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H ( *QP6B�k : .0( λ
( : &)( ?0"2?>&91 8�� .0( *;??B ?A.  /? 8 (  /&4R *[P"B k : .0(%* ∃ (26 ∀ < & "  /.0"2&9. < (%* 798 C < ?0"  /6;* < &798 (MB ?0( 8 :#8;<48 (�x : &�(21)" :#8 ( ! .  1 : 6  /6 ? : 1 ∫
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< C2.A??B ?A6;( 8 .  7 :#8 6;C%( <�T &91)( @  8 ?  �k9.0( <  /1)*,&91 6;( 8 B ( =�
 1)( @  8 ?  �k9.0(Dk :#8 1)C%( 7  8 .0( *QP6B�k : .0( λ <  /1)*&91 6;( 8 B ( (%* 6 < ?A6;(�� ����� =hz 1 < Cwm)19?A6 ?A1 < &)"26 ?A@B(MB (21!6 . T (21)* (MB�k9.0( < (%*,@  8 ?  �k9.0(%* .A?0C%(%* <  /1)*,&91 6;( 8 B (
7  8 .  3 : 1)"26 ? : 1 V B : Λ → P(V ariable)

� "

V B(x) = ∅

V B(λx .M) = V B(M) ∪ {x}

V B(MN) = V B(M) ∪ V B(N)

| ( B  /19? Z28 ( *;??B ?A.  /? 8 (�x : 1 < Cwm)19?A6 . T (21)*;(MB k9.0( < (%* @# 8 ?  �k9.0(%* 1 : 14Y .A?0C%(%*�x : & � �-� *
�=�Mx 7  8 .  3 : 1)"26 ? : 1
V L : Λ → P(V ariables)

"

V L(x) = {x}

V L(λx .M) = V L(M) − {x}

V L(M N) = V L(M) ∪ V L(N)
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���$*U� �L� ��� *��-�
��� 
�� �b�B����������/1� ��� ���$*��-�����A�=� � �����=� �

H Tα Y " : 1,A 8 &)(21)"%( 1 : &)* 7 ( 8 B (26 < (yB : < ? m ( 8 ! @ : . : 1'6;C,.0(,1 : B <�T &91)( @# 8 ?  �k9.0(,.A?0C%(�x!* ? : 1 798;: " Z%< (
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>�=
x[x := N ] ≡ N<4=
x[y := N ] ≡ x

x9* ?
x 6= yV4=

(λx.M)[x := N ] ≡ λx.MX)=
(λx.M)[y := N ] ≡ λx.M [y := N ]

* ?
y /∈ V L(M) : & x /∈ V L(N)p4=

(λx.M)[y := N ] ≡ λ z.(M [x := z])[y := N ]
*;?
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x ∈ V L(N)
x :�� z

(%*;6=&91)(
1 : &9@B(2.A.0( @# 8 ?  �k9.0(

F4=
(M1 M2)[x := N ] ≡ (M1[x := N ] M2[x := N ])
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M = N N = L
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M = N

(M Z) = (N Z)

M = N
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id (x) e ::= id
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(21 &91 C26  /6 m)1  /.

σ′
x "%( $'&)( . T : 1 7 (2&96 1 : 6;( 8 〈c, σ〉 → σ′

=vO 1-*;CMB  /1'6 ?0$!&)( :#7 C 8  /6 ? : 14Y1)(2.A.0(�x
.  6 8  /1)* 3 :#8 B  /6 ? : 1 < ( σ
(21

σ′ 7  8 c
(%* 6 < Cwm)19?0( (21 6;( 8 B ( <�T &91)( *;C%$'&)(21)"%( <�T :#7 C 8  /6 ? : 1)*
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c1
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c2
x ?A. (%* 6 7 .A&)* ( & < ?0"2?0(2&4R < ( * T ?A1!6;( 8 8;: AB( 8 * & 8 .0(2& 8 8 C%*;&9.A6  /6�x " T (%* 6 Y !0Y < ? 8 ( $!&)( < (2&4R C21 : 1)"%C%** : 1'6,C%$!&9?A@  /.0(21!6;*�x91 : 6;C ∼ x9* ? 7 (2& ??B 7 :#8 6;( . T C26  /6=?A19?A6 ?  /. x)?A.0* 798;: < &9?0*;(21'6=.0(tB��MB ( C26  /6 m)1  /. "

c1 ∼ c2 ssi (∀σ, σ′.〈c1, σ〉 → σ′ ⇐⇒ 〈c2, σ〉 → σ′)

� : 6 : 1)*=$!&)( c1 ∼ c2 ssi
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{(σ, σ′)|〈c1, σ〉 → σ′} = {(σ, σ′)|〈c2, σ〉 → σ′}
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C
(%* 6 &91 (wR4(MB 7 .0( < ( 3 : 1)"26 ? : 1 *;CMB  /1'6 ?0$!&)( = H (%* <9: &,k9.0(%* " 8;: "[K)(26;* * : 1'6 &96 ?A.A?0*;C%* (21 * CMB  /1!6 ?0$'&)(
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(%* 6

<9: 1)" 7 .A&)* (wR) #"26;(MB (21!6 C :
� ��

��� �"#

→ Σ → Σ
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=
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x 1 : &)* C%" 8 ? 8;: 1)* A[[a0
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a1]]

7 : & 8 m).A6 8 ( 8 . :#8 *
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a ∈
��� ! 


b ∈
��� ! �

c ∈
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���� �"#

x ∈
�M���6�
	

n ∈
�

a ::= n | x | a0 + a1 | a0 − a1 | a0 × a1

b ::= true | false | a0 = a1 | a0 ≤ a1 | ¬b | b0 ∨ b1 | b0 ∧ b1

c ::= skip | x := a | c0 ; c1 | if b then c0 else c1 | while b do c

� ����� X)= X � � 8  �BCB  /? 8 (  �k)* 6 8  /?A6;( 7 : & 8 &91 .  /1,A! �AB( ??B 7 C 8  /6 ? 3
* ??B 7 .0(

H  *;CMB  /1!6 ?0$'&)( < C21 : 6  /6 ? : 191)(2.A.0( < ( 1 : 6 8 ( .  /1,A! �AB( ??B 7 C 8  /6 ? 3�* ??B 7 .0( <9: ?A6 3  /? 8 ( " :#8 8 (%* 7 : 1 <48 ( !"[K  #$'&)( : k)( (26�*QP 1!6  0R4?0$!&)( &91)( < C21 : 6  /6 ? : 1 <  /1)* &91 (21)*;(MB k9.0( <�T : k)( (26;*�B  /6QK)CMB  /6 ?0$!&)(%*  79798;:#798 ?0C%* =
� .435 /&96 <9: 1)" < Cwm)19? 8 &91 (21)*;(MB k9.0(:� < ( < C21 : 6  /6 ? : 1)* 7 : & 8 "[K  #"2&91 < (%*
6WP 7 (%* < ( 7 K 8  #*;(%* < & .  /1,A! �AB( =l : & 8 .0(%* 1 : B k 8 (�x . T (21)* (MB�k9.0( C2@ ? < (21!6 (%* 6,. T (21)* (MB�k9.0(

IN
x (26 .  " :#8 8 (%* 7 : 1 <  /1)"%( (21!6 8 ( .0(%* (21!6 ?0( 8 **QP 1!6  0R4?0$!&)(%* (26 .0(%* (21'6 ?0( 8 * *;CMB  /1!6 ?0$'&)(%* (%* 6 <9: 191)C%( 7  8 .  -3 : 1)"26 ? : 1 N :

�
→ IN

$'&)( 1 : &)*1 T (wR 7 .A?0"2?A6 : 1)* 7  #* 7 .A&)*  %@  /1!6 =
l : & 8 " : B 798 (21 <48 ( .  < C21 : 6  /6 ? : 1 .0(%* @  8 ?  �k9.0(%*�x�?A. 35 /&96  /&)*;* ? 7  8 .0( 8 < ( .  1 : 6 ? : 1 <�T C26  /6 = H  @  8 ?  �k9.0( ??B 7 C 8  /6 ?A@B( 1 T (%* 6 $'& T &91)(  �k)* 6 8  #"26 ? : 1 * & 8 .0(%*
 <48 (%*;*;(%* < (%*�(MB 7 .  #"%(MB (21!6;*�B CMB : ? 8 ( "[K : ?0*;?0*

7 : & 8 " : 1!6;(219? 8 .0(2& 8 @  /.0(2& 8 =,H  < C21 : 6  /6 ? : 1 <�T &91)( 7 K 8  #* ( < ( 6WP 7 ( �M���"�
	 (%* 6 <9: 1)" * ??B 7 .0(MB (21'6,&91(21)*;(MB k9.0( <�T  <48 (%*;* (%*$B CMB : ? 8 ( $!&)( 1 : &)*  797 (2.A.0( 8;: 1)* ] 
�� = l : & 8 : k96;(219? 8 .  < C21 : 6  /6 ? : 1 <�T &91)(@  8 ?  �k9.0(�x ?A. *;& � 6 < ( < ?0* 7 : *;( 8 <�T &91)( * ??B 7 .0( " :#8 8 (%* 7 : 1 <  /1)"%( > Y > (21'6 8 ( . T (21)*;(MB k9.0( �M���"�
	 (26 &91
* : &)* Y (21)* (MB�k9.0( < ( ] 
��  1 : &)* 1)( 1 : &)* C26;(21 <9: 1)* 7  #* 7 .A&)* *;& 8 "%(2.  4x *  /&43 7 : & 8 < ? 8 ( $!& T ?A.  8 8 ?A@B(* : &9@B(21'6�x 7 : & 8�7 .A&)* < ( * ??B 7 .A?0"2?A6;C <  /1)*�.0(%*
*;CMB  /1'6 ?0$!&)(%* < C21 : 6  /6 ? : 191)(2.A.0(%*�x'$!&)( . T : 1  #*;* ??B ?A.0( �M���"�
	(26 ] 
�� ! &91 *;(2&9. (26nB��MB ( (21)*;(MB�k9.0( =

H  B CMB : ? 8 ( 7 (2&96 *;??B 7 .0(MB (21!6 �26 8 ( @'&)( " : BCB ( &91)( 3 : 1)"26 ? : 1 < (%*  <48 (%*;*;(%* <  /1)* .0(%* @  /.0(2& 8 * #*;* : "2?  �k9.0(%*  /&4R @# 8 ?  �k9.0(%* =�|  /1)* .0( "  <48 ( < ( 1 : 6 8 ( .  /1,A! �AB( ??B 7 C 8  /6 ? 3 * ??B 7 .0(�x &91)( @# 8 ?  �k9.0( 1)(
7 (2&96 " : 1!6;(219? 8 $'& T &91 (21!6 ?0( 8 =6H T (21)*;(MB k9.0( < (%* B CMB : ? 8 (%*�xB1 : 6;C Σ

xB*;( 8  <9: 1)"," : 1)* 6 ?A6 &)C < ( 3 : 1)"26 ? : 1)*
σ :

] 
��
→ IN

=,| : 1)"�x 7 : & 8 l = L[[x]]
x9.0( " : 1!6;(21'& < ( .  CB CMB : ? 8 ( σ 7 : & 8 .  @# 8 ?  �k9.0( x

(%* 6 <9: 191)C
7  8 σ(l)

=
@ : 1)* ? < C 8;: 1)*&B  /?A1'6;(21  /1!6 .0(%* 7 K 8  #*;(%* 7 .A&)* " : B 7 .0(wR9(%*�x
(26 <�T  �k :#8;< .0(%* (wR 798 (%*;*;? : 1)*  8 ?A6QK,B CwY6 ?0$'&)(%* = � : &)*  %@ : 1)* 6 : &)* &91.B : <,Z .0( ?A1!6 &9?A6 ? 3 < ( "%( $!&)( 7 (2&96 (21,AB(21 <48 ( 8 . T (wR9C%"2&96 ? : 1 <�T &91)( (wR 798 (%* Y* ? : 1� 8 ?A6QK,B C26 ?0$'&)( =�z &96 8 ( .0( 35 /?A6 $'& T (2.A.0( <9: ?A6 8 (26 : & 8 1)( 8 " : BCB ( 8 C%* &9.A6  /6 &91 1 : B�k 8 (�x .  1  /6 & 8 (??B 7 C 8  /6 ?A@B( < ( 1 : 6 8 ( .  /1,A! �AB( .  /?0*;*;( *;& 797 : *;( 8 $'&)( . :#8 *;$'&)( 1 : &)* 8 (21)" : 1'6 8 ( 8;: 1)* &91)( @# 8 ?  �k9.0(�x ?A.3  /& <48  (21 : k96;(219? 8 .  @# /.0(2& 8 (26 <9: 1)" .0( " : 1'6;(21!& < ( . T (MB 7 .  #"%(MB (21!6DB CMB : ? 8 ( " :#8 8 (%* 7 : 1 <  /1'6 =�H  *;CMB  /1'6 ?0$!&)( <�T &91)( (wR 798 (%*;* ? : 1� 8 ?A6QK,B C26 ?0$'&)( <9: ?A6 <9: 1)" 6;(219? 8 " : B 7 6;( <�T &91�C2.0CMB (21!6 < ( " : 1!6;(wR46;(

8 ( 798 C%*;(21'6;C 7  8 .  B CMB : ? 8 ( = H  < C21 : 6  /6 ? : 1 < (%* (wR 798 (%*;* ? : 1)*  8 ?A6QK,B C26 ?0$'&)(%* (%* 6 <9: 191)C%( 7  8 .  
p � <W\�DQ2H*
k�6)'Z(-'>4�;=<�*n0�')(e(+*-4�9�6>*�934�')(eJRD�*�m�O)JRD�*�2M7:9�')(@?PO>G�F>4�')JK'><�*eY�?H9�(&6);�JKY�?H2M7:9�O)')()kb6);=JKJK'r<�;=9�(e?H'_C�'>4-4�;�<�(nDQ9Y�4�;:6�m[DQ2H<c6om�D=Y�2H*-4�'=f



X)=GV I CMB  /1'6 ?0$!&)( < C21 : 6  /6 ? : 191)(2.A.0( <�T &91 .  /1,A! �AB( ??B 7 C 8  /6 ? 3 * ??B 7 .0( X)>

3 : 1)"26 ? : 1 A
* &9?A@  /1!6;( "

A[[n]] = {(σ,N [[n]]) | σ ∈ Σ}

A[[x]] = {(σ, σ(L[[x]])) | σ ∈ Σ}

A[[a0 + a1]] = {(σ, n0 + n1) | (σ, n0) ∈ A[[a0]] & (σ, n1) ∈ A[[a1]]}

A[[a0 − a1]] = {(σ, n0 − n1) | (σ, n0) ∈ A[[a0]] & (σ, n1) ∈ A[[a1]]}

A[[a0 × a1]] = {(σ, n0 × n1) | (σ, n0) ∈ A[[a0]] & (σ, n1) ∈ A[[a1]]}

� . (%* 6 ??B 7 :#8 6  /1!6 < ( 8 (MB  8 $'&)( 8 $'&)( "[K  #"2&91 < (%* * ??A 1)(%* +,−,×
!�A! /&)"[K)( < (%* C%$!&  /6 ? : 1)* 8 ( 798 CwY*;(21'6;( &91 6WP 7 ( < ( 1 : (2& < * < ( . T  8 k 8 ( < ( *QP 1!6  0R9(  �k)* 6 8  /?A6;(  /. :#8 * $'&)( .0(%* B��MB (%* * ??A 1)(%* (21 7  8 6 ?0(

<48;: ?A6;( < (%* B��MB (%* C%$'&  /6 ? : 1)* < C%* ??A 1)(21!6 7 .A&96 � 6 .0(%* 3 : 1)"26 ? : 1)* <�T  <9< ?A6 ? : 1hx < ( * : &)*;6 8  #"26 ? : 1 (26 < (B &9.A6 ? 7 .A?0"  /6 ? : 1 * & 8 .0(%* (21'6 ?0( 8 * =�@ (CAB(21 8 ( < ( 8  #"%" : & 8 "2?0* < ( 1 : 6  /6 ? : 1�(21'6 8 ( .  * 7 K Z28 ( *QP'1'6  0R ?0$'&)((26 .  * 7 K Z28 ( *;CMB  /1'6 ?0$!&)( (%* 6 B : 191  /?0( " : & 8  /1!6;( 7 : & 8 *;??B 7 .A? m ( 8 .0(%* *;CMB  /1'6 ?0$!&)(%*>(26 ABC21)C 8  /.0(MB (21!6?A.0*>1 T (21'6 8  ��01)(21!6 7  #* < ( 8 C%(2.A.0( " : 143 &)* ? : 1 =�z 1 : k96 ?0(21'6 <9: 1)" < (%*,(wR 798 (%*;*;? : 1)* < & AB(21 8 (�"
A[[3 + 5]]σ = A[[3]]σ + A[[5]]σ = 3 + 5 = 8

" : BCB ( ?A. * ( <9: ?A6 =
@ K  #"2&91 < (%* (21)*;(MB k9.0(%* < Cwm)19?0* 7  8 .  3 : 1)"26 ? : 1 A 8 ( 798 C%*;(21'6;( (21-3  /?A6 .A&9? Y B��MB ( &91)( 3 : 1)"26 ? : 1

Σ → IN
=�l : & 8 8 ( 798 C%*;(21!6;( 8 < ( 6;(2.A.0(%* 3 : 1)"26 ? : 1)*�x : 1 &96 ?A.A?0* ( .  7 .A& 7  8 6 < &�6;(MB 7 * .  1 : 6  /6 ? : 1 < &

λ
Y "  /.0"2&9. =
@ (%"2? <9: 191)( &91)( < Cwm)19?A6 ? : 1 C%$!&9?A@  /.0(21!6;( < ( A � "

A[[n]] = λσ.N [[n]]

A[[x]] = λσ.σ(L[[x]])

A[[a0 + a1]] = λσ.(A[[a0]]σ + A[[a1]]σ)

A[[a0 − a1]] = λσ.(A[[a0]]σ −A[[a1]]σ)

A[[a0 × a1]] = λσ.(A[[a0]]σ ×A[[a1]]σ)

H  *;CMB  /1!6 ?0$'&)( < (%* (wR 798 (%*;* ? : 1)* . : A ?0$!&)(%* (wR6K9??k ( &91)( *;6 8 &)"26 & 8 ( 6 8[Z * * ??B ?A.  /? 8 ( ! "%(2.A.0( < (%* (wR6Y
798 (%*;* ? : 1)*  8 ?A6QK,B C26 ?0$!&)(%* =�H ( 8 C%* &9.A6  /6 <�T &91)( (wR 798 (%*;* ? : 1 . : A ?0$'&)( <9: ?A6
�26 8 ( &91)( @  /.0(2& 8 < ( @BC 8 ?A6;C�x@ 8  /?0( : & 3  /&)*;*;( =
H  < C21 : 6  /6 ? : 1-35( 8  <9: 1)" ?A1'6;( 8 @B(219? 8 . T (21)*;(MB�k9.0( �

= {true, false} < (%* @# /.0(2& 8 *< ( @BC 8 ?A6;C%*�x B &919? < (%* :#7 C 8  /6 ? : 1)* < ( 1)CMA! /6 ? : 1 �
¬
"wx < ( < ?0* ( : 1)"26 ? : 1 �

∨
"wx
(26 < ( " : 1$( : 1)"26 ? : 1 �

∧
"

"2.  #*;* ?0$'&)(%* < ( .  . : A ?0$'&)(EB  /6QK)CMB  /6 ?0$'&)( =
� 798 (MB ? Z28 ( @ &)(�x : 1 *;( 8  /?A6 6;(21!6;C < ( < ? 8 ( $'& T ?A.,(%* 6 ?A1'&96 ?A.0( < ( 6;(219? 8 " : B 7 6;( < ( .  B CMB : ? 8 (

< & " : 1!6;(wR46;( <�T C2@# /.A&  /6 ? : 1 < (%*>(wR 798 (%*;* ? : 1)* . : A ?0$'&)(%*�x4"  8 1 : &)* 1 T  %@ : 1)* 7  #* ?A1'6 8;:'< &9?A6 < ( @  8 ?  �k9.0(%*. : A ?0$'&)(%* =4l : & 8 6  /1'6�x4&91)( (wR 798 (%*;* ? : 1 . : A ?0$'&)( 7 (2&96��26 8 ( " : 1)*;6 ?A6 &)C%( <�T (wR 798 (%*;* ? : 1  8 ?A6QK,B C26 ?0$'&)(%*�x9"%($'&9? (wR4??AB( < ( 6;(219? 8 " : B 7 6;( < & " : 1'6;(wR 6;( =,O 1 1 : 6  /6 ? : 1 < & λ
Y "  /.0"2&9. x41 : &)* ?A1!6 8;: < &9?0* : 1)*>.  3 : 1)"26 ? : 1

B : Σ →
� "

B[[
	������

]] = λσ.true

B[[
� ')%�#��

]] = λσ.false

B[[a0 = a1]] = λσ.(A[[a0]]σ = A[[a1]]σ)

B[[a0 ≤ a1]] = λσ.(A[[a0]]σ ≤ A[[a1]]σ)

B[[¬b]] = λσ.¬B[[b]]σ

B[[b0 ∨ b1]] = λσ.B[[b0]]σ ∨ B[[b1]]σ

B[[b0 ∧ b1]] = λσ.B[[b0]]σ ∧ B[[b1]]σ
� $L'o4-*�D=2H<�(&D=93*�')9�4�(@D��+;=9�*�')<:*8(UT3(+*�O)JRDQ*�2P7:9�')JK'><�*L?H')(E*�T3Yb')(@0�'>(@DQ4�G�9�JK')<:*�(@.^6�m[D�7:9�'r0�O>j�<�25*�2H;�<X0�'

λ
, '>i3Y�4�'>(-(-2P;=<�k

6)'^7�9�2 ')(+*n'>i�*-4��)JK')JK')<:*8?H;�9�4�0V.R?PDl?H;�<�G�9�'�f �n'Z<�;=*-4�'ZYb;�2H<:*N03'_C�9�'=kb2H? (-9��a*n0�'Z6);�<�<[D��P*-4�'_?P'Z*�T3Yb'Z0�'Z?PDR\s;�<�6o*�2P;=<
0�Ooj[<�2H'�k�7:9�2d2H<[039�25*@?H'n*�T3Yb'r0�'e?MD

λ
,/'oi�Y34�')(-(-2H;�<W03O>j[<�2H(-(�D=<:*�'�f



X)= X$l : ?A1!6;* m,R4(%* X-<

H  < Cwm)19?A6 ? : 1 < ( .  3 : 1)"26 ? : 1 C[[c]] 7 : & 8 .0(%* C21 : 1)"%C%* 7 : *;( 7 .A&)* < ( < ?'� "2&9.A6;C%* = @ : BCB ( 1 : &)*. T  %@ : 1)* @ & 798 C%"%C < (MBCB (21'6�x .  < C21 : 6  /6 ? : 1 < (%* C21 : 1)"%C%* 7 (2&96 �26 8 ( "  7 6 & 8 C%( " : BCB ( &91)( 3 : 1)"26 ? : 1
< (%* C26  /6;* @B( 8 * .0(%* C26  /6;*�x�" T (%* 6 Y !0Y < ? 8 ( $!& T &91 C21 : 1)"%C 1 T  7 : & 8 8�� .0( $!&)( < ( "[K  /1,AB( 8 . T C26  /6 < ( .  B CMB : ? 8 ( =4H  3 : 1)"26 ? : 1 C <9: ?A6 <9: 1)"  @ : ? 8 7 : & 8 6 P 7 ( � ��
���� �-# → Σ → Σ

= I'& 8 "%(26 6;( .  /1)"%C%(�x'?A. (%* 6
8 (2.  /6 ?A@B(MB (21!6 * ??B 7 .0( < ( < Cwm)19? 8 C 7 : & 8 .0(%*=C21 : 1)"%C%*=1'&9. x  & (%"26  /6 ? : 1hx *;C%$'&)(21)"%( (26, /.A6;( 8 1  /6 ?A@B( "

C[[skip]] = λσ.σ

C[[x := a]] = λσ.σ[(A[[a]]σ)/L[[x]] ]

C[[c0 ; c1]] = C[[c0]] ◦ C[[c1]]

C[[if b then c0 else c1]] = λσ.
� �

B[[b]]σ
	�9��6�

C[[c0]]σ
�"%�#��

C[[c1]]σ

:�� σ[K/x]
(%*;6 .  3 : 1)"26 ? : 1 7  8 6 : &96 ? < (21!6 ?0$'&)( ! σ

*  /&43 C2@B(21!6 &)(2.A.0(MB (21!6  /& 7 : ?A1'6 x :�� (2.A.0( @# /&96
K
=
l : & 8 . T C21 : 1)"%C < ( 8 C 7 C26 ?A6 ? : 1 while b do c

x)" : BCB (21'6,6 8;: &9@B( 8 &91)( < C21 : 6  /6 ? : 1 $'&9? 1)( < C 7 (21 < ($'&)( < (%*=* : &)* Y 7 K 8  #*;(%* b
(26

c
# � . (%* 6>6;(21!6  /1'6 <�T &96 ?A.A?0*;( 8 . T C%$'&9?A@  /.0(21)"%( * &9?A@  /1!6;(�"

while b do c ∼ if b then c ;while b do c else skip

O 1 (�& (26�x!*;? .0(=6;(%*;6 < ( .  8 C 7 C26 ?A6 ? : 1 (%* 6 @ 8  /? x : 1 (wR9C%"2&96;(=&91)(,3 : ?0* .0( " :#8 7 * < ( .  Ek : &)"2.0( 7 &9?0* : 1
8 (%" : BCB (21)"%( . T (wR4C%"2&96 ? : 1 < ( .  k : &)"2.0( = I'? .0( 6;(%*;6,(%* 6>3  /&4Rvx : 1 7  #*;*;( ! .  * &9?A6;( = I (2. : 1 "%(26 6;( ? < C%(�x1 : &)* : k96 ?0(21 <48 ? : 1)* .  < Cwm)19?A6 ? : 1 *;&9?A@# /1'6;( 7 : & 8 C "

C[[while b do c]] = λσ.
� �

B[[b]]σ
	�9��"�

C[[while b do c]](C[[c]]σ)
�"%�#��

σ

H ( 798;: k9. Z B (  %@B(%" "%(26 6;( < Cwm)19?A6 ? : 1 (%* 6 $'&)(,"%(26 6;(,* CMB  /1!6 ?0$'&)( < (=.  8 C 7 C26 ?A6 ? : 1 1 T (%* 6 7  #* < Cwm)19?0(&919?0$'&)(MB (21!6 (21 3 : 1)"26 ? : 1 < (>*;(%*�* : &)* Y 7 K 8  #*;(%*�B  /?0*  /&)*;*;? <�T (2.A.0(wY B��MB ( =6@ (26 6;( < Cwm)19?A6 ? : 1 1 T (%* 6 <9: 1)"
7  #*=" : B 7 : * ?A6 ? : 191)(2.A.0(�x)&91)( " : 1 < ?A6 ? : 1 (%*;*;(21'6 ?0(2.A.0( 7 : & 8 6 : &96;( *;CMB  /1'6 ?0$!&)( < C21 : 6  /6 ? : 191)(2.A.0( =

� ��� � 

)�� ����� � ���

b (2@B(21 : 1)* *;& 8 .  1 : 6  /6 ? : 1�(21)* (MB�k9.A?0* 6;( < (%* 3 : 1)"26 ? : 1)* = I : ?A6 w = while b do c
x . T C%$'&9?A@  /.0(21)"%(

798 C%"%C < (21!6;( *;( 8 C%C%" 8 ?A6�"
w ∼

� 3
b
	 K)(21

c ; w
� .0* (

skip

O 1 *;CMB  /1!6 ?0$'&)( < C21 : 6  /6 ? : 191)(2.A.0(�x "%(26 6;( C%$'&9?A@  /.0(21)"%(�x 1 : &)* . T  %@ : 1)* < ?A6�x * T ?A1'6;( 8 798[Z 6;( " : BCB ( .0(
3  /?A6 $'&)(>.0(%* < (2&4R 7 K 8  #* (%* <9: ?A@B(21'6 < C21 : 6;( 8 .  EB��MB (,3 : 1)"26 ? : 1 7  8 6 ?0(2.A.0( *;& 8 .0(%* C26  /6;*�x!" T (%* 6 Y !0Y < ? 8 (
"

C[[w]] = C[[
� 3

b
	 K)(21

c ; w
� .0*;(

skip]]

� : &)* < (2@ : 1)* <9: 1)"  %@ : ? 8 "
C[[w]] = {(σ, σ′) | B[[b]]σ = true & (σ, σ′) ∈ C[[c ; w]]}

∪ {(σ, σ) | B[[b]]σ = false}

= {(σ, σ′) | B[[b]]σ = true & (σ, σ′) ∈ C[[w]] ◦ C[[c]]}

∪ {(σ, σ) | B[[b]]σ = false}

l : * : 1)* φ = C[[w]]
x
β = B[[b]]

(26
γ = C[[c]]

= � : &)* "LK)( 8 "[K : 1)*  /. :#8 * &91)( 3 : 1)"26 ? : 1 7  8 6 ?0(2.A.0( 6;(2.A.0($'&)( "
φ = {(σ, σ′) | β(σ) = true & (σ, σ′) ∈ φ ◦ γ}

∪ {(σ, σ) | β(σ) = false}



X)=GpCq .0CMB (21'6;* " : 1)*;6 ?A6 &  /1!6,&91)( * CMB  /1!6 ?0$'&)( < C21 : 6  /6 ? : 191)(2.A.0( X-V

l &9?0*;$'&)(
φ
 797  8  ��06 < (%* < (2&4R " � 6;C%* < ( . T C%$!&  /6 ? : 1hx ?A. 3  /&96 6 8;: &9@B( 8 &91)( 3  �� : 1 < (-"  /.0"2&9.0( 8&91)( 3 : 1)"26 ? : 1 φ
$!&9? @BC 8 ? m ( . T CMA! /.A?A6;C = H T  79798;: "[K)( "2.  #* * ?0$!&)( 7 : & 8 8 C%* : & <48 ( < ( 6;(2.A.0(%* C%$!&  /6 ? : 1)*

8 C%"2& 8 * ?A@B(%* (%* 6 "%(2.A.0( < & 7 : ?A1!6Jm,R9( = � 7  8 6 ? 8 <�T &91)(  79798;: R ??B  /6 ? : 1 φi
< ( .  3 : 1)"26 ? : 1 φ

x ?A. 3  /&96
6 8;: &9@B( 8 &91/B : PB(21 < ( 6 : & 8 1)( 8 . T C%$'&  /6 ? : 1-(21 &91)( 8[Z A .0( 7 ( 8 B (26 6  /1!6 < ( "  /.0"2&9.0( 8 &91)( �0B (2?A.A.0(2& 8 (3! 79798;: R4??B  /6 ? : 1 φi+1

=:|  /1)* < ( k : 191)(%*
" : 1 < ?A6 ? : 1)*�x#. T  797 .A?0"  /6 ? : 1 8 C 7 C26;C%( < ( "%( 798;: "%(%*;* &)*�" : 1'@B( 8 AB(@B( 8 * φ
=�H  8[Z A .0( <�T  �B C2.A? :#8  /6 ? : 1 <  /1)* 1 : 6 8 ( "  #* (%* 6 : k96;(21'&)( (21 @ : P! /1!6 . T C%$'&  /6 ? : 1 798 C%"%C < (21!6;(" : BCB ( . T  797 .A?0"  /6 ? : 1 <�T &91 :#7 C 8  /6;(2& 8 Γ

"

Γ(φ) = {(σ, σ′) | β(σ) = true & (σ, σ′) ∈ φ ◦ γ}

∪ {(σ, σ) | β(σ) = false}

= {(σ, σ′) | ∃ σ′′.β(σ) = true & (σ, σ′′) ∈ γ & (σ′′, σ′) ∈ φ}

∪ {(σ, σ) | β(σ) = false}

(26  /. :#8 *>1 : &)*="LK)( 8 "[K : 1)* &91 7 : ?A1'6ym,R9( < ( . T C%$!&  /6 ? : 1 "

φ = Γ(φ)

H T  79798;: "LK)( < & "  /.0"2&9. < & 7 : ?A1!6 m,R9( 7  8>:#7 C 8  /6;(2& 8 * T  797 .A?0$'&)( ! "%( "  #* =,l : * : 1)* <�T  �k :#8;< φ0 =
{(σ, σ)|β(σ) = false}

x " T (%*;6 Y !0Y < ? 8 ( 6 : &96;(%*=.0(%* 7  /? 8 (%* <�T C26  /6;* <  /1)*>.0(%$'&)(2.0*>.0( 6;(%* 6>(%* 6 3  /&4R (26=$'&9?1)( 1)C%"%(%*;* ?A6;( 8;: 1'6 <9: 1)" 7  #* < ( 7  #*;* ( 8 <  /1)*=.0( " :#8 7 * < ( .  Jk : &)"2.0( =,H T  797 .A?0"  /6 ? : 1 < ( . T :#7 C 8  /6;(2& 8 Γ!
φ0
798;:'< &9?A6,&91 1 : &9@B(2. (21)*;(MB k9.0(

φ1
"

φ1 = {(σ, σ′) | ∃ σ′′.β(σ) = true & (σ, σ′′) ∈ γ & (σ′′, σ′) ∈ φ0}

∪ {(σ, σ) | β(σ) = false}

= {(σ, σ′) | ∃ σ′′.β(σ) = true & (σ, σ′′) ∈ C[[c]] & (σ′′, σ′) ∈ φ0}

∪ {(σ, σ) | β(σ) = false}
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n → ∞
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@ (CAB(21 8 ( < ( < C21 : 6  /6 ? : 1)* : k96;(21'&)(%* 7  8 "  /.0"2&9. < ( 7 : ?A1!6;*Dm,R4(%*  797  8  /?0*;*;(21!6 <  /1)* 6 : &96;(%* *;CwYB  /1!6 ?0$'&)(%* < C21 : 6  /6 ? : 191)(2.A.0(%* " : B 7 :#8 6  /1!6 < (%* 7 K 8  #* (%* 1 : 14Y 6 8 ?A@ ?  /.0(%* � ?A6;C 8  /6 ? : 1hx 8 C%"2& 8 * ?A@ ?A6;C3"wx : &* ? @ : &)* 798 C 35C 8 (�: <  /1)*,6 : &96>.  /1,A! �AB( $'&9? *;( @B(2&96 a & 8 ?A1,A:Y C%$'&9?A@  /.0(21!6 =�@ (26 6;( 798;: CMB ?A1)(21)"%( (wR 7 .A?0$'&)($'&)( . T : 1� 797 (2.A.0( CMA! /.0(MB (21!6 .  *;CMB  /1!6 ?0$'&)( < C21 : 6  /6 ? : 191)(2.A.0( .  *;CMB  /1'6 ?0$!&)( < (%* 7 : ?A1'6;*tm,R9(%* � (21
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H T : k)( (%"26 ? 3 < ( 6 : &96;( *;CMB  /1'6 ?0$!&)( < C21 : 6  /6 ? : 191)(2.A.0( (%* 6 < ( <9: 191)( 8 &91)( *;??A 19? m "  /6 ? : 1  /&4R 798;: YA 8  �BCB (%* C%" 8 ?A6;* <  /1)* &91-"%( 8 6  /?A1�.  /1,A! �AB( < ( 798;: A 8  �BCB  /6 ? : 1 = � "%( 6 ?A6 8 (�x &91)( * CMB  /1!6 ?0$'&)( * T ?A14Y6;C 8 (%*;*;( <�T  �k :#8;< ! < (%* 798;: A 8  �BCB (%*�x < Cwm)19?0* 7  8 .0(2& 8 *QP 1!6  0R9(  �k)* 6 8  /?A6;( =�� ?A1)* ? x 6 : &96;( *;CMB  /1!6 ?0$'&)(* T  /6 6  #"LK)( 8  <  /1)*=&91 798 (MB ?0( 8 6;(MB 7 * ! < Cwm)19? 8 798 C%"2?0*;CMB (21!6 (26=" : B 7 . Z 6;(MB (21!6 "%( $'&)( . T : 1  797 (2.A.0(.0(%* <9: B  /?A1)(%* *QP 1!6  0R4?0$!&)(%* 8 ( 798 C%*;(21'6  /1!6 .0(%* 798;: A 8  �BCB (%* < & .  /1,A! �AB( 6 8  /?A6;C =6@ : BCB (,1 : &)* . T  @ : 1)*
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H T ?A1!6 &9?A6 ? : 1 (%*;*;(21!6 ?0(2.A.0( < ( .  *;CMB  /1'6 ?0$!&)( < C21 : 6  /6 ? : 191)(2.A.0( " : 1)* ?0* 6;( !  #*;* : "2?0( 8 ! 6 : &96;( 7 K 8  #*;(

<�T &91 798;: A 8  �BCB (>&91)( < C21 : 6  /6 ? : 1 * : &)*�.  3 :#8 B ( <�T &91 : k)( (26 B  /6QK)CMB  /6 ?0$!&)( � (21!6 ?0( 8 x 8 C%(2. x/3 : 1)"26 ? : 1hx(26;" = " = � ?A1)* ? x  798[Z * .  < Cwm)19?A6 ? : 1 < ( .  *[P'1'6  0R4(  �k)* 6 8  /?A6;(�x .  *;CMB  /1'6 ?0$!&)( < Cwm)19?A6 .0(%* < C21 : 6  /6 ? : 1)*&96 ?A.A?0*;C%(%*�x (21 798 C%"2?0*  /1'6�.0(%* (21)*;(MB k9.0(%*�� (26 .0(%* :#7 C 8  /6 ? : 1)* <9: 1!6 ?A.0* * : 1'6�B &919?0* = � .'* T  �A ?A6 < (%* <9: B  /?A1)(%**;CMB  /1'6 ?0$!&)(%* =
H  6 8;: ?0*;?0CMB ( 7  8 6 ?0( < ( .  *;CMB  /1'6 ?0$!&)( *;( 8  3 :#8 B C%( < (%*,3 : 1)"26 ? : 1)* *;CMB  /1'6 ?0$!&)(%*�x <9: 1'6 .  798 ?A14Y"2? 7  /.0( "  8  #"26;C 8 ?0* 6 ?0$'&)( (%* 6 < ( 7 : *;* C < ( 8 &91  8 A &,B (21!6 < ( 6 P 7 ( *QP 1!6  0R4?0$'&)( =,l : & 8 "LK  #$!&)( <9: B  /?A1)(*QP 1!6  0R4?0$!&)(�x ?A. 35 /& <48  < Cwm)19? 8 &91)( 3 : 1)"26 ? : 1 *;CMB  /1!6 ?0$'&)( = @ K  #$!&)( 3 : 1)"26 ? : 1 *;CMB  /1'6 ?0$!&)( (%* 6 (2.A.0(wYB��MB ( < Cwm)19?0( 7  8 &91 1 : B�k 8 ( m)19? <�T C%$!&  /6 ? : 1)* * CMB  /1!6 ?0$'&)(%* " :#8 8 (%* 7 : 1 <  /1!6 !-"LK  #$!&)( 6 P 7 ( < (

7 K  #*;( < & <9: B  /?A1)( *QP'1'6  0R ?0$'&)( 6 8  /?A6;C =�l  8 (wR9(MB 7 .0(�x <  /1)* .  * CMB  /1!6 ?0$'&)( < ( .  *;(%"26 ? : 1 798 C%"%C < (21'6;(�x1 : &)*, @'? : 1)*,&91)( 3 : 1)"26 ? : 1 *;CMB  /1!6 ?0$'&)( 7 : & 8 "[K  #"2&91 < (%* <9: B  /?A1)(%*,*QP 1!6  0R4?0$!&)(%* ")(wR 798 (%* * ? : 1)*, 8 Y6 ??K,B C26 ?0$'&)(%*�x (wR 798 (%*;* ? : 1)* . : A ?0$'&)(%* (26 C21 : 1)"%C%* =
|  /1)* .0( "  #* < ( .  3 : 1)"26 ? : 1 A
x 1 : &)*  @ : 1)* < Cwm)19?

< (%* C%$'&  /6 ? : 1)* *;CMB  /1'6 ?0$!&)(%* 7 : & 8 "[K  #$'&)(=6WP 7 ( <�T (wR 798 (%*;*;? : 1)*  8 ?A6QK,B C26 ?0$'&)(%* " " : 1)* 6  /1'6;(�xB@  8 ?  �k9.0(�x <9< ?A6 ? : 1hx * : &)* 6 8  #"26 ? : 1hx)(26nB &9.A6 ? 7 .A?0"  /6 ? : 1 =
H ( 8�� .0( < (%* C%$'&  /6 ? : 1)* * CMB  /1!6 ?0$'&)(%* (%*;6 <�T ?A1 < ?0$!&)( 8 " : BCB (21!6  #*;* : "2?0( 8 &91)( < C21 : 6  /6 ? : 1  /&4R

7 K 8  #*;(%* <  /1)* &91 798;: A 8  �BCB ( = | : 191)( 8 &91)( *;CMB  /1'6 ?0$!&)( < C21 : 6  /6 ? : 191)(2.A.0( <�T &91 .  /1,A! �AB( " : 1)* ?0* 6;(
<9: 1)" ! < Cwm)19? 8 7 : & 8 "[K  #$'&)( 6WP 7 ( < ( 7 K 8  #*;( " : BCB (21!6 "  /.0"2&9.0( 8 .  < C21 : 6  /6 ? : 1  #*;* : "2?0C%( !-&91)(
7 K 8  #*;( 7  8 6 ?0"2&9.A?0C 8 ( < ( "%( 6 P 7 ( =hO 1�(�& (26�x .0( "  /.0"2&9. <�T &91)( < C21 : 6  /6 ? : 1�*;( 8 C  /.A?0* ( 1)C%"%(%*;*  /? 8 (MB (21'6* & 8 &91)( 7 K 8  #*;( 7  8 6 ?0"2&9.A? Z28 ( <�T &91 798;: A 8  �BCB ( =-l  8 (wR4(MB 7 .0(�x#. :#8 * $!&)( 1 : &)*  @ : 1)* < Cwm)19?). T C%$'&  /6 ? : 1*;CMB  /1'6 ?0$!&)( 7 : & 8 .0(%* 7 K 8  #*;(%* < ( 6WP 7 ( (wR 798 (%*;* ? : 1)*  8 ?A6QK,B C26 ?0$!&)(%* <�T  <9< ?A6 ? : 1hx 1 : &� %@ : 1)* <9: 191)C&91)( 8[Z A .0( 7 ( 8 B (26 6  /1!6 < ( 798 (21 <48 ( &91)( (wR 798 (%*;* ? : 1 <�T  <9< ?A6 ? : 1 (26 <�T : k96;(219? 8 *  < C21 : 6  /6 ? : 1 =

O 14m)1hx &91)( * CMB  /1!6 ?0$'&)( < C21 : 6  /6 ? : 191)(2.A.0( 7 (2&96 " : B 7 :#8 6;( 8  /&3k (%* : ?A1 < (%* < Cwm)19?A6 ? : 1)* < ( 3 : 1)"wY6 ? : 1)*  /&4R4?A.A?  /? 8 (%* 7 ( 8 B (26 6  /1'6 < (�B ?0(2&4R *;6 8 &)"26 & 8 ( 8 . T (21)*;(MB k9.0( < ( .  < Cwm)19?A6 ? : 1 =v@ (%*=3 : 1)"26 ? : 1)* 1)(" : B 7 :#8 6;(21!6 7  #* <�T  8 A &,B (21'6 19? < ( 8 C%* &9.A6  /6;* < ( 6WP 7 (%* *QP 1!6  0R4?0$'&)(%*�xvB  /?0* &919?0$'&)(MB (21!6 < ( 6 P 7 (%**;CMB  /1'6 ?0$!&)(%* =�H ( .  /1,A! �AB( < & λ
Y "  /.0"2&9.>C26  /1!6 7 .A&96 � 6 3 8 &)* 6 8 (�x : 1 8 (%" : & 8 6  #*;*;(�: 3  #"2?A.0(MB (21!6 ! < (%*6;(2.A.0(%*>3 : 1)"26 ? : 1)*, /&4R4?A.A?  /? 8 (%* =
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� & "LK  7 ?A6 8 ( 798 C%"%C < (21!6�x 1 : &)*  %@ : 1)* * & 8 @ : .0C .0(%* 798 ?A1)"2? 7  /&4R " : 1)"%( 7 6;* 7  8 6 ?0"2? 7  /1!6;*%! &91)( *;CwYB  /1!6 ?0$'&)( < C21 : 6  /6 ? : 191)(2.A.0( = @ ( 3  /?0*  /1!6�x 1 : &)*  %@ : 1)* 6 : &)"[K)C%*%! "%( 8 6  /?A1)(%* 1 : 6 ? : 1)* 6QK)C :#8 ?0$!&)(%* * & 8.0(%*;$'&)(2.A.0(%* (%*;6>3 : 1 < C%( .  *;CMB  /1'6 ?0$!&)( < C21 : 6  /6 ? : 191)(2.A.0( ").0(%* 7 : ?A1!6;* m,R9(%*,(26,.0(%* <9: B  /?A1)(%* =�|  /1)* "%("[K  7 ?A6 8 (�x 1 : &)* 8 (2@B(21 : 1)* < (tB  /19? Z28 ( 7 .A&)* 3 :#8 B (2.A.0( * & 8 "%(%*,1 : 6 ? : 1)* =
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� & "[K  7 ?A6 8 ( 798 C%"%C < (21!6�x 1 : &)*> %@ : 1)* @ & " : BCB (21'6 "%( 8 6  /?A1)(%* < C21 : 6  /6 ? : 1)* ??B 7 .A?0$'&)(21!6 .  8 C%* : .A&4Y6 ? : 1 <�T C%$!&  /6 ? : 1)* 8 C%"2& 8 *;?A@B(%* 3  /?A6;( 7  8  79798;: R ??B  /6 ? : 1)* * &)"%"%(%*;* ?A@B(%*�*;(2. : 1 &91)(> 79798;: "LK)( ??B 7 .A?0$!&  /1'6&91 "  /.0"2&9. < ( 7 : ?A1'6 m,R9( = � : &)*,1 : &)* * : BCB (%*  /. :#8 * k  #*;C%* *;& 8 &91)( 6QK)C :#8 ?0( < (%* :#7 C 8  /6;(2& 8 * * & 8 .0(%*(21)*;(MB k9.0(%*,(26 < ( .0(2& 8 * 7 : ?A1'6;*ym,R9(%* =

�! %$  %$ &�,�/ * )���'%*�/ 06(�� ,�� / �27 � 06* /���� �.' *�/
	 ��� (��@79-
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 1 (21)*;(MB�k9.0( 7 (2&96 �26 8 ( < Cwm)19? 7  8 < (%* 8[Z A .0(%* =�H (%* ?A1)* 6  /1)"%(%* < ( 8[Z A .0(%* : 1!6 .  3 :#8 B ( (∅/x): & .  3 :#8 B ( ({x1, x2, ..., xn}/x)
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 1)( ?A1)* 6  /1)"%( < ( 8[Z A .0( * T  797 .A?0$'&)( ! .  < C 8 ?A@  /6 ? : 1 <�T C2.0CMB (21!6;*1 : &9@B(  /&4R ! 7  8 6 ? 8 <�T C2.0CMB (21'6;* 798 C%"%C < (21!6;* =4H T ?A1'6;( 8 798 C26  /6 ? : 1 < ( .  798 (MB ? Z28 ( 3 :#8 B ( <�T ?A1)* 6  /1)"%(%* < (
8[Z A .0(%*=(%* 6, /& T : 1 7 (2&96 < C 8 ?A@B( 8 x

! 7  8 6 ? 8 < ( . T (21)*;(MB�k9.0( @'? < ( <�T C2.0CMB (21'6;* 798 C%"%C < (21!6;*�x  /. :#8 *=$'&)( .  *;(%" : 1 < ( 7 ( 8 B (26 < ( < C 8 ?A@B( 8 .0( 1 : &9@B(2. C2.0CMB (21!6 x
! 7  8 6 ? 8,< (%*=C2.0CMB (21'6;* x1

x
x2

x =?=?= x
xn
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q 6  /1!6 <9: 191)C R

&91 (21)*;(MB�k9.0( <�T ?A1)* 6  /1)"%(%* < ( 8[Z A .0(%*�x : 1 1 : 6;( IR

. T (21)* (MB�k9.0( < Cwm)19? 7  8 R" : 1!6;(21  /1'6 798 C%"2?0*;CMB (21'6 .0(%* C2.0CMB (21'6;* < C 8 ?A@  �k9.0(%*�! 7  8 6 ? 8 < (%* ?A1'6  /1)"%(%* < ( 8[Z A .0(%* =�H (%* (21)*;(MB k9.0(%*
< Cwm)19?0* 7  8 < (%* 8[Z A .0(%* * : 1!6 6 8[Z * &96 ?A.0(%* "  8 ?A.0* 7 ( 8 B (26 6;(21'6 <�T  797 .A?0$'&)( 8 &91)(  79798;: "[K)( ?A1 < &)"26 ?A@B(
7 : & 8 .0(%* 798 (2&9@B(%* < ( 798;:#798 ?0C26;C%* * & 8 .  #$!&)(2.A.0( 1 : &)* 8 (2@ ?0(21 <48;: 1)* 7 .A&)* . : ?A1 =,H ( 798 ?A1)"2? 7 ( < (tk  #*;( (%* 6
.0( *;&9?A@# /1'6 = I : ?A6 IR

&91 (21)*;(MB�k9.0( (21,AB(21 <48 C 7  8 &91 (21)*;(MB k9.0( < ( 8[Z A .0(%* R
= I : ?A6 P

&91)( 798;:#798 ?0C26;C =
� . :#8 * ∀x ∈ IR.P (x)

*;* ? 7 : & 8 6 : &96;(%* .0(%* ?A1)* 6  /1)"%(%* < ( 8[Z A .0(%* (X/y) <  /1)* R 7 : & 8 .0(%*;$'&)(2.A.0(%* X ⊆ IR: 1  (∀x ∈ X.P (x)) ⇒ P (y)
=
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Q
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Y
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x
X ⊆ Q ⇒ y ∈ Q

=�
 1 8 C%* &9.A6  /6 ??B 7 :#8 6  /1!6(%* 6>$'&)(
IR

(%* 6 .0( 7 .A&)* 7 (26 ?A6>(21)*;(MB k9.0(
R
Y53 ( 8 B C�x : & 7 .A&)* 798 C%"2?0*;CMB (21'6 "4C26  /1!6 <9: 191)C &91 (21)*;(MB�k9.0(

<�T ?A1)* 6  /1)"%(%* < ( 8[Z A .0(%* R
x
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IR
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R
Y535( 8 B C�x)(26



p4=?>Dl : ?A1!6;* m,R4(%*,(26 :#8;<48 (%* 7  8 6 ?0(2.0*," : B 7 .0(26;* X-F

<4= *;?
Q
(%* 6>&91 (21)*;(MB k9.0(

R
Y535( 8 B C�x) /. :#8 * IR ⊆ Q

=

 1)(, /&96 8 (=35 �� : 1 < (>@ : ? 8 &91 (21)*;(MB�k9.0( < Cwm)19? 7  8 < (%* 8[Z A .0(%* (%*;6 < (=@ : ? 8 R

" : BCB ( < C26;( 8 B ?A1  /1!6&91 :#7 C 8  /6;(2& 8 R̂
* & 8 .0(%*=(21)*;(MB k9.0(%*,$'&9? x)C26  /1!6 <9: 191)C &91 (21)*;(MB k9.0(

B
" : 1)* 6 8 &9?A6,. T (21)*;(MB k9.0(�"

R̂(B) = {y | ∃X ⊆ B.(X/y) ∈ R}
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⊥d1+d2...+dn
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" =
�

x |di

< C21 : 6;( .  798;: ( (%"26 ? : 1 <�T &91)( @  /.0(2& 8 x ∈ d1 + d2 . . . + dn
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H  ym)A & 8 ( p4=?> 8 C%*;&,B ( .0(%* 798 ?A1)"2? 7  /.0(%* 1 : 6  /6 ? : 1)* &96 ?A.A?0*;C%(%* <  /1)* .0(%* * CMB  /1!6 ?0$'&)(%* < C21 : 6  /6 ? : 191)(2.A.0(%*
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p4=GV 
 1 B :'<,Z .0( 7 : & 8 .0( λ
Y "  /.0"2&9. p�<

" :#8 8 (%* 7 : 1 <  /1)"%(�x .  " : 1)* 6 8 &)"26 ? : 1 * &9?A6 < ( 798[Z * .  *QP 1!6  0R9( < (%* λ
Y 6;( 8 B (%* =4z 1 "[K)( 8 "LK)( &91)(,3 : 1)"26 ? : 1*;CMB  /1'6 ?0$!&)( $!&9? 8 (%* 7 (%"26;( "

[[x]]ρ = ρ(x)

[[MN ]]ρ = ([[M ]]ρ)([[N ]]ρ)

[[λx .M ]]ρ = d ∈ D 7→ [[M ]](ρ; (x, d))

:�� ρ 8 ( 798 C%*;(21'6;( &91 (21!@ ? 8;: 191)(MB (21!6 < ( .A?  /?0* : 1 < (%* @# 8 ?  �k9.0(%*�(26 d ∈ D 7→ • 8 ( 798 C%*;(21!6;( &91)( 3 : 1)"26 ? : 1798 (21  /1!6,&91  8 A &,B (21!6 d < ( 6 P 7 ( D
=4H  1 : 6  /6 ? : 1 ρ(x) < C%* ??A 1)( .  @  /.0(2& 8  #*;* : "2?0C%( ! .  @  8 ?  �k9.0( x<  /1)* ρ

(26
ρ; (x, d) 8 ( 798 C%*;(21!6;( . T (21!@ ? 8;: 191)(MB (21!6 ρ

C26;(21 < & 7  8 .  .A?  /?0* : 1 < ( x
! .  @  /.0(2& 8 d

=
a : &96 B :'<,Z .0( < & λ

Y "  /.0"2&9. "[K)( 8 "[K)( ! 798;:#7 : * ( 8 &91 <9: B  /?A1)( D <9: 1!6 .0(%* C2.0CMB (21'6;*>" : 1)* 6 ?A6 &)( 8;: 1!6.0(%* < C21 : 6  /6 ? : 1)* < (%* λ
Y 6;( 8 B (%* =-H  798 ?A1)"2? 7  /.0( < ?'� "2&9.A6;C (%* 6 . T  /&96 : Y  797 .A?0"  /6 ? : 1 < (%* 6;( 8 B (%* * & 8 (2&4R6YB��MB (%* = @ (26 6;(  /&96 : Y  797 .A?0"  /6 ? : 1 3 :#8 "%( ! 3  /? 8 ( (21 * :#8 6;( $!& T &91)( 3 : 1)"26 ? : 1 f 8 ( 798 C%* (21!6;C%( 7  8 &91C2.0CMB (21!6 < ( D
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(%* 6=" : 1!6 ?A1'&)( * ? (26=* (2&9.0(MB (21!6 *;? "
f(x) =

⋃
{f(a) | a fini ⊆ x}

@ (26 6;( 798;:#798 ?0C26;C (%*;6=?A1!6;C 8 (%*;*  /1!6;( "  8 (2.A.0( ??B 7 .A?0$'&)( $'&)( n ∈ f(x)
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 1)( 7  8 6 ?0( m)19?0( a = {i1, ..., in}
(%*;6 (21)" :'< C%( 7  8 . T (21!6 ?0( 8 m =

∑n
k=1 2ik

=
H ( < C%" :'<  �AB( < ( m

x
1 : 6;C em

x 8 (%" : 1)*;6 8 &9?A6 a
(21 3  /?0*  /1'6 .  .A?0* 6;( < (%* 7 : *;?A6 ? : 1)* < (%* T > T <  /1)* .  

8 ( 798 C%*;(21'6  /6 ? : 1 k9?A1  /? 8 ( < ( m
=�z 1 < ?0* 7 : *;( 7  8  /?A.A.0(2& 8 * <�T &91 " : <  �AB( 〈〉 : IN 2 → IN

=�H ( " : & 7 .0(
({i1, ..., in}, n)

(%* 6 <9: 1)" " :'< C 7  8 (m,n)
x $!&9? .A&9? Y B��MB ( (%* 6," : < C 7  8 . T (21'6 ?0( 8 〈m,n〉

 "%( <9: &,k9.0(" : <  �AB( (%* 6yk9? ( (%"26 ? 3 =

 1)( 3 : 1)"26 ? : 1 " : 1'6 ?A1!&)( f : Pω → Pω

7 (2&96 <9: 1)"
�26 8 ( (21)" : < C%( 7  8 &91-(21)*;(MB�k9.0( <�T (21'6 ?0( 8 *�x (26
<9: 1)" &91 C2.0(MB (21'6 < ( Pω

= I : ?A6 "
G(f) = {〈m,n〉 | n ∈ f(em)}

H T ?A1'6;( 8 798 C26  /6 ? : 1 < ( . T  797 .A?0"  /6 ? : 1 ab
x 7 : & 8 a, b ∈ Pω

x9" : 1)*;?0* 6;(  /. :#8 * ! 8 (%"[K)( 8 "LK)( 8 <  /1)* a
. T (21!6 ?0( 8

8 ( 798 C%*;(21'6  /1!6�.0( " : & 7 .0( <9: 1!6 .0( 798 (MB ?0( 8 C2.0CMB (21!6
(%* 6 ?A1)"2.A&96 <  /1)* b
(26 ! 8 (26 : & 8 1)( 8 .0( * (%" : 1 < C2.0CMB (21!6

< ( "%( " : & 7 .0(�"
ab = {n ∈ IN |(∃em ⊆ b)〈m,n〉 ∈ a}

+ &919? < ( "%(%* < Cwm)19?A6 ? : 1)*�x : 1 7 (2&96nB  /?A1'6;(21  /1!6 " : B 7 .0C26;( 8 .  3 : 1)"26 ? : 1 *;CMB  /1'6 ?0$!&)( <9: 191  /1!6 .  " :#8 8 (%* 7 : 1 <  /1)"%( (21'6 8 ( λ
Y 6;( 8 B (%* (26,C2.0CMB (21!6;* < ( Pω

"
[[x]]ρ = ρ(x)

[[MN ]]ρ = ([[M ]]ρ)([[N ]]ρ)

= {n ∈ IN |(∃em ⊆ [[N ]]ρ)〈m,n〉 ∈ [[M ]]ρ}

[[λx .M ]]ρ = G(a ∈ Pω 7→ [[M ]](ρ; (x, a)))

= G({i1, ..., in} ∈ Pω 7→ [[M ]](ρ; (x, {i1 , ..., in})))

= {〈m,n〉 | m =
n∑

k=1

2ik ∧ n ∈ [[M ]](ρ; (x, em))}
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k ::= EAF$G�H | I"JAK�L�H | n | car

om ::= M | ¬

od ::= + | − | × | ÷ | ∧ | ∨ | =

e ::= k | ν | om e | e od e | N�O=P(Q(R=S e e e T | NUL�Q'R=E dc VAJ�WXL e T |

N�I�GAWYN dp T e T | e N e T | N!Z"F�Q(O[N dp T c T
dc ::= \�J"K ν e | dc ; dc | F�H(O dc

dp ::= \�J"K ν t | \"J�F ν t

decv ::= \�J�F ν t | decv , decv

t ::= ](QAQAK | WAG�^
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?A1'6 8;:'< &9?A6;( 7  8 ��
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�82��
������2/�#=<>��
��5��?�82��� → * → ( ;H-JI ⊗ * )

DV[[
� ���

ν
/ �=� �
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λσ.
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/ �=� �
]](σ)�j�
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���/� �
�/�B�
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�/��� �
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� �

,
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ν
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���l� / � ��� / ,$*��

)')���
(
�  

1,
��
��

1, σ) = C[[


]](ρ,

�  
,
��
��

,
���`��/ � ��� / ,$*��

)�j�
(
�  

1,
��
��

1)

C :: �9/��B�C��#( "��� → ( ; -JI ⊗ ,.- ⊗ 0 �:� ⊗ * ) → ( ,.- ⊗ 0 �:� ⊗ * )

C[[
� �����

]] = λ(ρ,
�  

,
��
��

, σ).(
�  

,
��
��

, σ)

C[[
� � � �

1]] =
λ(ρ,

�  
,
��
��

, σ).
%�� 	

ε = E [[
�
]](ρ, σ)')���

ε1 = R[[
�
1]](ρ, σ)�j�

(
�  

,
��
��

,
� / ,$*
�

(ε | � � | ��� � , ε1, σ))

C[[

 � 


1]] =
λ(ρ,

�  
,
��
��

, σ).
%�� 	

(
�  

1,
��
��

1, σ1) = C[[


]](ρ,

�  
,
��
��

, σ)�j�
C[[


1]](ρ,

�  
1,
��
��

1, σ1)

C[[
� � � 
 


1]] =
λ(ρ,

�  
,
��
��

, σ).
%�� 	

ε = E [[
�
]](ρ, σ)�j� � �
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k ∈ Constantes

ν ∈ Identificateurs

e ∈ Expressions

e ::= k | ν | N � ��#( e q e∗ T | N � ��8�� q e∗ T | N ����*,��
 q e∗ T | N �;������/" �� q∗ T e∗ T |

N 
U82/�#�� e T | N #���� � #��&���5��85� e N ν∗ T N e∗ TAT | N 8&����� ν e T e∗ T | N �	� e e e T |

N � ����
 ν e T | N 
�/A/��
�
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τ ∈ � = {⊥ � , � 
���� , 	 ��82��� }�
∈ � ��� = � /�#�� � *,��
���%'��
∈ %��(��
 = � /�#�� � *,��
���%'��
∈ *X��
��2#�D = � /�#�� � *,��
���%'��
∈ * 4A� = � /�#�� � *,��
���%'�

υ ∈ ) = � ⊕ � �(� ⊕ %��'��
 ⊕ *X��
��2#�D ⊕ * 4A�
ϑ ∈ ? < = ) ⊕ 0;/�*
ι ∈ 6>< = 6>/"

δ ∈ = < = ;+< = ? < ⊕ 6 <
π ∈ 2 < = ? <
ω ∈ * < = ? < ⊕ 0;�+<

| : B  /?A1)(%*,*;CMB  /1'6 ?0$!&)(%* 7 : & 8 .0(%* (21!@ ? 8;: 191)(MB (21!6;* (26=.0(%*yB CMB : ? 8 (%* "
A

∈ 0 = {⊥ B , >}
ν ∈ ,U "� = � /�#�� � *,��
���%'��

∈ 2 /��2#$����
 = � /�#�� � *,��
���%'�F
∈ 6>/"
 = 2 /��2#$����
 ⊕ 0

ρ ∈ ;�#�� = ,U "� → ( 6>/"
 ⊕ � )
σ ∈ * = 6>/"
 → ( * < ⊕ � )

| : B  /?A1)(%*,*;CMB  /1'6 ?0$!&)(%* 7 : & 8 .0(%* : k)( (26;* "
∆ ∈ = �5
�� = * 4$� → ( 6 /A
 ⊕ � )3

∈

1 ��# = * → 2 < ∗ → ( ;�< ⊗ * )
γ ∈ � �U��� = ( � ���(���A�2/�
 ⊗ � ���(���A�&/�
 ) → 1 ��#�

∈ � ���(���A�&/�
 = * 4$� → (( � →
1 ��# ) + 0 )

Γ ∈ � ��#���
�����/�
 = � ���(���A�2/�
 → � ���(���A�&/�

mega ∈ � 
���*�*,��
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 → � ���(���A�&/�
 → � ���(���A�&/�
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��-��/�
 × * 4A� ∗ × 6>/"
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��-��/�
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L :: � /�#(� ����#$����� → )
L[[


]] =

� � ��� ��
��  a���
E :: � �"*�
������ �2/�#(� → ( � ���(���A�2/�
 ⊗ � ���(���A�2/�
 ) → ( ;+#�� ⊗ * ) → ( ;+< ⊗ * )

E [[


]] = λ(φ, ϕ).λ(ρ, σ).(

�1� ���
(
�/� ���

(L[[


]])), σ)

E [[ν]] = λ(φ, ϕ).λ(ρ, σ).(
�/� ���

(
�1� ] �

(ρ(ν) | � � � )), σ)

E [[
H ��
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ν
� L �
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%�� 	��
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�
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(
�
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�[�1� ,�
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, ��� *=��� �
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���1� � �1�B�
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�
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� / ,	*
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(
�
, ε, σ2)���

E∗[[
�
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�� � � � H
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λ(φ, ϕ).λ(ρ, σ).
%�� 	
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 ��� ��� /��
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�
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H � � � �

1
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2
L
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%�� 	
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�
]](φ, ϕ)(ρ, σ)��� � �

ε | � � | � | �	�9��"�
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