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The model

Short random walks

m d is the dimension,

my=——1,

2

B m = # steps,

m Ay is a random step, |Ax| = 1.
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m d is the dimension, d=2 m=3
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The model

Short random walks

m d is the dimension, d=2 m=3
d
- - _1
" V=g
B m = # steps, .
m Ay is a random step, |Ax| = 1. A
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The model

Short random walks

m d is the dimension, d=2 m=3
d [ ]
my=_-—1,
2 As

B m = # steps,

m Ay is a random step, |Ax| = 1. A

Khaydar Nurligareev

Brick wall excursions



The model

Short random walks

m d is the dimension, d=2 m=3

d y
my=——1,
2 A,

B m = # steps,

m Ay is a random step, |Ax| = 1. A
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The model

Short random walks

m d is the dimension, d=2 m=3

[ |
S
Il
N Q
|
—
‘t
w
>
N

m = # steps,

Ay is a random step, |Ax| = 1. A

Key object: moments W,,(v, n) = ]E<|A1 +...+ Am|”>

ct: for any m,n € Z>y,

Fa
Wm(0,2n) and Wp,(1,2n) are integers. Interpretation?

Khaydar Nurligareev

Brick wall excursions



Matrix form for d =2 (v = 0). Example: m =2

Fact:
A\ 2
m(0,2n) Z[I\/Im ot where M = ((,/) )
i,j>0

Example: m=2,

1 000

1100
M = 1 410

1 9 91
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Matrix form for d =2 (v = 0). Example: m =2

Fact:
i 2
n(0,2n) Z[/\/]’" Yo where M = ((,/) )
i,j=0

Example:  m=2,  Wy(0,2n) = (7)

1000 - 1

1100 - 2
M=| 1410 — 6

1 99 1 — 20
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Matrix form for d =2 (v = 0). Example: m = 2

Fact:
n I 2
Wm(0,2n) => [M™ M,  where M= (() )
/=0 i,j=0
Example: m=2, Wx(0,2n) = (2n") W»(0,4) = 6 :
1000 | uuDD
1100 - 2 ububD
M=l 1410 6 gggg
1991 — 20 DUDU
DDUU
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Matrix form for d =2 (v = 0). Example: m =3

Example:

= O O O
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Matrix form for d =2 (v = 0). Example: m =3

Example: m=23
1 0 0 O - 1
2 1 0 0 - 3
M? = 6 8 1 0 — 15
20 46 10 1 — 77
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Matrix form for d =2 (v = 0). Example: m =3

W3(0,4-) =15:

1 RLRL

RLUD

RLDU
15 RUDL
7 RDUL
: ULRD
UDRL
DLRU
DURL
-4 UUDD
s o ubuD
~ UDDU
* DUUD
:‘ DUDU
DDUU

Example:

L1l
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Plane case d = 2

Interpretation for d =2 (v = 0)

Let A, €C, |Al=1 (k=1,...,m).

Win(0,2n) = E|Ai+...+ An|”
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Plane case d = 2

Interpretation for d =2 (v = 0)

Let A, €C, |Al=1 (k=1,...,m).

Win(0,2n) = E|Ai+...+ An|”

D E((A A AT+ A

1= ‘Ak‘2 = AkA_k = A;l = A_k
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Plane case d = 2

Interpretation for d =2 (v = 0)

Let A, €C, |Al=1 (k=1,...,m).

Win(0,2n) = E|Ai+...+ An|”

—
[N
~

E (At + An) (AT 4+ ALY)

—
—

O 18 A (Ar+ oot An) (AT + 4 AT

1= ’Ak’2 = AkA_k = A;l = A_k
E (A A A AT A AY) = B (A %A3) = E(A;%) - E(43) =0
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Plane case d = 2

Interpretation for d =2 (¥ =0) and m =3

n

E(( A+ A + A ) AT + A+ A1)

\ \ 4 1 \ \
€1 € €3 —€1 —€2 —€3
€1
€2
€3
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Plane case d = 2

Interpretation for d =2 (¥ =0) and m =3

n

E(( A+ A + A ) AT + A+ A1)

{ 4 4 4 { 1
€1 €2 €3 —€1 —€2 —€3
€1
€

e —€2 3

€3

€1
e3 —€
AASTAATIALAST
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Plane case d = 2

Interpretation for d =2 (¥ =0) and m =3

E(( A+ A + A ) AT + A+ A1)
!

\ \: 4 1
€1 €2 €3 —€1
€1 ’)—47
€2
€3
terms
d
paths

—
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Plane case d = 2

Interpretation for d =2 (¥ =0) and m =3

E(( A+ A + A ) AT + A+ A1)
!

{ 4 { {
€1 € €3 —€1
€1 ’)_< e
—
€2
€3
constant
terms
N
closed

paths y

Khaydar Nurligareev

4

I

e

n

/

Brick wall excursions



Plane case d = 2

Matrix form revisited for d =2 (v =0) and m =3

Paths <> words on {U,D, R, L}:
m R on odd positions,
e [
m L on even positions,
—e Qo—o
m 2n = # steps, I
—e

#{closed paths of size n} =

n=>5
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Plane case d = 2

Matrix form revisited for d =2 (v =0) and m =3

Paths <> words on {U,D, R, L}:
m R on odd positions,
m L on even positions,

m 2n = # steps, I
mk=F#U=#D,

NE

#{closed paths of size n} =

n=>5 k=2
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Plane case d = 2

Matrix form revisited for d =2 (v =0) and m =3

Paths <> words on {U,D, R, L}:
m R on odd positions,
m L on even positions, N
—e Qo—o
m 2n = # steps, I
m k=#U=#D,
mn—k=H#R=+#L. 1
#{closed paths of size n} = > ("))
k=0
n=5 = R R k=2
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Plane case d = 2

Matrix form revisited for d =2 (v =0) and m =3

Paths <> words on {U,D, R, L}:

m R on odd positions,

oy [ ol
m L on even positions,

— [ S ]
m 2n = # steps, I
m k= #U=#D,
- 4R —e
#{closed paths of size n} = > (")
k=0
R R R Lo

n=>5
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Plane case d = 2

Matrix form revisited for d =2 (v =0) and m =3

Paths <> words on {U,D, R, L}:

m R on odd positions,

e [
m L on even positions,

—e Qo—o

m 2n = # steps, I
m k=#U=#D,
mon—k=H#R=#L. 1

#{closed paths of size n} = i (nﬂk) (nﬁk) (2,(1()
k=0

n—5 R L D L U L R U R D ,_»
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Plane case d = 2

Matrix form revisited for d =2 (v =0) and m =3

Paths <> words on {U,D, R, L}:

m R on odd positions,

e [
m L on even positions,

—e Qo—o

m 2n = # steps, I
m k=#U=#D,
mon—k=H#R=#L. 1

#{closed paths of size n} = > (.",)(,",) (2,(1()

n—s R L D L U L R U R D ,_»
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Plane case d = 2

Matrix form revisited for d =2 (v =0) and m =3

Paths <> words on {U,D, R, L}:

m R on odd positions,

e [
m L on even positions,

—e Qo—o

m 2n = # steps, I
m k=#U=#D,
mon—k=H#R=#L. 1

#{closed paths of size n} = i (nfk)

n—s R L D L U L R U R D ,_»
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Plane case d = 2

General construction for d =2 (v = 0)

Paths <> words on {U,D, Ry, Ls,...,Rmn—2,Lm—2}:
m Rs on odd positions,
m L, on even positions.

Let
m 2n = # steps,
m kg =#U = #D,
m ks = #Rs = #Ls.
n \2/n—kny_ 2 2
Win(0,2n) (o) (Teim2) ™ ()" (o)
ko+...+km—2=n
2
S R i R i Z (‘9)°
ko+...+km—2=n £=0

= Z Mnrm,z Mr2r1 Mrlf = Z;)[Mm_l]né

L,r1,y...sfm—2=0
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Summary for d =2 (v = 0)

m We consider moments  W,(0,2n) = E(\Al +...+ Am]”>,
where A, € C, |A=1 (k=1,....,m).

m W,(0,2n) is the constant term in

(At +An) (A + A1)

m Thus, Wy(0,2n) can be interpreted as the number of
closed paths of length 2n on a specific m-dimensional lattice.

m In particular,

Win(0,2n) = En:[/\/l"’_llnfa where M = <C>2>

£=0 i,j=0
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Matrix form for d =4 (v = 1). Example: m =2

Fact:

1 2n Z[Nm 1],,@, where N = (ti+17j+1)ij>0

Here, t; ; are the Narayana numbers, i.e.

ti j = #{Dyck paths of length i with j peaks}

SN AN A AN AR

~
t3,1=1 t32=3 t33=1
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Matrix form for d =4 (v = 1). Example: m =2

Fact:
n) Z[ “lae,  where i), g
Example: m=2,
1000
1100
N=]13 10
16 61
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Matrix form for d =4 (v = 1). Example: m =2

Fact:

1 2n Z[Nm 1],,@, where N = (ti+17j+1)ij>0

Example:  m=2  Wx(1.2n) = Cor1 = 755 (77)

n+2\ n+1
1 000 — 1
1100 - 2
N—| 1310 ~ 5
1 6 6 1 — 14

Khaydar Nurligareev

Brick wall excursions



Matrix form for d =4 (v = 1). Example: m =2

Fact:

n

Wm(l, 2n) = Z[Nm_l]ng, where N = (t;+17j+1)

20
=0 hJ

Example: m =2, Wa(1,2n) = Cpy1 = ni2 (2nni12)

Wh(1,4) =5

1

2 vuubDD

5 uububDD

14 uubbUD
ubuubD
ububDUD

[
o= O O
= O O O
L4 1d

S W~ O
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Bijective lemma

D, is words on {R, L, O} such that:
R on odd positions,

L on even positions,

#R = #L,

in each prefix, #R > #L,

2n = # letters.

n
Dn — Z tn+1,k+1
k=0

R O O L 0 O R | Z2k=#0
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Bijective lemma and its consequences

Paths, half-plane: .
m R on odd positions,
m L on even positions,

#R = #L,

in each prefix, #R > #1L, IS

2n = # steps. p

#{closed paths} = > tpi1 k41 (2kk)
k=0

O-UD R D U L U D R L g

x>
[

7
i

Khaydar Nurligareev

Brick wall excursions



Bijective lemma and its consequences

Paths, quarter-plane:
m R on odd positions, . L
m L on even positions,
m #R = #L,
m in each prefix, #R > #L, ? IS
m 2n = # steps. o—s
n
#{closed paths} = > tny1 441Gk

k=0

O-UD R y D L U D R L g

x>
[

7
i
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Bijective lemma and its consequences

Paths, shifted quarter-plane: . .—

m R on even positions,
m L on odd positions,

. "
B #R = #L,
m in each prefix, #R > #L,
B 2n + 2 = # steps. o —
#{closed paths} = 3 toi1 kt1Cisa
k=0
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Bijective lemma and its consequences

Paths, shifted quarter-plane: . .
m R on even positions,

m L on odd positions,
. "
B #R = #L,
m in each prefix, #R > #L,
B 2n + 2 = # steps. o —
n
#{closed paths} = 3 toi1 kt1Cisa
k=0
n k n )
= > tnri ka1 2 kgt e = OO [N e
k=0 (=0 £=0

u R U D L U D R L D
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General construction for d =4 (v = 1)

Paths <> words on {U,D, Ry, Ls,...,Rmn—2,Lm—2}:
m R, on even positions (after removing all R; and L;, t > s),

m L on odd positions (after removing all R; and L;, t > s),
m in each prefix, #U > #D and #Rs > #Ls.
Let
m 2n = # steps,
m ko =#U=#D,
B ks = #Rs = #Ls.

Wa(0,2n) = > tnt1, kit+ko+1 * tn—ko+1, ko+1 * Cho+1
ko+ki+ka=n
n

= > tntl, ki+kot+1 * thatkot1, ko1 2 thot1, f+1

ko+ki+ko=n /=0
n n 3

= Z Nnerranrlé = Z[N ]nﬁ

0,r1,r2=0 (=0
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Summary for d =4 (v =1)

m We consider moments  W,,(1,2n) = E(|A1 +...+ Am|”),
where A eR*, |A =1 (k=1,...,m).

m It is known that,

n

Win(1,20) = STIN™ ae,  where N = (tis1,741); 120
(=0

m Thus, Wy,(1,2n) can be interpreted as the number of
closed paths of length 2n on a specific m-dimensional lattice.

m Question. Can we obtain the above result directly?
(one could expect the use of quaternions)
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Summary for d =4 (v =1)

m We consider moments  W,,(1,2n) = E(|A1 +...+ Am|”),
where A eR*, |A =1 (k=1,...,m).

m It is known that,

n

Win(1,20) = STIN™ ae,  where N = (tis1,741); 120
(=0

m Thus, Wy,(1,2n) can be interpreted as the number of
closed paths of length 2n on a specific m-dimensional lattice.

m Question. Can we obtain the above result directly?
(one could expect the use of quaternions)

Thank you for your attention!
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Bijective lemma

The Narayana number
; 1 (n+1\/n+1
N A AV
counts:

words on {R, L, O} such that
m R on odd positions,
m L on even positions,
m in each prefix, #R > #L,
B #R=H#L=n—k,
m #0 =2k

RLROROOLOL
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Bijective lemma

The Narayana number

; B 1 n+1 n+1
A A, k+1

counts:
words on {R, L, O} such that Dyck paths:
m R on odd positions, m of size (n+1),
m L on even positions, m with (k 4 1) peaks.

m in each prefix, #R > #L,
B #R=H#L=n—k,
m #0 =2k

RLROROOLOL
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Bijective lemma

The Narayana number

1 n+1\/n+1
il k+1 = m K K41 = lnt1, n—k+1

counts:
words on {R, L, O} such that Dyck paths:
m R on odd positions, m of size (n+1),
m L on even positions, m with (k 4 1) peaks.
m in each prefix, #R > #L,
m #R = #L =k,
m #0 =2(n— k).

OOROROOLOL ~
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Bijection, part |

Take a word.

ROOOROOLOLOOROROOLOL
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Bijection, part |
Take a word.

Identify

m external R's and L's,

ROOOROOLOLOOROROOLOL
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Bijection, part |
Take a word.
Identify

m external R's and L's,
m external

ROOOROOLOL ROROOLOL
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Bijection, part |

Take a word.

Identify
m external R's and L's,
m external

m R: just before the
m L: in the end.

ROOOROOLOL ROROOLOL
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Bijection, part |
Take a word.

Identify
m external R's and L's,
m external O's.

Add one more R and L:
m R: just before the first external O,
m L: in the end.

A Determine subwords

ROOOROOLOLROOROROOLOLL
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Bijection, part |
Take a word.
Identify

m external R's and L's,
m external O's.

Add one more R and L:
m R: just before the first external O,
m L: in the end.

A Determine subwords

Treat each subword separately.

ROOOROOLOLROOROROOLOLL
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Bijection, part Il

RO..ORALOO...00 ... 00...00RBRLO...0L
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Bijection, part Il

RO..ORALOO..0O0 ... 00...00RBRLO...0L

X 2 2im—1 y
_ x—y ifx >y . y if x>y
2k7{y—x+2 ifx<y ‘Jf Ji{x—l ifx<y

R 0...0 RGALO...O ... O..0RBpLO...OL
JA2k4 it iy i im_1 j
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Bijection, part Il

RO..ORZ/ZLOO..00 ... 00..00RpmnLO...OL
X 2 2I.m,1 y
w={ 70, W) ! i={ 1, ¥z

R RGiLO... ...ORBmLO...OL

JA2k 4+ A ime i im—1 j

RRRR..RRLRpALL...L ... L...LRBmLL...LL

J+2k+in 4. Fim i Im—1 J
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Bijection, example

RORLOORLOLROOROROOLOLL
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Bijection, example

RORLOORLOLROOROROOLOLL
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Bijection, example

RORLOORLOLROOROROOLOLL
R RLORLLROOROROOLOLL
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Bijection, example

RORLOORLOLROOROROOLOLL
RRRLRLLRLLROOROROOLOLL
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Bijection, example

RORLOORLOLROOROROOLOLL
RRRLRLLRLLROOROROOLOLL
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Bijection, example

RORLOORLOLROOROROOLOLL
RRRLRLLRLLROOROROOLOLL
RRRLRLLRLLRRLROROOLOLL
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Bijection, example

RORLOORLOLROOROROOLOLL
RRRLRLLRLLROOROROOLOLL
RRRLRLLRLLRRLROROOLOLL
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Bijection, example

RORLOORLOLROOROROOLOLL
RRRLRLLRLLROOROROOLOLL
RRRLRLLRLLRRLROROOLOLL
RRRLRLLRLLRRLR ROOLLL
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Bijection, example

RORLOORLOLROOROROOLOLL
RRRLRLLRLLROOROROOLOLL
RRRLRLLRLLRRLROROOLOLL
RRRLRLLRLLRRLRRLROOLLL
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Bijection, example

RORLOORLOLROOROROOLOLL
RRRLRLLRLLROOROROOLOLL
RRRLRLLRLLRRLROROOLOLL
RRRLRLLRLLRRLRRLROOLLL
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Bijection, example

RORLOORLOLROOROROOLOLL
RRRLRLLRLLROOROROOLOLL
RRRLRLLRLLRRLROROOLOLL
RRRLRLLRLLRRLRRLROOLLL
RRRLRLLRLLRRLRRLRRLLLL
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Bijection, example

RORLOORLOLROOROROOLOLL
RRRLRLLRLLROOROROOLOLL
RRRLRLLRLLRRLROROOLOLL
RRRLRLLRLLRRLRRLROOLLL
RRRLRLLRLLRRLRRLRRLLLL
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