJLmHxMOL NPFJB<H�F���C+L�I(QWMOwOMlH�F I(LmF MlK(R?F HWM'2 A(wlF , C+L F32 A(MOwlF wlF?H RJQ�~EQ<H5~EI#D I(B
FJQ d 2 F?HWI(B<FxK(F?H QWB�~ELmHWMOQWMlC+LmH.FJL wlF?H MOL Q<FJB<kc~Ew ~EL Qx~?NPF?k3wlF?H�H@AB2,( C+wlF?H;Km~ELmH w ~5A(MOwlF %�[ MOLmHWM � RJw ~E{fImFJB;I(L
2 ~ELmk :mF�Nf~�k?C+LmHWMlHWQ<FJB d K(RJA(MOwlFJB�~EI(Q�~EL Q K y RJQ�~EQ<H�_ ImF�K(F%H@AB2,( C+wlF?H)Km~ELmH wlF
2 ~ELmk :mF % <�F?kJM Nf~;K(R?k?C+I(NqBWMOB
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FJL K(F?H<HWImHvK(F�A(MOwlF wzy RJQ�~EQ3~EQWQ<FJMOL Q|~?Nf~EL QxK(F�k?C+LmH<C/2 FJB3wlF=2 ~ELmk :mF�� RJQ�~EQ3K I�_ ImFJw)w ~ QWB�~ELmH<MOQWMlC+L HWI(BvwlF
LmC+L5�zQ<FJB@2 MOL ~Ew�F32 A(MOwlR H<FJB�~ Dz~EMOQ %

. C+I(B 2 FJQWQWB<F|FJL �3I(NqB<Fxk?FJQ.~EwO{PC+BWMOQ@:�2 F|{PRJLmRJB�~Ew � C+L N+~oH<FvDGC+LmK(FJB0HWI(B;K(FJI54 Q�~�((wlF?H;K(F�K(R?kJMlHWMlC+L %t LmF.Q�~�((wlF Actions MOLmK M1_ ImF��mRJQ�~EL Q;K(C+L(LmR3wzy RJQ�~EQ;FJL H<C/2L2 FJQ;K(F3A(MOwlF3FJQ�wlFvA(B<Cqk : ~EMOL H@AB2,( C+wlFxKm~ELmHw ~xA(B<C+Q<C+A�:(B�~+H�Fvk?C+I(B�~EL Q<F3Hcy MOwmDz~EI(Q�F32 A(MOwlFJB k?F0K(FJBWL(MlFJB C+I FJLmk?C+B<FvRJw ~E{fImFJB�I(Lp2 ~ELmk :mF�_ I(M H<F0QWB<C+I(NPF
FJL�H<C/2L2 FJQ K(FoA(MOwlF % t LmFoQ�~�((wlF Successeurs Nf~ MOLmK M1_ ImFJB�A C+I(Bxwzy RJQ�~EQ�FJL�H<C/2L2 FJQ�K(FoA(MOwlF FJQ|I(LLmC+L5�zQ<FJB@2 MOL ~Ew d F32 A(MOwlFJB��(NPFJB<H�_ ImFJw RJQ�~EQ;w ~5QWB�~ELmHWMOQWMlC+L K(C+MOQ;H<FvDG~EMOB<F�Km~ELmH�wzy ~EI(Q<C/2 ~EQ<F %

. wOImH A(B<R?kJMlH<R32 FJL Q��aH<C+MOQ G I(LmF�{fB�~�2L2 ~EMOB<F�K(F�w ~/_ ImFJwOwlF�K(F?H Q�~�((wlF?H�K y ~EL ~Ew'AqH<F Actions FJQ SuccesseursC+L Q RJQ<R0k?C+LmH<QWBWI(MOQ<F?H�FJQ ω I(LmF0k;: ~FElLmF d ~EL ~Ew'AqH�FJB��Pwzy ~EwO{PC+BWMOQ@:�2 F3HWI(MONf~EL Q%Nf~xA(B<CqK I(MOB<F;I(LmFvK(RJBWMONf~EQWMlC+Ld K B<C+MOQ<F�K(F w ,

$&%e. CfHWMOQWMlC+L(LmFJBvwlFxkJI(B<H<FJI(B0H<I(B�wlFxA(B<F32 MlFJB0H@AB2,( C+wlF|K(F ω$
%

�5% p L(MOQWM ~EwOMlH<FJB0w ~ pile ~?NPF?k|wlF|H@AB2,( C+wlFxK(Fxwzy RJQ�~EQ;MOL(MOQWM ~Ew s0
FJL DGC+LmK K(FxA(MOwlF %75% �FE!k EmMP�!�

]�% H�C+MOQ s wlFxH@AB2,( C+wlF|K y RJQ�~EQ0FJL H<C/2L2 FJQ.K(FxA(MOwlFxFJQ a wlFxA(B<C k;: ~EMOL H@AB2,( C+wlF|Km~ELmH ω$
%

-5% �FI
Actions[s, a] F?HWQ (d, s′)

�� "�����
65% X 2 A(MOwlFJB a �(A(I(MlH s′ FJQ.~?Nf~ELmk?FJB;wlF|kJI(B<H<FJI(B;Km~ELmH ω$�FI"�U���
C �`I

Actions[s, a] F?H<Q (r,A→ β)
�� "�����

�5% c RJA(MOwlFJB 2× |β| H@AB2,( C+wlF?H;K(F3w ~oA(MOwlF %W5% nqC+MOQ s′ wlFxH@AB2,( C+wlF|K y RJQ�~EQ)2 ~EMOL Q<FJL ~EL Q3FJL H<C/2L2 FJQ0K(F3A(MOwlF %$PZ5% X 2 A(MOwlFJB A HWI(B�w ~oA(MOwlF %$&$&% X 2 A(MOwlFJB0wlFxH@AB2,( C+wlF|K y RJQ�~EQ Successeur[s′, A]
%

�`IJ�U���
$ �5% �`I

Actions[s, a] F?HWQ accepter
�� "�����

$P75% ~+k?k?FJA(Q<R=,87 �O�F��I
�`IJ���Q�

$3]�% c R?kJwlFJLmk :mFJBvI(LmFxFJBWB<FJI(B0K(F|H A L Q�~F4 F %$P-5%�� GU� �OG I'� ~+k?k?FJA(Q<R %

� qO�!�Rk� "��
 �Ks <�C+LmHWMlK(RJB<C+LmH;w ~ {fB�~�2L2 ~EMOB<F|K(F?H0Fh4 A(B<F?H<HWMlC+LmH0~EBWMOQ@:�2 RJQWM1_ ImF?H0H<I(MON+~EL Q<F�,
E → E � T | T

T → T � F | F

F → ( E - | {F}
t LmFxK(RJBWN+~EQWMlC+L K(F3w ~oA�:(B�~+H<F {F}

1 � {�} 2 � {�} 3
K(C+L(LmFJB�~EMOQ;wOMlFJI ~EI54 ~+kJQWMlC+LmH0H<I(MON+~EL Q<F?H!,



C�� <�C+LmHWQWBWImkJQWMlC+L K(F?H0~EL ~Ew'A H<FJI(B<H�A C+I(B;{fB�~�2L2 ~EMOB<F?H;LmC+L5� k?C+L Q<Fh4qQWImFJwOwlF?H

. MOwlF X L QWB<R?F [ kJQWMlC+L
. {F}

1 � {F} 2 � {�} 3
.

.�{�}
1 � {F} 2 � {�} 3

. K(R?kc~EwlFJB*{F}
1. u � {F} 2 � {�} 3

. 2 ~ELmk :mF�� RJw ~E{fImFJB
. a � {F} 2 � {�} 3

. 2 ~ELmk :mF�� RJw ~E{fImFJB
. X � {F} 2 � {�} 3

. 2 ~ELmk :mF�� RJw ~E{fImFJB
. X � {F}

2 � {�} 3
. K(R?kc~EwlFJB �. X � {F} 2 � {�} 3
. K(R?kc~EwlFJB*{F}

2. X � u � {�} 3
. 2 ~ELmk :mF�� RJw ~E{fImFJB

. X � a � {�} 3
. 2 ~ELmk :mF�� RJw ~E{fImFJB

. X � a � {�}
3
. K(R?kc~EwlFJB �. X � a � {�} 3
. K(R?kc~EwlFJB*{F}

3. X � a � u . 2 ~ELmk :mF�� RJw ~E{fImFJB
. X � a . 2 ~ELmk :mF�� RJw ~E{fImFJB
. X . 2 ~ELmk :mF�� RJw ~E{fImFJB
. X . ~+k?k?FJA(Q<FJB

2

a C+I(Q<F5w ~ K M0G kJI(wOQ<RoK(F?H 2 RJQ@:mC K(F?Hx~+H<k?FJLmKm~EL Q<F?H��t_ I(M�B<R?HWMlK(F Km~ELmH.w ~ A(BWMlH<F�K(F?HvK(R?kJMlHWMlC+LmH3K y ~EL ~F�
w'A H<F � K(R?kc~EwlFJB���RJw ~E{fImFJB���~+k?k?FJA(Q<FJB � ��B<FJNqMlFJL Q d w ~�K(RJQ<F?kJQWMlC+L K Io2 ~ELmk :mF % j F?HN2 RJQ@:mCqK(F?H j r�H<C+L Q
DGC+LmK(R?F?H%HWI(B�wzy I(QWMOwOMlH^~EQWMlC+L K(F�Q�~�((wlF?H�K y ~EL ~Ew'AqH�F�_ I(M H<C+L Q�k?C+LmHWQWBWI(MOQ<F?H d A ~EBWQWMOB�K(F?H%{fB�~�2L2 ~EMOB<F?H % a B<C+MlH
2 RJQ@:mCqK(F?H.H<C+L Q�2 ~EMOL Q<FJL ~EL QxA(B<C+A CfH<R?F?H���_ I(M K M0/�0JB<FJL QxF?H<H<FJL QWMlFJwOwlF32 FJL Q3A ~EB0wlFJI(Bvkc~EA ~+kJMOQ<R d QWB�~EMOQ<FJB
K(F?H;kJw ~+H<H�F?H�A(wOImH;C+I 2 C+MOLmH0M'2 A C+BWQ�~EL Q<F?H0K(Fx{fB�~�2L2 ~EMOB<F?H0LmC+L5� k?C+L Q<Fh4 QWImFJwOwlF?H %

����� � � �
���	�������	������������� � � 	�� ��� � � � 	 � 	 �����'� 	 �'� � �	� 	 � ��� ��� � � $ � ���

�,���U� MP�/G�lmM`IK�Q�onH���LMP� �� "�����O���
� <P'�# 3B)WR98S*��

�,���U� MP�/G�lmM`IK�Q�onH���LMP� �� "���p��� l������Q�UI��OGU���
�,���U� MP�/G�lmM`IK�Q�onH���LMP� �� "���p�>j����



65%87L[ L ~Ew'AqH�F|~+H<k?FJLmKm~EL Q<F C/W

nqC+MOQ G I(LmF {fB�~�2L2 ~EMOB<F���wzy ~EwO{PC+BWMOQ@:�2 F A(B<C K I(MOQ K(F?H�Q�~�((wlF?H K y ~EL ~Ew'AqH<F n j r Actions FJQ
Successeurs �0HWMxw ~ {fB�~�2L2 ~EMOB<F F?HWQ n j r %). C+I(B k?FJw ~H�;MOwxDz~EI(Q kc~EwlkJI(wlFJB w ~'k?C+wOwlF?kJQWMlC+L K(F?H
FJLmH<F32,((wlF?H K y MOQ<F32 H n j r A C+I(B G ��A(I(MlH5w ~ D C+LmkJQWMlC+L #�$ �3%0'�)4* A C+I(B5k;: ~+kJI(L'K(F?H5H A!2=( C+wlF?H
LmC+L5�zQ<FJB@2 MOL ~EI54 K(F G � FJQ0FJL5\mL k?C+LmHWQWBWI(MOB<F wlF?H;Q�~�((wlF?HvFJwOwlF?H � 2��32 F?H d A ~EBWQWMOB3K(F|k?FJQWQ<F�k?C+wOwlF?kh�QWMlC+L FJQ0K(Fxk?FJQWQ<F3DGC+LmkJQWMlC+L %
�,�� J "��l&M`I"��� nH���N�B���P�B���H "���pnJI1IKMP�!��� �����
nqC+MOQ A → XY Z I(LmF B 0J{fwlF K(F A(B<CqK ImkJQWMlC+L K(F w ~ {fB�~�2L2 ~EMOB<F G ��I(L MOQ<F32 n j r�F?HWQ I(LmF
A(B<C K ImkJQWMlC+L ~cNPF?k I(L A C+MOL Q B<FJA RJB�~EL Q I(LmF A CfHWMOQWMlC+L8Km~ELmH H^~�A ~EBWQWMlF#K B<C+MOQ<F % j F A C+MOL Q F?H<Q
I(QWMOwOMlH<R A C+I(BoMOLmK M1_ ImFJB w ~ A C+BWQWMlC+L K(F A ~EBWQWMlF K B<C+MOQ<F K(R � d B<F?k?C+L(L ImF Km~ELmHoI(LmF A(B<C+Q<C+A�:(B�~+H<F
K B<C+MOQ<F � M % F % w ~ H<R _ ImFJLmk?FxK(F|H@AB2,( C+wlF?H;K(R � d B<F?k?C+L(L ImH �h%
� k E!�F�5M`I"�Q�

Fermeture(I)nqC+MOQ I I(L#FJLmH<F32,((wlF K y MOQ<F32 Hon j r!� w ~ DGFJB@2 FJQWI(B<F K(F I � LmC+Q<R?F Fermeture(I) � F?HWQ|C/((Q<FJL ImFA ~EB;wlF?H;K(FJI54 B 0J{fwlF?H0HWI(MONf~EL Q<F?H�,
$&% psL(MOQWM ~EwlF32 FJL Q�� A(w ~+k?FJB0k : ~/_ ImFxMOQ<F32�K(F I Km~ELmH Fermeture(I)

%
�5% n M [A → α • Bβ] F?H<Q Km~ELmH Fermeture(I) FJQ B → γ F?HWQ I(LmF A(B<C K ImkJQWMlC+L K(F G �~EwlC+B<H;~F�WC+I(Q<FJB�wzy MOQ<F32 [B → •γ]

d
Fermeture(I) Hcy MOw LmF.Hay A QWB<C+I(NPFvA ~+H�K(R � d % r0RJA RJQ<FJBwzy ~EA(A(wOMlkc~EQWMlC+L K(F�k?FJQWQ<F K(FJI54qM1032 F�B 0J{fwlFU� ImH;_ I y d k?Fb_ I y MOwqLmF H<C+MOQ�A(wOImH)A CfH<HWM'((wlF�K y ~F�[C+I(Q<FJB

K y MOQ<F32 H d Fermeture(I)
%

� k E!�F�5M`I"�Q�
Transition[I,X]nqC+MOQ I I(L FJLmH<F32=((wlF�K y MOQ<F32 H;FJQ X I(L H@AB2,( C+wlF|K(F G �

$&% < ~EwlkJI(wlFJB I ′ � wzy FJLmH�F32,((wlF|K(F?H�MOQ<F32 H [A→ αX • β] Q<FJwlH)_ ImF3wzy MOQ<F32 [A→ α •Xβ] ∈ I
%

�5%
Transition[I,X] = Fermeture(I ′)

%
�,�� J "��l&M`I"��� nH���N�B���P�B���H "���pnJI1IKMP�!���N��� ��� �,k �QG��

GnqC+MOQ G′ = (V ′, T, P ′, S′) w ~ {fB�~�2L2 ~EMOB<F ~EI({&2 FJL Q<R?F5C/((Q<FJL ImF K(F G = (V, T, P, S) FJL ~F�[C+I5�Q�~EL Q wlF0LmC+L5�zQ<FJB@2 MOL ~Ew S′
d

V A C+I(B�C/((Q<FJL(MOB V ′ � w ~�A(B<C K ImkJQWMlC+L S′ → S
d

P A C+I(B�C/((Q<FJL(MOB P ′

FJQ0FJL B<F32 A(w ~$�c~EL Qvwzy ~F4qMlC/2 F S A ~EB S′ %
$&% psL(MOQWM ~EwOMlH<FJB C ~EI H�FJI(w FJLmH<F32,((wlF�K y MOQ<F32 H;LmC+L5� 2 ~EB _ ImR�C/((Q<FJL I A ~EB

Fermeture({[S ′ → •S]})
%

�5% MP���QM �OGU� MOw�Fh4qMlHWQ<FxK(F?H0FJLmH<F32,((wlF K y MOQ<F32 H;LmC+L5� 2 ~EB _ ImR?H0Km~ELmH C
� ��I"�F�

75% nqC+MOQ I I(L FJLmH�F32,((wlF�K y MOQ<F32 H0LmC+L5� 2 ~EB _ ImR K(F C
%

]�% k �QG�� k : ~/_ ImF|H@AB2,( C+wlFxK(Fx{fB�~�2L2 ~EMOB<F X ∈ V ∪ T
� ��I"�F�

-5% �`I MOw Fh4qMlHWQ<F3I(L MOQ<F32 [A→ α •Xβ] Km~ELmH I
�� "�����

65% n y MOw L y A F?HWQ�A ~+H;K(R � d � ~F�WC+I(Q<FJB Transition[I,X] k?C/2L2 F|FJLmH�F32,((wlFLmC+L5� 2 ~EB _ ImR d C
%

ST� %
ST� %

��� ��� 65% C � <�C+LmHWQWBWImkJQWMlC+L K(F?H�Q�~�((wlF?H;K y ~EL ~Ew'A H<F n j r %



�&Z <�C+LmHWQWBWImkJQWMlC+L K(F?H0~EL ~Ew'A H<FJI(B<H�A C+I(B;{fB�~�2L2 ~EMOB<F?H;LmC+L5� k?C+L Q<Fh4qQWImFJwOwlF?H

�,���U� MP��GUl&M`I"��� nU�!�LMP� �� K�!�Nn Iy���U�� 
�O�P� �O���
Actions

�mM
SuccesseursnqC+MOQ G′ I(LmF {fB�~�2L2 ~EMOB<F ~EI({&2 FJL Q<R?F�� wlF?H Q�~�((wlF?HoK y ~EL ~Ew'AqH�F n j r Actions FJQ SuccesseursH<C+L Q0C/((Q<FJL ImF?H0A ~EB:,

$&% <�C+LmHWQWBWI(MOB<F C = {I0, I1, ..., In}
�mw ~ k?C+wOwlF?kJQWMlC+L K(F?H.FJLmH<F32=((wlF?H3K y MOQ<F32 H j r � Z � A C+I(B0w ~

{fB�~�2L2 ~EMOB<F G′ %
�5% j y RJQ�~EQ i F?HWQ k?C+LmHWQWBWI(MOQ d A ~EBWQWMOB�K(F.wzy FJLmH<F32,((wlFxK y MOQ<F32 H Ii

% j F?H�~+kJQWMlC+LmH�K y ~EL ~Ew'AqH<F.A C+I(B
wzy RJQ�~EQ i H�C+L Q0K(RJQ<FJB@2 MOLmR?F?H.A ~EB�wlF?H�B 0J{fwlF?H0H<I(MON+~EL Q<F?H!,
� ~ � n M [A→ α•aβ] ∈ Ii

�PH<M a ∈ T FJQ�H<M Transition[Ii, a] = Ij
� ~EwlC+B<H Action[i, a] =�6R(<72$)W*�� j %

� ( � n M [A→ α•] ∈ Ii
� ∀a ∈ Suivants(A), Action[i, a] = �PR�� �	T �P* par A→ α

%
� k � n M [S′ → S•] ∈ Ii

�m~EwlC+B<H Action[i, $] = accepter
%

n M�wlF?H3B 0J{fwlF?HxA(B<R?k?R?K(FJL Q<F?H�H<C+L Q3k?C+LHOmMlkJQWImFJwOwlF?H�� ~EwlC+B<Hxw ~ {fB�~�2L2 ~EMOB<F L y F?HWQxA ~+H�n j r FJQ
wzy ~EwO{PC+BWMOQ@:�2 F5R?k :mC+ImF %

75% n M A ∈ V FJQ Transition[Ii, A] = Ij
~EwlC+B<H Successeurs[i, A] = j

%
]�% a C+I(Q<F?H wlF?H FJL QWB<R?F?H LmC+L5� K(Rh\mL(MlF?H A ~EB wlF?H B 0J{fwlF?H FJL � � � FJQ � 7 � H<C+L Q A CfHWMOQWMlC+L(LmR?F?H d

* � �(* �
� %
-5% j y RJQ�~EQ MOL(MOQWM ~Ew0K(F wzy ~EL ~Ew'AqH�FJI(B F?HWQ k?FJwOI(M�_ I(M0~ RJQ<R k?C+LmHWQWBWI(MOQ d A ~EBWQWMOB K(F wzy FJLmH<F32,((wlF
k?C+L Q<FJL ~EL Q.wzy MOQ<F32 [S′ → •S]

%

������� 65% � � <�C+LmH<QWBWImkJQWMlC+L K(F?H�Q�~�((wlF?H.K y ~EL ~Ew'AqH<F5n j r � HWI(MOQ<F �h%



65%87L[ L ~Ew'AqH�F|~+H<k?FJLmKm~EL Q<F �5$

nqC+MOQ G I(LmF8{fB�~�2L2 ~EMOB<F�� wzy ~EwO{PC+BWMOQ@:�2 F A(B<CqK I(MOQ K(F?H Q�~�((wlF?H K y ~EL ~Ew'A H<F j r Actions FJQ
Successeurs �%HWM�w ~ {fB�~�2L2 ~EMOB<F F?HWQ j r � $��h% . C+I(B k?FJw ~H��MOw�Dz~EI(Q kc~EwlkJI(wlFJB w ~#k?C+wOwlF?kJQWMlC+L K(F?HFJLmH<F32,((wlF?H�K y MOQ<F32 H j r � $�� A C+I(B G �fA(I(MlH�k?C+LmHWQWBWI(MOB<F0wlF?H�Q�~�((wlF?H%FJwOwlF?H � 2��32 F?H d A ~EBWQWMOB%K(F;k?FJQWQ<Fk?C+wOwlF?kJQWMlC+L %
�,�� J "��l&M`I"��� nH���N�B���P�B���H "���pnJI1IKMP�!���N��� �h
 �
nqC+MOQ A → XY Z I(LmF B 0J{fwlF K(F A(B<CqK ImkJQWMlC+L K(F w ~ {fB�~�2L2 ~EMOB<F G � I(L'MOQ<F32 j r � $�� F?HWQ I(L
MOQ<F32 j r � Z � ~EI�_ ImFJw)F?HWQ0~F�WC+I(Q<R|I(L FJLmH<F32=((wlF�K(F H@A!2=( C+wlF?H0Q<FJB@2 MOL ~EI54 {a1, ..., an}

A C+I(Nf~EL Q
HWI(MON B<F|wlF|LmC+L5�zQ<FJB@2 MOL ~Ew A Km~ELmH0I(LmF|A(B<C+Q<C+A�:(B�~+H<F5K B<C+MOQ<F�C/((Q<FJL ImF�Km~ELmH.wlF|k?C+L Q<Fh4 Q<F C$; A ~
RJQ<R B<F32 A(w ~+k?RoA ~EBxw ~ A ~EBWQWMlFoK B<C+MOQ<F XY Z K(F5w ~ B 0J{fwlF K(F A(B<CqK ImkJQWMlC+L %�. ~EB|Fh4 F32 A(wlF�� wzy MOQ<F32
[A → X • Y Z, a1/.../an] MOLmK M1_ ImF=_ ImFxwlF|LmC+L5�zQ<FJB@2 MOL ~Ew A ~ RJQ<R|B<F32 A(w ~+k?R A ~EB XY Z Km~ELmH
I(LmF�A(B<C+Q<C+A�:(B�~+H<F5K B<C+MOQ<F5Km~ELmH0w ~/_ ImFJwOwlF A A C+I(N+~EMOQ �JQWB<F�HWI(MONqMlF|A ~EB.I(L K(F?H.H@AB2,( C+wlF?H0Q<FJB@2 My�
L ~EI54 a1, ..., an

�(FJQ�_ ImFxKm~ELmH0k?FJQWQ<F|A ~EBWQWMlF|K B<C+MOQ<F��(wzy ~EwO{PC+BWMOQ@:�2 Fo~5B<F?k?C+L(L I I(LmF�H<R _ ImFJLmk?F�K(F
H@A!2=( C+wlF?H0k?C+BWB<F?HWA C+LmKm~EL Qv~EI LmC+L5�zQ<FJB@2 MOL ~Ew X

%
� k E!�F�5M`I"�Q�

Fermeture(I)nqC+MOQ I I(L FJLmH<F32,((wlFvK y MOQ<F32 H j r!�fw ~3D FJB@2 FJQWI(B<FvK(F I � LmC+Q<R?F Fermeture(I) � F?HWQ%C/((Q<FJL ImF.A ~EBwlF?H;K(FJI54 B 0J{fwlF?H;HWI(MONf~EL Q<F?H!,
$&% psL(MOQWM ~EwlF32 FJL Q�� A(w ~+k?FJB0k : ~/_ ImFxMOQ<F32�K(F I Km~ELmH Fermeture(I)

%
�5% n M [A → α • Bβ, a] F?HWQ|Km~ELmH Fermeture(I) FJQ B → γ F?HWQ|I(LmFoA(B<CqK ImkJQWMlC+L K(F G �~EwlC+B<H ~F�WC+I(Q<FJB wzy MOQ<F32 [B → •γ, b]

d
Fermeture(I) A C+I(B k : ~/_ ImF Q<FJB@2 MOL ~Ew b Km~ELmH

� ����� �����!�
βa
� �(Hcy MOw LmF3Hcy A QWB<C+I(NPF3A ~+H K(R � d % r.RJA RJQ<FJB wzy ~EA(A(wOMlkc~EQWMlC+L K(Fvk?FJQWQ<F3K(FJI54qM1032 F

B 0J{fwlFb�[ImH _ I y d k?F*_ I y MOw LmF�H<C+MOQ�A(wOImH�A CfH<HWM'((wlFxK y ~F�WC+I(Q<FJB.K y MOQ<F32 H d Fermeture(I)
%

� k E!�F�5M`I"�Q�
Transition[I,X]nqC+MOQ I I(L FJLmH<F32=((wlF�K y MOQ<F32 H;FJQ X I(L H@AB2,( C+wlF|K(F G �$&% < ~EwlkJI(wlFJB I ′ �mwzy FJLmH<F32,((wlF K(F?H�MOQ<F32 H [A→ αX • β, a] Q<FJwlH�_ ImF [A→ α •Xβ, a] ∈ I

%
�5%

Transition[I,X] = Fermeture(I ′)
%

�,�� J "��l&M`I"��� nH���N�B���P�B���H "���pnJI1IKMP�!���N��� �h
 �,k �QG��
GnqC+MOQ G′ = (V ′, T, P ′, S′) w ~ {fB�~�2L2 ~EMOB<F ~EI({&2 FJL Q<R?F5C/((Q<FJL ImF K(F G = (V, T, P, S) FJL ~F�[C+I5�Q�~EL Q wlF0LmC+L5�zQ<FJB@2 MOL ~Ew S′

d
V A C+I(B C/((Q<FJL(MOB � yW�Pw ~�A(B<CqK ImkJQWMlC+L S′ → S

d
P A C+I(B C/((Q<FJL(MOB P ′

FJQ0FJL B<F32 A(w ~$�c~EL Qvwzy ~F4qMlC/2 F S A ~EB S′ %
$&% psL(MOQWM ~EwOMlH<FJB C ~EI H�FJI(w FJLmH<F32,((wlF�K y MOQ<F32 H;LmC+L5� 2 ~EB _ ImR�C/((Q<FJL I A ~EB

Fermeture({[S ′ → •S, $]})
%

�5% MP���QM �OGU� MOw�Fh4qMlHWQ<FxK(F?H0FJLmH<F32,((wlF K y MOQ<F32 H;LmC+L5� 2 ~EB _ ImR?H0Km~ELmH C
� ��I"�F�

75% nqC+MOQ I I(L FJLmH�F32,((wlF�K y MOQ<F32 H0LmC+L5� 2 ~EB _ ImR K(F C
%

]�% k �QG�� k : ~/_ ImF|H@AB2,( C+wlFxK(Fx{fB�~�2L2 ~EMOB<F X ∈ V ∪ T
� ��I"�F�

-5% �`I MOw Fh4qMlHWQ<F3I(L MOQ<F32 [A→ α •Xβ, a] Km~ELmH I
�� K���F�

65% n y MOw L y A F?HWQ�A ~+H;K(R � d � ~F�WC+I(Q<FJB Transition[I,X] k?C/2L2 F|FJLmH�F32,((wlFLmC+L5� 2 ~EB _ ImR d C
%

ST� %
ST� %

������� 65%8W � <�C+LmHWQWBWImkJQWMlC+L K(F?H�Q�~�((wlF?H j r kc~ELmC+L(M1_ ImF?H %



� � <�C+LmHWQWBWImkJQWMlC+L K(F?H0~EL ~Ew'A H<FJI(B<H�A C+I(B;{fB�~�2L2 ~EMOB<F?H;LmC+L5� k?C+L Q<Fh4qQWImFJwOwlF?H

�,���U� MP��GUl&M`I"��� nU�!�LMP� �� K�!�Nn Iy���U�� 
�O�P� ��� l������Q�UI��OGU���
Actions

�mM
SuccesseursnqC+MOQ G′ I(LmF {fB�~�2L2 ~EMOB<F ~EI({&2 FJL Q<R?F��3wlF?H Q�~�((wlF?H#K y ~EL ~Ew'A H<F j r kc~ELmC+L(M1_ ImF?H Actions FJQ

Successeurs H�C+L Q0C/((Q<FJL ImF?H0A ~EB:,$&% <�C+LmHWQWBWI(MOB<F C = {I0, I1, ..., In}
�mw ~ k?C+wOwlF?kJQWMlC+L K(F?H.FJLmH<F32=((wlF?H3K y MOQ<F32 H j r � $�� A C+I(B0w ~

{fB�~�2L2 ~EMOB<F G′
%

�5% j y RJQ�~EQ i F?HWQ k?C+LmHWQWBWI(MOQ d A ~EBWQWMOB�K(F.wzy FJLmH<F32,((wlFxK y MOQ<F32 H Ii
% j F?H�~+kJQWMlC+LmH�K y ~EL ~Ew'AqH<F.A C+I(B

wzy RJQ�~EQ i H�C+L Q0K(RJQ<FJB@2 MOLmR?F?H.A ~EB�wlF?H�B 0J{fwlF?H0H<I(MON+~EL Q<F?H!,
� ~ � n M [A → α • aβ, b] ∈ Ii

~?NPF?k a ∈ T FJQ HWM Transition[Ii, a] = Ij
�0~EwlC+B<H

Action[i, a] = �6R(<72$)W*�� j %
� ( � n M [A→ α•, a] ∈ Ii

� A 6= S′ Action[i, a] = �PR�� �	T �(* par A→ α
%

� k � n M [S′ → S•, $] ∈ Ii
�m~EwlC+B<H Action[i, $] = accepter

%
n M wlF?H B 0J{fwlF?H A(B<R?k?R?K(FJL Q<F?H.H<C+L Q�k?C+LHOmMlkJQWImFJwOwlF?H�� ~EwlC+B<H w ~ {fB�~�2L2 ~EMOB<F3L y F?HWQ A ~+H j r � $�� FJQ
wzy ~EwO{PC+BWMOQ@:�2 F5R?k :mC+ImF %

75% n M A ∈ V FJQ Transition[Ii, A] = Ij
~EwlC+B<H Successeurs[i, A] = j

%
]�% a C+I(Q<F?H wlF?H FJL QWB<R?F?H LmC+L5� K(Rh\mL(MlF?H A ~EB wlF?H B 0J{fwlF?H FJL � � � FJQ � 7 � H<C+L Q A CfHWMOQWMlC+L(LmR?F?H d

* � �(* �
� %
-5% j y RJQ�~EQ MOL(MOQWM ~Ew0K(F wzy ~EL ~Ew'AqH�FJI(B F?HWQ k?FJwOI(M�_ I(M0~ RJQ<R k?C+LmHWQWBWI(MOQ d A ~EBWQWMOB K(F wzy FJLmH<F32,((wlF
k?C+L Q<FJL ~EL Q.wzy MOQ<F32 [S′ → •S, $]

%

������� 65%'$PZ � <�C+LmH<QWBWImkJQWMlC+L K(F?H�Q�~�((wlF?H j r kc~ELmC+L(M1_ ImF?H � HWI(MOQ<F �h%

�,���U� MP��GUl&M`I"��� nU�!�LMP� �� K�!�Nn Iy���U�� 
�O�P� �>j����
Actions

��M
Successeurst L ~EwO{PC+BWMOQ@:�2 F DG~+kJMOwlF��O2 ~EMlH|{PC+I(B@2 ~ELmK�FJL�A(w ~+k?F k?C+LmHWMlHWQ<F d k?C+LmHWQWBWI(MOB<F K y ~�( C+B<K#wlF?H|MOQ<F32 Hj r � $�� � A(I(MlH d D ImHWMlC+L(LmFJB�wlF?H;FJLmH�F32,((wlF?H;K y MOQ<F32 H.K(F�2��32 F3LmCPA ~EI � FJLmH<F32=((wlF?H0K y MOQ<F32 H0MlK(FJL5�

QWM1_ ImF?H��m~EI54 H@AB2,( C+wlF?H;K(F3A(B<RJNqMlHWMlC+L A(B 0?H �h%
$&% <�C+LmHWQWBWI(MOB<F C = {I0, I1, ..., In}

�mw ~ k?C+wOwlF?kJQWMlC+L K(F?H.FJLmH<F32=((wlF?H3K y MOQ<F32 H j r � $�� A C+I(B0w ~
{fB�~�2L2 ~EMOB<F G′

%
�5% . C+I(B5k;: ~/_ ImF LmCPA ~EI�A(B<R?H�FJL Q�A ~EB@2 M�wlF?H|FJLmH<F32=((wlF?H K y MOQ<F32 H j r � $�� � QWB<C+I(NPFJB�Q<C+ImH|wlF?H
RJQ�~EQ<H.~PA ~EL Qvk?F+2��32 FxLmCPA ~EI FJQ;B<F32 A(w ~+k?FJB.k?F?H;RJQ�~EQ<H;A ~EB;wlFJI(B;I(L(MlC+L %

75% nqC+MOQ C ′ = {J0, J1, ..., Jn}
��w ~ k?C+wOwlF?kJQWMlC+L K(F?H FJLmH<F32=((wlF?H K y MOQ<F32 H j r � $�� B<R?HWI(wOQ�~EL Q<F %. C+I(B�k : ~+kJI(L K(F�k?FJI54!� kJM �PK(RJQ<FJB@2 MOLmFJB%wlF?H%~+kJQWMlC+LmH�K y ~EL ~Ew'A H<F�k?C/2L2 F;Km~ELmH�wzy ~EwO{PC+BWMOQ@:�2 F

A C+I(B k?C+LmHWQWBWI(MOB<F wlF?H Q�~�((wlF?H j r�kc~ELmC+L(M1_ ImF?H % n M0k?F?H B 0J{fwlF?HN2N0JLmFJL Q d I(L k?C+LHOmMOQ���w ~
{fB�~�2L2 ~EMOB<F|L y F?H<Q;A ~+H j [ j r � $�� FJQ�wzy ~EwO{PC+BWMOQ@:�2 F R?k;:mC+ImF %

]�% j ~ DGC+LmkJQWMlC+L Transition F?HWQ#k?C+LmHWQWBWI(MOQ<F k?C/2L2 F HWI(MOQ % nqC+MOQ J = I0 ∪ I1 ∪ ... ∪
Ik
��wlF?H5LmC`A ~EI54 K(F Transition[I0, X] � Transition[I1, X] � %'%'% FJQ Transition[Ik, X]H<C+L Q'wlF?H 2��32 F?H A(I(MlH _ ImF I0, I1, ..., Ik

C+L Q'wlF 2��32 F LmCPA ~EI % nqC+MOQ K wzy I(L(MlC+L K(F
Q<C+ImH wlF?H FJLmH<F32=((wlF?H K y MOQ<F32 H ~ A ~EL Q wlF 2��32 F LmC`A ~EI _ ImF Transition[I0, X]

% [ wlC+B<H
Transition[J,X] = K

%
-5% j ~ Q�~�((wlF Successeur F?H<Q3k?C+LmH<QWBWI(MOQ<F k?C/2L2 F A C+I(Bxk?FJwOwlF K(F?H3Q�~�((wlF?H j r kc~ELmC+L(M1_ ImF?H��
2 ~EMlH0H<I(B�w ~ k?C+wOwlF?kJQWMlC+L K y FJLmH<F32=((wlF?H.K y MOQ<F32 H C ′ %

������� 65%'$&$ � <�C+LmHWQWBWImkJQWMlC+L K(F?H;Q�~�((wlF?H j [ j r %
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