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[IPEJIMCJIOBUE K JIETHEN LIKOJIE 2020

Hactogarmee mocobue npejicTaBiasgeT cobOi pa3maTOYHble MaTepHUAbl JeTHell TIKOIbl Ma-
remarudeckoro ¢akynabrera «Mardak: npeguciosue 2020». O eé mesnsax u 3agadax Oyaer
noAPOOHO PaCcCKa3aHo BO [BCTymUTEhbHOM CJIOBE HUZKE, 3/16Ch YK€ Mbl OUYEePTHM CTPYKTYPY
3aHATHUI, a TaKyKe XapaKTepHble ocoOeHHocTH, mpucyiiue mkoje B 2020 roay mo mpudnne
KOPOHAKPHU3HUCA.

Tpa,ZLI/H_[I/IOHHO IporpaMMa HIKOJIbI BKJIIOYa€T B cebg cjaeayromue Tpu BuJa JedTeJIbHOCTH.

1. IIpocmoTp Buaeosekmmit. KaxKkaplii yIacTHHK Je/aeT 3TO CAMOCTOSITEIBHO B COD-
CTBEHHOM pHUTME, B 3aBUCUMOCTH OT CBOUX HOTp€6HOCTefI " IIPDUBBIYECK. HOJIHBIIU/I CIIUCOK
2020 roma npuBeaSH B cOOTBETCTBYIOMEM pasaeae. O0bEM IpeaIaraemMo-
ro BHjiecoMaTepraJsia J0BOJIbHO 00JibInoi — B 2020 roay jlaxe ¢ y46TOM peKOMEHI0BaH-
HOIf CKOPOCTHU BOCHPOU3BeIeHUS OH cocTaBasT oKoso 10 gacos. [losTomy B maeane Mbl
OBl HACTOATEIBHO PEKOMEH,I0BAJIM MOTEHIHAILHBIM YIaCTHUKAM ITKOJIBI HAYATh ITPOpa-
OareIBaTH €r0 3apaHee, XOTd Obl 3a ABe-TPU HeJAeJ U 10 CTapTa IIKOJIBl. DTO MO3BOINIO
6bI BO BpeMA 3aHATHI COCPEeAOTOYUTHCA Ha 60.}'[66 AJeTaJIbHOM O6,ZLyMbIBaHI/II/I CJIOZKHBIX
BOITPOCOB ¥ Ha OCMBICJIEHHOM PENTeHUN 33a1a49.

2. CeMmunHapckme 3aHATHA. Bce yYaCTHUKHU IIKOJIbI PACHPE/IE/ICHBI 110 T'PYIIAM YUC-
JIEHHOCTHIO H-10 wUesIoBEK B COOTBETCTBHM CO CBOMM TEKYIIUM YPOBHEM IOJATOTOBKM,
7 ceMUHAPBI MPOBOIATCI OT/AEIbHO 1 Kazka0#t rpynnbl. B 2020 romy HamoJHEHHOCTD
ICPYIII cOCTaBJIsAIa 6-8 4e0BeK B HadaJe IIKOJbI, a CeMUHAPbl TPOXOAMIH B dhopMma-
Te BuIeoKoHepeHnnii mpu momoinu miardopMm zoom u discord. I[IpomomKuTebHOCTD
OJTHOTO CeMUHAPCKOT0 3andTud — 1 vac 20 MUHYT, OCepe/inHe 3aHATHS IPeTyCMOTPEH
MATAMUHYTHBIH TTepephbIB.

3. MaremaTudyecKnii IpakKTUKyM, OH ke — [IpuéM 3aja4. Ha nain B3ruisiji, 910 Hau-
OoJiee BazKHas aKTUBHOCTH IIKOJIbI, KOTOPas MPOBOAUTCA B (pOPME WHIUBUIYAIHHBIX
6ece)1 C CEMHUHapUCTaMu 1 HpI/IHI/IMaIOH_H/H\/[I/I—BOJIOHTépaMI/I n3 9ucJja CTyAeHTOB U aCIln-
panToB MaTeMarudeckoro (pakynbrera. B 2020 rogay g mpuéMa 3aJa4 HCIIOJIb30Ba-
Jgachk maardopMma discord, B cpegHeM Ha HEro OTBOIUJIOCH IIOJITOPA Yaca B JIEHb.

Ham 651 x0Te10¢h 0060 MOTYEPKHYTH 3HAYUMOCTh MaTEMATHIECKOTO MpakTukyMa. K coxka-
JIEHWIO, YACTO CJIYYaeTCs, YTO YYACTHUKH HEJTOONEHUBAIOT MPUHOCHMYIO MM TIOJIb3Y (H, KaK
HaMm kaxkercs, 2020 rox He cran uckioveHueMm). OJHAKO KaK Pa3 MPAKTHKYM sIBJISIETCS
OCHOBHBIM KaTaJIU3aTOPOM pPa3BUTHA, IOCKOJIbKY HUMEHHO BO BpeMd B,ZLyM‘lI/IBOfI 6eC€,ZLbI CO
CTapIIuM TOBapHuIeM MPpUXOAUT OCO3HaHHE, KaK YCTPOEHBbI T€ HJIN HHbIEe aCll€KThl T€OPHUH,
BO3HHUKACT BHUMaHUEC K Jde€TaJIdAdM. Ba)KHO OTMETUTHh, 9YTO HAYUHATH 66C€,ZLy C IpenogaBaTe-
JIeM CTOUT He TOJBKO B TOT MOMEHT, KOT/Ia 3aJada pelleHa, HO U TOrJa, KOrja ycep/IHble
pasayMus HaJ Heil He JaJn pe3y/abTaTa, a MO3T IocTaB/leH B Tynuk. U yxke Tem 6osiee HE0D-
XOJUMO 0OpATUTHCH 3a HOMOIIBIO, €CJIM OLLYIEHU JIYUIEe BCEI'O XapaKTepu3yTcs cJioBaMu
«HHUYETrO HE ITOHATHO».
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OmnurieM noipoOHee CTPYKTYPY HacTodAmell 6pormopsl. HemocpeacTsenuo 3a
caenyeT |[BCTynuTeIbHOE CIOBO, U3 KOTOPOTO YHTATE b B MOJAPOOHOCTAX Y3HAET O MPUIH-
HAX BO3HUKHOBeHUs JieTHeR mKoybl «Mardak: npegucioBues u e€ nesx u 3agadax. lasee
MokHO HaitTn [Ciimcok Bueosexiuii 2020 ronal cHabKEHHBI HHTEPAKTHBHBIME CCHLTKAMUI HA
BHJICO, Pa3MeleHubie Ha 1aaTdopme youtube. Huke natorcs 3amaun |BerynureabHoro recral
npeJIaraBIilerocs y9acTHUKAM Mepes Ha9aJoM IIKOJIBI JJIs pacupeeseHns UX 10 TPYInaM
B COOTBETCTBHUH C YPOBHEM TeKymieil moaroroBku. OCcHOBHONU 00bEM OPOIIIOPHI COCTABIAIOT
HYMEPOBAHHBIE ITIABBI, HATIOJHEHHBIE TEOPETHUYCCKAM U TPAKTHIECKUM MAaTePUATIOM, U
[reMaTudecKnii npakTukyml 3asepiraior Opomtopy [OTBeThl M yKa3aHUs K yHOPAZKHEHHsIMY
a Takzke [CCOK PeKOMEHI0BAHHON JTUTEPATYPHI.|

Kaxxnas mymepoBaHHas IaBa COAEPKUT MaTepUaAJ, OTHOCATIUICA K TOH WJIN WHOM Ma-
TeMaTHYeCKOU TeMe: JIOTHKe, MHOXKECTBaM, UHAYKINN U T.7. [lepBasg 9acTh Takoii riaaBsl —
TeopeTuvIecKas U BO MHOTOM TOBTOPsIeT JEKIIMOHHbIN MaTepuas. Takum obpazom, IpocMOTD
BUICOJIEKIINIT MOYKHO JIONOJIHUTH W 3aKPENUTh Y9TE€HHEM TeOPEeTHYECKOH JacTu OpPOITOpHL.
Bropas gacts cocronT u3 3ajad, npeHA3HAYEHHBIX /1 00CYKIeHns HA cemuHape. Mbl He
npejIogaraeM, YTO BCe 9TH 3a/[a4d HEIIPEMEHHO JIOJIZKHBI OBITh Pa300pPaHbl B XOJe CeMUHap-
CKUX 3aHATHN. Bojee TOro, Mbl He CUHTaeM, YTO 00SI3aTeTbHO OIPAHTINBATHCS TOJTBKO MMHU.
Ckopee, pedb UIET O PEKOMEHOBAHHOM HAINPABIECHUU, OT KOTOPOTO JTOMYCTUMO OTCTYMATh
B 3aBUCUMOCTHU OT HYK/JI ayJuTopuu. B TOM ciiydae, KOrja 3a/ad 1o TemMe 1o100paioch MHO-
ro, 9acTh M3 HAX HOMEYEHA CIeNHUATbHBIMEH CHMBOaMu: Tak, cuMBooM (T) obosnagaercs
TexHUYecKas 3anava, a (C) — 970 3aja9a, UpeHA3HAYEHHAS K [IEPBOOYEPETHOMY pa3bopy
Ha ceMUHape.

OcoOHSKOM CTOWT TJIaBa, TMOCBAIIEHHAS MaTeMATHIECKOMY MPAKTUKyMYyl B Helt HeT Hu-
KaKO#l TeOpHH, OHA COCTOUT HUCK/IIOYUTEJbHO U3 3a/la4, NPOo0eraionmx Bce 3aTPOHYTbIE HA
IITKOJIe TEMBI U TPEHA3HATEHHBIX JIJIsT CAMOCTOSITE/ILHOTO pertennsi. OmHako ormuboIHO ObLI0
OBI JIyMaTh, YTO BO BPeMsl MPUEMa 33129 yIACTHUKH TITKOJIBI 00CYZK/IAI0T ¢ TPUHUMAIOIITHMHI
JIUTITD 33/Ta9H U3 9TOH Ty1aBbl. Mbl moompseM 006CyKAATh ¢ TPUHAMAIOTIHMIY JTIOObIe MTHTEPEC-
Hble WJIU BBI3BIBAIONIHE CTYTOP (aKThl, OyIb TO MOHATHS W3 BUIEOJEKINN, TeOpeTHIeCKHe
BOTIPOCHI U3 OPOTIIOPHI WU CEMHUHAPCKUE 33Ta9H.

Ormernm, ato B 2020 rogy B HEKOTOPHIX aCMEKTAX BUICOJEKINH JTOBOJTHHO 3aMETHO OT-
JIMYATICH OT TEOPETUIECKOT0 MaTepuaJia OPOITIOPHI. DTO CBI3AHO € T€M, 9TO OOJIBINAA 9aCTh
BHJICO 3aIUCHIBAIACH, UCXOJd U3 MOoTpeOHocTeil JlerHeil mkoabl 2019 roga, a BHECTH B HUX
U3MEeHEeHWs B CBSA3W C HEMPOCTON SMHIEMUOTOTHYECKON CHTYaIruell BO3MOKHOCTH He OBLIO.
B momgobHbIX cayuasx MaTepuall B OpoIIiope u310:KeH Oostee moapooHo. TakKe HEIb3s 000HTH
BHUMaHUEM TOT (haKT, 9TO 3HAYUTEIHbHAS YaCTh OPOIIIOPHI BEPCTAIACH B YCJIOBUIX TEHTHOTA
IPSMO BO BpeMs pabOTHI MIKO/IbI. ITUM OTIACTUH OObSICHSIOTCS MPUCYTIHE eif HeTOCTATKH.

B zaksrouenne XoTes0ch ObI BHIPA3UTh UCKPEHHIOI MPU3HATETbHOCTh BCEM ACMHPAHTAM
u coTpyanukaMm dakyiabreta Marematuku BIIID u apyrux yupexmenwnii, 6uaromaps KOTO-
PBIM TIOSBJIEHUE ITOH OPOIIIOPHI OKA3aJI0Ch BOSMOKHBIM. K coXKaleHuIo, Y HaC HeT yBepeH-
HOCTH B TOM, 9TO [PUBEJACHHBIN HUXKE CIIUCOK IOJIOH, CTOJb MHOTHE 33 IPOIIEIIne TPU
rojia BHEC/IM CBOIl BKJIAJ B Pa3BUTHE ITKOJbI. €M He MeHee, HAM KarKeTCsl BasKHBIM Tepe-
YUCTUTH MPUIOKUBIIAX K 9TOMY PYKY MOWMEHHO. [Iperkie Bcero, 3To aBTOPHI OTIEIbHBIX
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pazaesioB — Penar Abyranues, Biuaguciias Bamakupes, Apuna Boopxaap, FOaus [oprunsm,
Eprennit Kpacunbaukon, Anekceit Kinvmenko, san Hukutun n Anacracus [1lemnenesnesa.
B me menbieit crenenn HyKHO 6/1ar0apuTh aBTOPOB BUIEOMATEPHUAJIOB, HA OCHOBE KOTO-
pBIX ObLITa HamucaHna Opomropa, — Bopuca Berakosa, Anekces Kianmenko, Mapuio Marym-
Ko, JImurpua Muneeba, Aunapes Pabuuesa, Biaaniena Tumopuna, Anekcanapa TuxomMuposa
u ocobenno Anexkcanapa [llrepra, ubK 3amucu MOCIYKIIA OCHOBOH I1aB «MaremaTndaeckast
Jjornkay n «Maremarnyeckast MHIYKIMsAy. Takyke X0Tea0Cch Obl CKa3aTh criacubo BCEM TeM,
KTO IrOTOBUJI MaTe€pHaJibl B IIpEeAbIAYIINE I'OAbI, 3aJIO2KUB TEM CaMbIM Haﬂé}KHbHu/I beH,ZLaMeHT
JIIs Hanieil paboThl — 3TO, IOMUMO BBIIIelepeducaeHubx, Papunb ['abaypaxmanos, Baen-
tuaa Kupnuenko, Kouncrantua Kozepenko, Auapeit Kyquaos, ['puropuit Mepson, Amekceit
[Taxapes u Baagumup [lapuu. Hakonen, ocobyio mpu3HATEILHOCTH XOTEJI0CH OBl BBIPA3UTH
«OTITy-OCHOBATE/II0» U PYKOBOJMTEIO TPEIbIIYIUX MKOJ AJIEKCAHIPY DCTEPOBY, BJLyMYH-
BOE BHUMAHWE U KPOTOTIUBBIH TPY/I KOTOPOT'O MOC/IYKUJIU OMOPOil He TOJIBLKO JI/1s HACTOATIEeH
OpOIIIOPHI, HO U I Beeil mKOoJbl « Mardak: mpeancioBues B 1ejioM. Kpome Toro, Mer 6J1aro-
napHbl AprHe BaHHHUKOBO, co3maBIeil 11 3Toi OPOIIIOPHL IPKYIO 0OJIOKKY, BCEM CTYIeH-
TaM MaTeMaTH4IecKoro ¢akyabTeTa, OKa3aBIIUM HAM IOMOIIbL Ha J0OPOBOJIBHBIX HAdaIaX,
a TaKzKe yYaCTHHKaM IIKOJIbl, BbICKA3aBIIUM DAdJd HEHHbIX SaMeanHﬁ, KOTOpbIC IIOMOI'yT
CAeaTh JETHIOI TTKOJIY, W, B YACTHOCTH, Ty OPOIIIOPY, JIYIIIe B OYIyIIEM.

Xaiimap Hypsmrapees,
23 centssops 2020 roja.
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BCTVIIUTEJIBHOE CJIOBO

JlaBHO 3aMedeHo, UTO B HadaJse 00y4ueHus NEPBOKYPCHUKH, 110 HE3ABUCSIIUM OT HUX IIPH-
YUHAM, HMEIOT OYeHb PA3HbIHl YPOBEHb MOATOTOBKU. BO MHOTOM 3TO 00yCJIOBJIEHO TeM (hak-
TOM, 9TO MeXKJIy JI00i YHUBEPCUTETCKON TTporpamMmoii mo crenuaabHocTH PyHIaMeHTaTb-
Hasg MaTeMaTHKa W HbIHEINIHeH ITKOJLHOM IporpaMMOM JIE:KUT <«HHYeliHadg 3eMiidy. K Heil
OTHOCATCH, TPe¥KJe BCero, KJIacCHIecKHe TeMbl TaK Ha3bIBAeMON «OJIUMITHAIHONR MaTeMa-
THKW» — WHJIYKIA, KOMOMHATOPUKA, JEJUMOCTh IeJIbIX YHUCesI, MHOTOYJIEHbl 1 HEKOTOPBIE
actekTnl reomerpun. OHAKO MBI ObI IPUYUCIUIN K Hefl TaKzKe Hadaja aHAJn3a U JIOTHKH,
TaKWe KaK S3bIK TEOPHH MHOYKECTB 1 0a30Bble (DaKThl, OTHOCATIINECS K TOCTPOEHUIO JefiCTBH-
TeJIbHBIX M KOMILTEKCHBIX ducest. OO03HAUYeHHOMY BBITIIEe KPYTY BOMPOCOB, HA HAI B3TJIS,
BO MHOTHUX IIKOJIAX V/EJAI0T HeJIOCTATOUYHOe BHUMaHWe. OTHAKO BO3MOYKHOCTH 33JePrKaTh-
cd Ha HUX TOJOJBINE HA MEPBOM Kypce OOBIYHO HeT: MPHU TJIYOOKOM W BIYMYHUBOM IMOJIXOIE
3TO 3aHAJI0 OBl CJWIIKOM MHOTO BpeMeHH. Tak, B BeJIyNnuX MaTeMaTHYecKHX IIKOJaxX Ha
OCBOEHHE HOTO0HOI porpaMMel 0OBIYHO BolgeaseTcs ot Tpéx po maru Jer ([6],[7], [9], [18]).
He MenbIie BpeMeHN TPaTUT Ha pellleHHe MaTeMaTUIeCKUX 3a/1a9 U IMIKOJIbHUK, BIUBIIAIC
B OJTUMIIMAJIHOE JIBUZKEHUE W ITPOXOJANINN MYyTh OT BedepHUX MAaTeMaTUdeCKUX KPYKKOB J10
Boie3aubIx ko u c6opos ([5], [10], [12]). CupasemmuBoctn paay, HeIb3s HE OTMETHTD, UTO
HCIOJIb3YIOMAACS B Psifle MaTeMaTHIeCKNX KO cucTeMa KOHCTAaHTHHOBA IIpeoiaraeT He
TOJBKO HACBINEHHYIO MPAKTHYECKYI0 YaCTh, HO U <«IE€DPEOTKPBITHE» IMKOJBHUKOM TEOPHH,
KOTOpasd TaKzKe MaéTcsd B BHJE 337a9. DTO JKe B ONPeIeJEHHOM CMBICIEe CIIPaBeJTIUBO U JIJIsd
OJINMITHAIBIX KPYZKKOB, XOTd OHU U He BCET/Ia IPETEeHIYIOT Ha CTOJb Ke DYHTaMeHTATbHbIH
OAX0d K 00pa30BAHUIO.

Jasg Toro, 4To0B HUBEJIMPOBATH PA3HUILy B HCXOJHBIX MO3UIUAX aOUTYPHEHTOB U IO-
MOYb BCEM XKeJAIONIUM OCBOWTH BBIMEYTOMSIHYTYIO «HUYEHiHYIO 3eMIioy, HaumHag ¢ 2018
rojia maremarudeckuii dakyaprer Boicireit [1Tkoapr DKOHOMUKH TTPOBOINT JIETHIOO TITKOJIY
«Mardaxk: npeauciaoBues. Bpl1o ObI HAUBHO IYMAaTh, YTO 34 JIBe HeJIETN MOXKHO MOJTHOIIEHHO
OCBOUTh MaTepHaJs, Ha KOTOPBIHl B MaTeMaTHUYeCKHUX TIKOJaX TPATAT TPH roja. K cuacTbio,
B IOJIABJISIONIEM OOJIBIIMHCTBE CJIydaeB pedb He WJAET 00 ocBoeHuu ¢ Hysad. I[lourm Bcerma
nocrymnamonue Ha (paKkyJbTeT abUTYPHEHTHl YzKe 3HAKOMBI C TeMHU HJIH HHBIMH ACIeKTaMHu
IPOTPAMMBI, & TTOTOMY WMeEET CMBICT TOBOPHTH, CKOpDee, O BOCIOJTHEHWN JIAKYH B YXKe Cy-
MECTBYIONTUX MO3HAHUAX W (DOPMUPOBAHUY TEJTOCTHON KapTuHBI Mupa. He MeHee BarKHBIMI
BUJIATCS U IPYTHe Tesu JieTHeit mKoabl. [lo 3aMblcy co3gareneit 1ByXHe e IbHBI HHTEHCUB
JIOJIZKEH II03BOJINTH abUTYPHEHTaM 3apaHee 01y BCTBOBATD, YTO UX KJIET BO BpeMs 00y4eHus
Ha MaTeMaTn4deckoM (hbaKyJbTeTe, I BISIHYTHCS B YU4eOHBIH IIporece emé g0 Hadasaa yaebHOTO
roga. Takyke HeJIb3d HEAOONEHWBATH POJIH 3HAKOMCTBA C KOJLUIEKTHBOM. B yC/IOBHAX, KOra
OJINMITUA/THUKH U BBIIIYCKHUKN MaTeMaTHYeCKUX ITKOJI y7Ke JJABHO BapsTCs B OIpe/leIEHHON
cpejie U 3HAKOMBI ¢ JaCThIO IIPernojiaBaTe e, aclIuPaHTOB U CTYJAEHTOB CTapIINX KYPCOB elé
JIO TOCTYIUTEHUS Ha (haKyabTeT, YeJOBeK U3BHE MOZXKET UyBCTBOBATH CebOsS e€Cu He TOCTO-
POHHHUM, TO N0 Kpaiineii Mepe «0OeJHBIM DPOJICTBEHHUKOM». [lo3TOMYy HaM KakeTcs Kpaiine
BayKHBIM OOECTIeYHTH 771 BHOBBH NPHUHSATOrO CTYy/IeHTa 0e3007e3HEHHYI0 a/IalTallii0 Ha HO-
BoM Mecte. [IpenycMoTpennbie JeTHe MKOI0 aKTUBHOCTH — JIEKITUHN, CEMUHAPBI U OCOOEHHO
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MaTeMaTHYeCKUH HPAKTUKYM, HPEIIoJIaralonuii MH/MBI/YaJIbHOe B3auMOJIEHCTBIE CO CTap-
IMEKYyPCHUKAMHU WJIM aCIUPAHTAMU, NPUHUMAIONUMH 33/[a91, — OTYACTH BBIITOJHIIOT U 3TY
pYyHKINIO TOXKE.

Oco60o orMeTnM He0OXOAUMOE, Ha HAII B3IV, HCKIIOUEHNAE U3 MPOIECcca JeTHEH MKOJIbI
COPEBHOBATEIBHBIX U OMEHOUYHBIX cocTaBasgomux. Coop nHGopManum o 3a9TEHHBIX 3aJa9aX
ecim M BeJETCS, TO JIWIIH C TEeJIbI0 aHAJN3a IMOJaYd MaTepuaa U JaJbHeHIero ero copep-
IMEHCTBOBaHUSA. TOYHO Tak yKe (PUHAJIBHbIE KOHTPOJbHbIE PAOOTHI, B TOM CJIy4ae, KOTJia OHU
HPOBOJIATCS, CJYZKAT, MPEXKJIe BCEro, JJIsd TOr0, YTOOBI IMOHAThH, HACKOJIBLKO JIETHSA ITKOJIA
yaanack. C IpyToit CTOPOHBI, MBI He MOYKeM OTPHUIATh TOro (bakTa, IYTO U /I YIACTHHKOB
ITKOJIBI (bUHAJIbHAS paboTa MOKET UMeTh HECOMHEHHBIN HHTepec: ¢ eé MOMOIIBIO MOCIeTHIe
MOTYT ONpeJeTUTh, YeMY UM YIAJIOCH HAYUYUTHCS Ha MTKOJE, & KAKUM Pa3/IeaM MAaTeMAaTUKI
UMeeT CMBIC]I YJIeJIUTDH JOMOJHUTEIbHOE BHUMaHUE B Oy iyiieM. B KoHeduHOM uTore peajibHblit
CMBICJT JIJI KaXKJ0TO UMeeT JIUIIb CPaBHEHHE C CAaMHUM COOOW BYEpAIHUM, U €CJIU IMTKOJIA
«Matdaxk: npemgucioBres moMozKeT KOMY-TO CTaTh YYTOUKY JIyUIlle H XOTh HEMHOTO ITPUOJIH-
3UThCs K CBOEN TeJIM, TO MBI VK€ ¢ YBEPEHHOCTHIO CMOYKEM CKa3aTh, YTO Hallla padoTa Oblia
BBITIOJTHEHA, HE 3Ps.

B zakjodenue XoTes10ch Obl MOJIYEPKHYTh, YTO HEBO3MOXKHOCTH HABEPCTATH CTOJIb 00-
ITUPHBI MaTepuas 3a JABe Hele/n — 9TO He TOBOJ 0T4amBaThCs. OMBIT MOKA3BIBAET, 9TO 34
BpeMs oOyuenus Ha HGakajiaBpuare o cuenuaabnoctn Pynjamentaabias MaremaTnka pas-
HUTA M€Ky MHOTOOIBITHBIMH OJTUMITUATHUKAMH U HEUCKYIITEHHBIMIA a0UTYPUEHTAMH CTUPa-
eTcss. Bo MHOrOM 3TO MPOUCXOIUT 3a CUET TOTO, YTO O HHTEHCUBHOCTH MOTPYZKEHUs B HAYKY
JeTbipe 1ojia DakajaBpuaTa 3HAUUTEJbHO IIPEBOCXO/IIT YeThIPe I'0/1a B MATEeMaTUYeCKOM KO-
Jie. DTO ¥Ke CO0OparkeHne MOJIKHO CTATh MPeI0CTePEKEHNEM JIJTsl BBITYCKHUKOB MaTeMaTHIe-
CKUX KJaCCOB: BIIEYAT/ICHNE BCE3HAHUS OOMAHYUBO, a COOJMa3H NOYMBATH HA JIaBPaxX KOI'0-TO
paHbIle, KOTO-TO MO37Ke Hem30eKHO MPUBEIET K MedaabHOMYy dbuHaay. B KoHeuHOM HTOTE
Ha BBIXOJIe PENIAIONIYI0 POJTb UTPAET JIUIIb TO, HACKOJBKO CTYAEHT YBJEYEH MaTeMaTHKOMN
1 KaK MHOTO BpeMeHH OH yiesaseT yuébe. IIpu sTom mepBocTeneHHOe 3HAYEHUE B JOCTHKE-
HUU Pe3y/ibTaTa UMeeT NOTPAYEHHOe BpPeMsd, a KJIIOYEBOH COCTAB/ILIONIEH ycexa siBIdI0TCS
MOTHBAIIHS ¥ JTI000BL K Jery. HaMm ¢j102kH0 npejicTaBuTh iepBoe 63 BTOPOro, U Mbl Obl OYeHb
He PEKOMEHI0OBAJIN 3aHUMAThCs MaTeMaTHKOM TPodecCHOHATBHO JIFOISIM, KOTOPBIe He MOJIY-
YJAl0T OT 9TOTO YAOBOJbCTBHUs, TOCKOJBKY 9TO BeChbMa TPYA03aTPATHAs U HEPOCTas JTeATeThb-
HOCTh. B 9acTHOCTH, eciu B mporecce yUéObl CTYAEHT TOUMET, YTO MaTeMATHKA He TPUHOCHT
eMy YJIOBOJILCTBUS, U IEPEBEETCH HA JIPYroil, Dosiee pUBJIEKAONHIT ero haKyabTeT, — ITO
ToXKe ycrex. Besb yeM paHbIie 4eJI0BeK OCO3HAET, YeM UMEHHO OH XOTe/ Obl 3aHUMAThCS 110
KU3HU (W, XOTS Obl, YeM 3aHUMATHCSI TOYHO HE XOTes Obl), TeM GOJIbIE BDEMEHH Y HEero
Oy/leT Ha caMOpeaTn3alnio U UCTIOJHEHNe 3aBeTHBIX YKeJIaHUi, U TeM CYACTINBee B KOHETHOM
cuéTe OH OyIeT.



CIIMCOK BUAEOJIEKLINN

OcHoBHBIE BruaeoMaTepuaJibl.

1.

10.

11.

12.

Maremarudeckas joruka, ( Asekcauap [IrepH)
PekomengoBanHass CKOpOCTb BOCITpou3BeaeHus: 1.25.

. MuoxectBa (Bnagien TumopuH)

PekoMengoBaHHas CKOpOCTH BOCIIpou3BeaeHus: 1.25.

Orobpaxkenus (Bragren Tumopnn)
PekoMengoBaHHas CKOpOCTH BOCIIpOM3BeaeHus: 1.25.

Maremarnveckast waaykins (Anexkcanap 11ItepH)
PekoMenoBaHHas CKOpOCTBH BOCIIpOM3BeaeHus: 1.25.

. Jemmmocts nessrx ances — 1) (Bopuc Borakos)

PekoMenoBaHHas CKOpOCTBH BOCIIpou3BeaeHus: 1.25.

. Hemumocts nenbrx qucena — 2 (JIvurpuit Muneen)

PekomenoBannasi CKOpOCTH BOCIIpou3BeieHus: 1.

Kombunaropukal (Anapeii Psabuaesn)
PekomenoBannasi CKOpocTh Bocrpousseaenus: 1.5.

. Hesmmocrs muorouienos (Jmurpuii Munees)

PekomenoBannast CKOpoCTh Bocipousseienus: 1.

Cpasuenust (Mapusst Maryiko)
Pekomenjioannasi ckopocThb Bocipoussejgenus: 1.5.

[eiictBurenbubie uncal (Asekceit Kinmenko)
PekomenjioBannasi ckopocTb Bociipoussejenus: 1.5.

JIBUZKEeHUs MIIOCKOCTH U BeKTOPBI (Asekcanap TuxoMupos)
PekoMengoBanHas CKOpOCTH BOCITpOM3BeaeHus: 1.75.

Kowmmiekcubie uncia (Anekcanap TuxoMupos)
PekoMengoBaHHas CKOpOCTH BOCITPOM3BeAeHUs: 1.75.


https://www.youtube.com/playlist?list=PLq3E5oubNNoBMfFTH34iKvoispyHa7wWP
https://www.youtube.com/watch?v=c8S-XO8rWmY&feature=youtu.be
https://www.youtube.com/playlist?list=PLq3E5oubNNoC43cKXQYmwSFejT4v1GgLK
https://www.youtube.com/playlist?list=PLq3E5oubNNoCkx2NUPoF8UjGvhp9Djhtf
https://www.youtube.com/playlist?list=PLq3E5oubNNoC_Mx56p0ObdZfwSf_wDdN_
https://www.youtube.com/playlist?list=PLq3E5oubNNoAVji8ACMTZpvDp9-0v44AU
https://www.youtube.com/watch?v=RP7D260siRs&feature=youtu.be
https://www.youtube.com/playlist?list=PLq3E5oubNNoDhr1ZzATvfLmBE1D8bVgAP
https://www.youtube.com/playlist?list=PLq3E5oubNNoDHuGgZR3lc7oxs5vWXKZUV
https://www.youtube.com/playlist?list=PLq3E5oubNNoBOZjZcOxAeBm0Vag-dSd1X
https://www.youtube.com/playlist?list=PLq3E5oubNNoB0FNo-3Hmn0LofNxHL4SJA
https://www.youtube.com/playlist?list=PLq3E5oubNNoBaaQnG8uGK1W3KoikZ14rM

Crnucok BuaeoJieKIuii Mardak: npeagucioBue

,Z[‘OHOJ'IHI/ITGJ'IBHBIG BraeoMaTepuaJibl.

1. Maremaruuaeckuii yposerb crporocts (Anapeii KyauHos)
PekoMenoBaHHas CKOpOCTH BOCIIpOM3BeaeHus: 1.75.

2. Maremarnveckast MHAYKIUSA — AOTOJHHTebHBIEe MaTepuasbl (Asekcanap [1ltepH)
PekomengoBannasi CKOpoCTh BoCIpon3Bejienus: 1.25.

3. JleficrBuTeabHbIE Yncga — akcHoMaTnieckuii moaxon (Asekceit Kiunmenko)
PekomenoBannasi CKOpocTh Bocpousseaenus: 1.5.

4. Mepa: jymmna, wiomaib, 00bem (Asnekceit Kimmenko)
PekomenoBannasi cKOpocTh Bocipousseaenus: 1.5.


https://www.youtube.com/playlist?list=PLq3E5oubNNoBqLThup4WPRwX5HlitWWnu
https://www.youtube.com/playlist?list=PLq3E5oubNNoAedoj92D5tm9wkCa36bwut
https://www.youtube.com/playlist?list=PLq3E5oubNNoARR4nG6ujF98JThBAncg4m
https://www.youtube.com/playlist?list=PLq3E5oubNNoCjsav_nvQR0k-QmL-ELHJo

BCTYNUTEJNBHBIN TECT

YcaoBus 3aaa4

Bamada 0.1. Haitaure nocaeamon mudgpy uncaa 22021 4 92019,

Bamaua 0.2. Jaus muoxkectBa A = {1,2,3,4} u B = {z,y,2,w}. CKOJIBKO 37€MEHTOB
B muoxkecrBe A X B = {(a,b) |a € A,b € B}?

Bagada 0.3. Haiture cymMy JeficTBUTebHBIX KopHeil ypasHenus x° + 222 + 3z + 2 = 0.

Bagaua 0.4. Nmeercs 3 napst Opiok, 4 pybamku u 5 nursn. CKOTBKAME CIIOCO0AMU MOYKHO
onernea’

Bamaua 0.5. Cpenu uncenr X, Y, R, S u W Boibepure obparHoe K Z.

dh
NI

We S

X

Bagaua 0.6. VY uucaa 2020! nocaunrann cymmy nudp, 3aTeM y MOy IUBIIETOCA TUCTA TOXKE
nocunuTa I cymmy nudp u Tak gamee. Tak MpoOAO/KAJA 0 TeX MOp, MOKa He MOJIYYHI0Ch
ofiHO3HAUHOe (cocTostee w3 onHoi mudps) ducio. Kakoe?

3amaua 0.7. 13 CKOIbKHUX 3/IEMEHTOB COCTOUT IepecevueHrne MHOKECTB
{0,17, 36,99, 127, 144,243,572} u {9n|neN, 1<n<15}7

2018 2020

Samauya 0.8. Haiiiure ko3 dbunuent mpu x muOrowiena (1 + x)

Bazada 0.9. OzHa u3 BepIIUH KBaJpaTa COOTBETCTBYET KOMIJIEKCHOMY YHCIY W. YCTAHO-
BHTE COOTBETCTBHE Mexk 1y MuoxkectBamu {A, B,C} n {w, —w,iw}.




BerynureasHblit TEeCT Mardaxk: npeaucioBue

Bamaga 0.10. Ckosbko nogmuozxkecrs y muoxkecrsa {{1},0,1,{0}, @}7
Bamaua 0.11. Haitjure makcumaibHoe qucso n takoe, aro 40! genurces ma 2.
Bamaua 0.12. Boruucaure cymmy CY) + Cl, + CF + ... + CY + C1.
3amaua 0.13. Kakoe u3 npuBeiéHHbIX HUXKE YTBEPKICHUH IKBUBAJIETHO cjejytonemy: «kc-
g A uctuauo, T0 B j0xkHO0»? BapuanTthl orera:
a) «Ecan A noxkHO, TO B HCTHHHO>.
6) «Ecau B ucruuno, T0 A MCTHHHO>.
B) «Ecau B ucruuno, 10 A J0XKHO>.
r) «Ecian B noxku0, 10 A HCTHHHO>.
1) «A MCTHHHO Wi B MCTHHHO.

Bamaua 0.14. Hajigure npousseenne KOMILICKCHBIX KOpHeit ypasaenns x° + 22 +x+1 = 0.

3amaua 0.15. Kakue u3 yKa3aHHBIX YHCE/T SBJISIIOTCS TEJIBIMEA! Y KaXKUTEe BCE BAPUAHTHI:
nm —1
a) ————

00
6) —'7
(1001)10
n*+n?+1
B) ——————,
n?+n+1
r) [logyy(n® 4+ 1)] + 0.01,
(1+vV2)"  (1—v2)"
i
Bagaua 0.16. Haiimure ocraTok or menennd muorowiena f(z) = 20 + 2 + 1 na (z — 1).

Bamaya 0.17. [lycts A — MHOXKeCTBO yueHHUKOB 8Y Kiacca, Jiobsmux ¢yroos. Ilycrs,
najee, B — MHOXKeCTBO YIeHUKOB 8Y Kjacca, YMeIOIuX HrpaTh Ha cKpuike. Hakonerr, mycTsb
C — MHOXKeCTBO YIECHUKOB 8Y KJacca, y KOTOPBIX ecTh cecTpa. Kakas n3 npuBe1éHHBIX HUZKE
dopMyJT ONUCHIBAET MHOYKECTBO YUEHHUKOB 8Y KJIACCA, Y KOTOPBIX HET CECTPbI, HO KOTOpbIE
m00aT GyTbos 1 yMeroT urparh Ha ckpunke? BapuaHThl OTBeTa!

a) (A\ B)U(B\(O).

6) (ANB)\ (BUCQO).

B) (ANB)\ (ANnBNC).

r) (ANBNC)u(BNQO).
Bamaua 0.18. CKOIBKO CymIeCTBYET OJHOYICHOB MOJHON CTeneHn d OT N HePEMEHHBIX !

3amaua 0.19. Beibepere u3 crnucka Bce BEPHbIE yTBEPKICHUSI.

a) s 06010 KOMIIEKCHOTO YHCJIa 2 BEJIMYNHA 2 - Z sIBJISIeTCS BEIECTBEHHOI.

6) OKpYKHOCTB pajuyca 3 ¢ MEHTPOM B TOUKe i MOYKHO 3aJ1aTh KAK MHOKECTBO TOUYEK Z,
VIOBJIECTBOPSIIONINX PABEHCTBY |z — | = 9.

B) Eciin p — muorownen u p(z) =i, o u p(z) = i.

r) Jljist 1106010 KOMILIEKCHOTO YHC/Ia 2 er0 KBaJpaT 22 ABJISeTCs BeIeCTBEHHBIM YUCI0M.

1) TIpoussenenne Bcex KOpHeii ceibMOI CTEIIeHN U3 eJMHUIBI PABHO €IMHUIIE, & UX CyMMa
paBHA MHUHYC €JIMHUTIE.

e) Ilycts Toukn X, Y u Z uMeroT KOMILIeKCHbIe KoopauHaTel 27 — 41, 2 — 107 u —4 + 154
cooTBeTcTBeHHO. Torna mpsamele XY u Y Z mepneH uKyIsSpHBL.
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BerynureasHblit TEeCT Mardaxk: npeaucioBue

3amaua 0.20. Ilepeuunciiure jaBUKEHUS, KOTOPbIE MOXKHO HPEJICTABUTH B BUJIE KOMIO3UIIUU
JIBYX TIOBOPOTOB. YKayKUTe BCE MOJIXOSIIIE BAPDHAHTHI.

a) [MapasieabHblii IepeHoc.

6) [oBopor.

B) OceBasi CHMMeTpHS.

r) IleaTpaabHas CUMMETPHS.

1) CKosIb31masi CHMMETDHS.

Sagada 0.21. Haiinure ocratok ot nestenus MHorowrena % + 1 ma 22 + v + 1.

Bamaua 0.22. Ilycrs yrBepkaenns A u C uctunaHbl, a B jgoxuo. Kakne u3 BbiparkeHuit
HUKE UCTUHHBI? YKayKUTe BCe BaApUAHTHI OTBETA:

a) A— (BAC).

0) 7(B — (AVv()).

B) (—\A V C) A\ (—\B).

r) (CA)A(-B)AC.
Bamaua 0.23. CupaBeJIuBbl JII NPUBEIEHHOE HUKE YTBEPKEHUE U €ro JI0KA3aTeJIbCTBO?
«/lokakem o MHIYKIUH, 9TO eCJIU TPEeyroJbHUK Pa30uT Ha MEHbBINHE TPEYTOJbHUKH OT-
peskamu (He 00sI3aTeIbHO JMATOHAJSIMHA), TO XOTsI ObI OJMH W3 TPEYTOJbHUKOB DasOHeHust
HE OCTPOYTOJIbHBIA. Bo-IepBBIX, 3aMETHM, YTO €CJIU TPEYTOJbHUK pa3sOUT OTPE3KOM Ha JBa
TPEeYTroJbHUKA, TO OJWH U3 HUX HE OCTPOYTroJbHBIN. Jlasee, MycTh HEKOTOPBIH TPEYTroJbHUK
pa3duT HA N MEHBINIUX TPEeyroJbHUKOB. [IpoBesiém emé oaun 0Tpe30oK, pa3duB OJMH U3 Ma-
JIEHBKUX TPEYTOJIBHUKOB Ha JBa. [losyanm pasbuenue Ha (n+ 1) TpeyroJbHUK, IPUYEM OIHH
u3 JIBYX HOBBIX TPEYTOJBHUKOB HEe OCTPOYyTO/bHBIH. [To mHAyKIMM Teopema g0Ka3aHa.»
BapuaHTBl O0TBeTA.

a) YTBepXK/eHHe BEPHOE, JTOKA3ATeIbCTBO BEPHOE.

0) YTBepKIeHue BepHOe, HO B 6a3e MHILYKIUH OITHOKA.

B) YTBepK/EHHe BepHOe, HO B WH/LYKIIMOHHOM IePexXo/ie OIMHOKA.

r) VYTBepKIeHHe HeBepHOe, OMmnbKa B 6a3e WHILYKIHH.

1) YTBepzK/IeHIe HeBePHOe, OIMHOKa B MHIYKIIMOHHOM [epexo/Ie.
Sagada 0.24. Cpeau n pelnapeil Kazkaple 1Boe — Jaub0 Ipy3bs, JU00 Bparn. ¥y KazKJIoro u3
pHIIapeil pOBHO TPU Bpara, MPUYEM BParw ero JApy3eil aBIsioTCs ero BparaMu. [Ipn Kakux n
TaKOe BO3MOXKHO?
Bamaua 0.25. Ypasuenne 2° + 23 + 1 = (0 mmeeT permenme, apryMeHT KOTOPOTO JIEKHT
B mpoMexkyTke [1/2, w|. Haiianre aprymenT 3T0ro permenus.
Bamaga 0.26. Ha ckosbko dacreit 200 npsiMbix o6Iero moJiozxkenusi (HUKakue 2 He mapaji-
JIeJIbHBI U HUKaKhe 3 He MPOXOJAT 4epe3 OHY TOUKY) JAeJsT TIOCKOCTH?
Bamaua 0.27. Yucno x 7aéT ocTaTok 3 MpH JeJeHnn Ha 8, ocTaToK 1 mpu jejaenun Ha 11,

u ocratok 12 npu gesiennn Ha 15. CKOJBKO CYIIECTBYET TAKUX YETHIPEX3HAYHBIX MOJIOZKU-
TEJIbHBIX X7
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MATEMATUYECKAS JIOI'MKA

Teopernueckuii MmarepuaJi

1.1. BBICKA3BIBAHUA U JIOTUYECKHUE OIIEPALIUMNA

MaremaTnka — cTporo JeaykTuBHas HayKa. Hukakue CCHLIKM HA HAOJIOJECHUSA U OTBIT
B Heil He MpUHUMaIOTCsI. B epBoM mpubsmkenun (04eHb TpyOOM) BCe BBICKASBIBAHUS B Ma-
TeMaTHKe JOJKHBI OBITH TIOJYYEHBbI U3 ONPeIeeHUl U aKCHOM € TIOMOIIBI0 HEKOTOPOTO JI0-
I'IYECKOr0 BbIBOJA. Mbl He Oy/ieM CTPOro 00bsCHATH, YTO ITO 3HAYUT, HO ITOIPOOYyEM OIUCATH
HEKOTODBIE BazKHBIE 3JIEMEHTHI, U3 KOTOPBIX 9TOT BBIBOJ, CKIa/IbIBaeTCs. B Maremarnke (Kak
W Be3jie) Mbl paboTaeM ¢ BBICKA3bIBAHUSMH.

Onpenenenne 1.1. Buwckasdvisanue — TMOBECTBOBATEIbHOE MpE/JIOXKEHNE, JIT KOTOPOTO
IMeeT CMBICJI TOBOPUTH O €r0 HCTUHHOCTH UJIU JOYKHOCTH.

IIpumep 1.1.
e A : «Bce nebenu Genbies;
e B : «5 — HEUETHOE YUCTIO»;
o C : «Hpio-Mopk — crommma CIITA».

Onpenenenne 1.2. meercs qsa ucmunnocmunlx 3navenus — «ucrutay (1) u «aoxby (J1).
B pasubix nmcrouHmkax oHM MOryT 0603HaUarThcs no-paszunomy, Hampumep: (M/J1), (T/F),
(1/0), (T/L), m m.x.

Yupaxkaenue 1.1. Yemanosume ucmurnocmuvie 3HaGUERUA 6vlCKa3b6arul us npumepa|l.]

Onpenenenne 1.3. Jloeuueckas onepatyus — Criocod MOCTPOEHUs CJIOKHOTO BhICKA3bIBAHUS
13 JAHHBIX BBICKA3bIBAHUI, IPH KOTOPOM HCTHHHOCTHOE 3HAUEHHE CJIOZKHOI'O BBICKA3BIBAHUS
HOJIHOCTBIO OIIPEIEIeTCs NCTHHHOCTHBIME 3HAYEHUSIMU MCXOTHBIX BBICKA3BIBAHMIA.

OcHOBHBIE JIOTHYECKTE OIEePAIUN:

o xonstonkyus X AY («X u Y») uCTUHHA TOTJA U TOJBKO TOTJA, KOTJA HUCTHHHBI 06a
BbICKa3biBanug X, Y;

e Jussronryua X VY («X wim Y'») HCTHHHA TOTJA M TOJBKO TOT/A, KOTJIa HCTHHHO XOTSI
OBl 0HO U3 BbICKa3biBaHWil X, Y;

e ompuyarue - X («He X») HCTHHHO TOTJA U TOJBKO TOT/A, Koraa X JIOXKHO.

3ameuanme. B orimume or MareMaTH4ecKoOro fA3bIKa, B €CTECTBEHHOM S3bIKE dYalle HC-
MOJb3yeTcs TaK Ha3bIBaeMOe <«HUCKJIovaioniee Wiany. VIHpIMu cioBamu, ToBOpS «X WA Y »,
MBI UM€eM B BUIY, UTO UCTUHHO JuO0 X, b0 Y, HO HUKAK He 00a BBICKA3HIBAHUSI.

IIpumep 1.2. IlycTh BBIcKa3biBanusgd X W Y TaKOBBI:
X: B uerpipéxyrosbiuke ABC D Bomosaeno AB || CD.
Y: B werhipéxyroasauke ABCD souimoaaeno AD || BC.
Torna:
X ANY: gersipéxyronbauk ABC D — mapaJuiesiorpaMm.
X VY: gersipéxyronbauk ABCD — mapaJjuieorpaMM WA TPaIelus.



MaTtemaTudeckas JIOTUKA Mardak: mpeaucioBue

Yupaxkaenue 1.2. Paccmompum caedyrowyro napy 6vickasvearul.
X :n — Hamypasvroe wucao, bosvuee 2;
Y 1 n — namypaavroe wucio, menvuiee 4.

Ymo osnauarom ewvickasveanus X NY u X VY?

1.2. UMIOJIUKAIIMA 1 SKBUBAJIEHTHOCTD

[ToMrMO OCHOBHBIX CBSI30K <«H», «HJIH», «HE» B PEUM Mbl 9aCTO KMCIOJb3yeM U OoJee
CJI0JKHBIE, HAIIPUMED, CBSI3KY «ECJH ..., TO ... ». HECOMHEHHO, B MaTeMaTHIeCKOM SI3BIKE Ta-
Kag oreparns OblIa Obl 0ueHb moje3na. OIHaKO, 371€Ch CTOUT 3aMETHTh, UYTO UCIOIb3yeMas
B €CTECTBEHHOM SI3bIKe MMILTUKAIUS «ecJu X, TO Y » He AAAemcs JOTHIECKON olepaly-
eit B cMplce onpenenenus [[.I] Tak Kak MCTHHHOCTH JAHHOT'O BBICKA3BIBAHUS ONpeIesIsdeT-
¢ He TOJHKO MCTHHHOCTHBIMU 3HAYEHHSIMH CAMUX BhICKasbBaHMi X u Y, HO M HaaudIueM
HPUYHHHO-CJIECTBEHHON CBI3U MKy HHUMH.

[TosroMy B MaTreMaTH4eCcKOM $3bIKE MbI CUUTAaeM umnaiukayuto X — Y HCTUHHON TO-
I8 U TOJBbKO TOIJA, KOIjla Ju00 BhICKa3blBaHue Y HMCTUHHO, OO BhICKA3bIBaHUE X JIOXKHO.
CMBICTT 0YeHb IPOCTOM: U3 HCTUHHOT'O BHICKA3BIBAHUA JIOYKHOE HE CJIE/IYET, a BO BCEX OCTAJIb-
HBIX CJIVYasX UMILIAKAIUS BepHa.

Onpenenenne 1.4. BrickaspiBanus X u Y oxsusasenmuv, (X < YY), eciu oHE CIeAYIOT
JPYT U3 JApyTa, TO €CTh, ecu UCTUHHO BbhicKasbiBanue (X — V) A (Y — X).

1.3. [IPOIIOBUIIMOHAJIBHBIE ®OPMVJIBI

Mpbr y2Ke 3HaEM U3 MPEJbLAYIINX PA3/Ie/J0B, YTO BbICKA3BIBAHUS IOJYYAIOTCA U3 OoJiee
IPOCTHIX € TOMOIIbBIO JIOTHYECKHX onepanuii (cBs30K). Bosiee TOro, Mbl yzKe BHIEJIH Iep-
Bble TIPUMEPHI 3aIUCH BbICKa3biBaHUil B Buje dhopMmyn — mociaegoBaTenbHocTeil 6yks (Ha-
IpUMeDp, JATHHCKOrO andaBuTa), JOIHIeCKuX CUMBOJIOB —, A, V, — u ckoboK. Pasymeercs,
TaKUM 00Pa30M MOYKHO MOJYYHUTH JAJEKO He JII0OYIO T0C/Ie/I0BaTe/IbHOCTD YKA3AHHOTO BH/IA.
Hanpnmep, HUKaKOro cMbIcja He uMeeT 3arnch «/A)X —».

Onpenenenne 1.5. DjieMeHTapHBIE BHICKA3BIBAHUSI, W3 KOTOPHIX CTPOSTCS BCE OCTAThHBIE,
HA3BIBAIOTCS NPONO3UUUOHAALHOLMU NEpemertbimi. VIX MBI 0003HATAEM 3aT/IABHBIMA JIATHH-
CKUMH OYKBaMH.

Onpegenenune 1.6. [Iponosuryuonasoroe Gopmyav, CTPOATCS U3 TPOIMO3UITMOHATBHBIX IIe-
PEMEHHBIX 110 CJIEAYIONUM TPABUJIAM:

1. BcsKas TPONO3UIIMOHAIbHAS IepeMeHHast aBaseTcs (hpopMyJIoit;
2. ecau ¢ — NPONO3UIMOHAIbHAA (POPMYJIA, TO @ — MPONO3UITMOHAIbHASA (HOPMYIA;

3. ecnu ¢ U 1) — npomosuIHOHaTbHbIe hopMyhl, TO (p A 1Y), (¢ V) u (p — 1) Toxe
SABJIAIOTCS TPOIO3UIMOHAILHBIMEA (POPMYIAMH.
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st Toro, 4Tobbl Yy HAC OblLIA BO3MOKHOCTH OJIHO3HAYHO UHTEPIPETUPOBATDH ITPOIIO3UILU-
OHAJIbHBIE (POPMYJIBbI, BAXKHO 3a(pUKCUPOBATDH MOPSIOK BHIIOJHEHUS JOTHICCKUX OlepaIUil.
[TpuBegM CIIHCOK JOTMIECKUX OMEPAIHil B MOPSIIKe UX BHITOIHEHUsT (0T HanbOIhINero npu-
OpUTEeTa K HAUMEHbBIIEMY ):

1. orpunanue (—);
2. KOHBIOHKIHs (A)

;
3. nusboHKIH (V);
4. uMmIaKanus (—);
5. 9KBHUBAJIEHTHOCTD (<).

OrMeTnM, 9TO HOPSAIOK JEHCTBHIT BCErma MOKHO H3MEHUTH CKOOKAMH.
IIpumep 1.3. X AYVZ u X A (Y V Z) — pasubie BoickasbiBanus (cm. npumep [1.5)).

Yopaxkueaue 1.3. Ckoavko cyuecmsyem nponosduyuoHarbHur dopmya om deyxr nepe-
MEHHBLT, 68 KOMOPHLL UCNOALIYEMCA 08e 0Nepauul, KanHcoas u3 KOmMoOpur ABAAECMCA AUOO
KonsronKyuetd, Aubo dudsionkyued, Aubo ompuyaruem?

1.4. TABJIUIILI UCTUHHOCTU

KitoueBbIM ¢BOWCTBOM JIOTHYECKHUX ONEPAINil SBJISAETCA TO, YTO UCTUHHOCTHOE 3HAYCHHE
CJIOYKHOTO BBICKA3bIBAHUS TOJHOCTBIO OTpPejiesisdeTcsd NCTUHOCTHBIMU 3HAYeHUSIMI BBICKA3bI-
BaHUIl, 13 KOTOPBIX OHO 0Opa3oBano. CaenoBaTebHO, €CJIH BMECTO BCeX MPONO3UITHOHATIBHBIX
NePEeMEHHBIX, KOTOPLIE COIEePXKaTCsa B (DOPMYJIE ¢, BCEMU BO3MOYKHBIMU CHOCOOAME TOJCTA-
BUTH UCTHHHOCTHBIE 3Haderusd 0 u 1, TO MOXKHO OJIHO3HAYHO BBLIYUCIUTH UCTUHHOCTHBIC 3HA-
genusi (popMyJibl . Pe3yabraTsl TAKUX MOJACTAHOBOK MOYKHO 3aIlMCATh B TAOJIUILY, KOTOPas
Ha3bIBaeTCd mabauyets ucmunnocmu MGOPMYITBL (.

ITpumep 1.4. Ilpusegem rtabsunbl uctuHHOCTH u3BecTHBIX HaMm dopmys: =X, (X AY),
(X VY), (X = Y). JJna ynobcrBa o6 beAMHUM TPH U3 HHX B OJHY.

X[YTXAY) [ (XVY) [ (X oY)
X=X 00 0 0 1
1 01 0 1 1
1] 0 1[0 0 1 0
1)1 1 1 1

Onpepenenne 1.7. QopmyJibl ¢ U Y IKEBUBAAEHMHDL, €CJIM OHU UCTUHHBL IIPU OJHUX U TEX
7K€ 3HaYeHH X IepeMeHHbIX.

Yupaxkuenue 1.4. C nomowvro mabauy ucmurHoOCmUy JOKAHCUME IKEUBANERMHOCTNYG Hop-
myn X AN(X - Y)uXAY.
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ITpumep 1.5. [Tocrpoum u cpasaum Tabuauibl ucruanocru dopmy.t u3 npumepa (1.3} Hauném
¢ dopmyast X AY V Z. 3amerum, 910 TAaOJIUILy HCTUHHOCTH (POPMYJIBI MOYKHO CTPOUTH
MO3TAIHO, YUUTHIBasA CIOCOO, KOTOPHIM popmysia Oblaa mosaydeHa. B gaHHOM ciaydae, Mbl
Hadaau ¢ ¢popmya X u Y. Hajnee, ¢ moMOIbIO KOHBIOHKIUKA TocTporan dopmyry X AY,
a 3areM, B3dB emé onHy dopmyny Z, nusbioaknueit moayuuan X AY V Z.

®opmyra X A (Y V Z) 6bLta mocTpoeHa d9yTh-uyTh wHade. CHAYATA U3 JTEMEHTAPHBIX
dopmyn Y u Z puszbionkiumeii 6bL1a nojiyuena dopmysia Y V Z, a 3aTeM, ¢ MOMOINIBIO KOHb-
oHKIMK ¢ X yike Obljia MoJiydeHa nHTepecyoIas Hac opMmyia.

CrenoBaTeIbHO, HCKOMBIE TAOJIUIBI HCTHHHOCTU YCTPOEHBI CIEAYIOMHIM 00pa3oM.

X\ Y| Z|XANY | XANYVZ X\ Y| Z|YVZ]|XANYVZ)
000 0 0 01010 0 0
001 0 1 01011 1 0
0110 0 0 0110 1 0
0|11 0 1 0|11 1 0
11010 0 0 11010 0 0
11011 0 1 11011 1 1
11110 1 1 11110 1 1
171]1 1 1 171]1 1 1

Taxum 0bpa3zoM, Mbl BBIYHC/IWIN, 9TO HepBasd (popMysia JOKHA TOTJAA U TOJABKO TOTJA,
KOT1a, OJHOBPEMEHHO JIOYKHBI BhICKA3bIBAHNE Z W XOTd OBl OJIHO W3 BhICKa3biBanuit X m Y.
Bropasa dopmyna joxua, ecain X JI0KHO, JUOO JIOXKHBI 00a BbhICKa3biBaHug Y u Z. Kak
MOKHO BHJETH, JaHHbIe (DOPMYJIbI HE SKBHBAJCHTHBI.

Onpegnenenune 1.8. Qopmyna ¢ gaBasgeTcs masmonozueti, ecIi OHA UCTHHHA IPH JIIOOBIX
3HAUYEHUAX BXOJSAIINX B HEE MepeMeHHBIX.

Yupaxuenune 1.5. Jokaorcume, wmo gopmysa (X — YY)V (Y — X) asasemca masmono-
eued.

Vopaxkuenue 1.6. Joxasicume, wmo Gopmyave © u 1) sK6UGAACHMHDL M0200 U MOALKO
moeda, kozda gopmysra (@ — V) A (Y — @) asaaemes masmonozued.

1.5. JIOMOJTHUTEJIBHBIE JIOTUYECKUE CBA3KU

[Momumo onepanmit (A, V, —) Ha TpaKTHKe YA00HO UCTIOIB30BATh JOMOJTHUTENIbHBIE JTOTH-
YecKre CBA3KH, YIpoIIaoinue paboTy ¢ (hopMyJIaMi U COKPAIAIONINE HX 3AITUCh.

IIpumep 1.6. Sanucy X — Y Ha camMoM Jiejie gBJISeTCsS COKPAIICHHEM.

VYuopaxkuenue 1.7. Bupasume umniukayuio (—) wepes 0CHOBHbE A02UNECKUE CEBA3KU, MO
ecmo wepes onepayuu (A, V, ).

ITpumep 1.7. Anajsoru4ano, 3anuck X < Y gBjseTcd cOKpalieHrneM 0oJiee JUIMHHON 3alncu
(X = Y)A (Y — X), ucnonnsyiomiedi oneparuu (A, —).
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1.6. IIPAMOE U OBPATHOE YTBEP K/JIEHUE

Onpegenenune 1.9. Eciin HeKoTOpOe yTBep:KIeHHe UMeeT BUJ UMILIukamuu X — Y, To
yTBepxKIeHue Y — X Ha3bIBaeTCS 00pamiviM K HEMY.

3ameuanme. cTuHHOCTH OOPATHOTO YTBEPKICHUS HUKAK HE CBA3aHA C HCTUHHOCTHIO MpPsi-
MOTO YTBEPZKJIEHUS.

ITpumep 1.8. PaccMmorpuM c/ieiyIontyio napy BbICKa3bIBAHUIA:

X : «/lannoe 1mesioe 9uCI0 n OKaHIUBAECTCS Ha 45,

Y : «/laHHOe IeJI0€ YUCJIO 7 YETHOY.
BrickaspiBanue X — Y o3Hauvaer ciaenyiomiee: «Ecau menoe uncsio n okaHduBaeTcsd Ha 4,
To oHO uérHO». ObOparHoe K Hemy BbicKasbiBanue Y — X osuauaer «Ecsu nenoe qucio n
YE6THO, TO OHO OKaHYHUBaeTCd Ha 4.

B mannom ciayvae, X — Y mcrunno, a obpaTrHoe K HEMY JIOZKHO.

3ameuanme. bBoJiee Toro, jaxke ecjiu o0OpaTHOE YTBEPXK/IEHUE BEPHO, €ro J0Ka3aTeJIbCTBO
MOZKET CYIIECTBEHHO OTIHYAThCS OT J0KA3aTeIbCTBA MPSIMOr0, Kak M0 CJA0YKHOCTH, TaK U 10
COJIEPKAHTIO.

ITpumep 1.9. Pacemorpum (ouenb npocroe) yreepxkaenune «Eciu B 6eckonednoit apudme-
THYECKOH TPOTPECCUr, COCTOAIIEH U3 HATYPAJBHBIX YHCEJ, eCTh IIPOCTOE TUCIO0, OTIUTHOE
OT €€ MepBOTro 4eHa, TO IEePBbI YIeH U 3HaMeHATe/ b [B3AMMHO IPOCTLIp. Y TBEpkKIeHne, 00-
paTHoe K JAHHOMY, eCTh 3HaMeHHUTas TeopeMa lupuxiie, BecbMa CJIOXKHBII U BaKHBIH (bakT
TEOPUU UHCEJI.

Yupaxkuenue 1.8. Jokascume npamoe ymsepocdernue us npumepa [1.9.

1.7. JIOKABATEJILCTBO OT MPOTUBHOTO

[Ipemosioxkum, MBI XOTUM JI0Ka3aTh HEKOTOpoe yTBepxKaerue X. /st 3Toro j1ocTarouto
JI0Ka3aTh, 9YTO yTBep:KIeHne —.X JIOXKHO.

JomycTuM, U3 MpeANnooKeHns 00 UCTUHHOCTH —X CJIe/lyeT HEKOTOPOe 3aBeJIOMO JIOXK-
Hoe yrBepxenue Y. Torma yrsepxkienue X ucrununo. eiicrBuresibuo, ecjiu Y JIOXKHO, TO
uMILnKanusg —X — Y MCTUHHA TOrJa M TOJbKO TOr/a, Korjaa —.X JIOXKHO.

Onpenenenne 1.10. PaccMoTpeHHBIN BBINIE METOJ JI0KA3aTEIbCTBA Ha3bIBaeTcsa dokasa-
MEABCNBOM 011 NPOTMUBHOZ0.

IIpumep 1.10. Eciu B BRITYKIBIH 9eTHIPEXYTOJBHIK MOYKHO BIUCATH OKPYZKHOCTb, TO CYM-
MBI €0 TPOTHUBOIIOJOXKHBIX YIJIOB paBHBL. /lokazkem obpaTHOe YTBEPXK IeHHEe OT MPOTHBHOTO.
YVreepxkaenne. OKoA0 4eMbpETY20AbHUKG, CYMMG NPOTNUBONOAOHCHBLT Y2A08 KOMOPO20
pasna 180°, MoocHO onucams oOKPYHCHOCMD.
Jlokazareasctro. Pacemorpum gersipéxyronsauk ABCD. Tlycrs, 6e3 orpanndenust 00111~
Hoct, ZBAD+ /ZBCD = 180°. OnumreM oKpyzKHOCTD ) 0K0J10 Tpeyroabauka ABD. [1pes-
HOJIOYKHM OT IPOTUBHOIO, 9T0 Touka C' He JeKUT Ha 3Toit okpyzkHocTUu. Obo3Hauum 3a Cf

17



MaTtemaTudeckas JIOTUKA Mardak: mpeaucioBue

Touky nepecedenus npsimoit DC' n okpyzxkuoctu 2. Torna Z/BC1D + ZBAD = 180°. [1osTo-
my /BCD = /ZBC,D. Eciu touka C' HaXoAuTCs BHYTpH A
okpyxkuoctu €2, To yron BC' D 6yer BHENTHUM B TPEYTOJIb- 0 D
nuke BCC, n /BCD = /BC,D + ZCBC,. Ecau xke To4-

ka C' HaxomuTcs cHapyxku (), To BCD — BHemHUit yrou

B Tpeyroabuuke BCC, uw /BC\D = /BCD + ZCBC,. B

B oboux cirydasgx moJiydaeM IpOTUBOpPEYHeE.

Yupaxkaenne 1.9. Ilycmov a ub — cmpozo noaostcumenno-

HOLE BEULECMBEHHBIE YUCAA. [oKascume, 4IMoO ecal 8binoA-
a b Cl
=—— moa=V>\.
1+b 1+a
[Ipemocreperkenne: He CTOUT HBITATHCI JIOKA3LIBATH BCE HUMILIUKAIMA OT IIPOTHBHOIO.
JIoBOJIBHO YaCcTO OKAa3bIBAETCSI, YTO JIazKe €CJU TOT METOJ PaboTaeT, OH SBJIAETCS JIAJIeKO

HE CaMbIM OIITUMAJIBHBIM.

HEHO PAGEHCIMEBO

ITpumep 1.11. Paccmorpum ciieayioniee yreep:ienne: «Ecim cymMmy B n TYTPHKOB MOZKHO
pasMmeHdaTh MoneraMu B 10 u 15 TyrpukoB, To n jgeautcd Ha D u n > 5.» Jlokaxkem obparHoe
K HeMy yTBepxKIeHme. [Ipmaymarh ABHBIM aJaropuT™M pa3MeHa B JaHHOM CJydae ropasio
IpoITe, YeM JT0Ka3aTh ero OT MPOTUBHOTO.

e Ecimn > 5u 5| n, 7o n = 5k nag wekoroporo nenoro k > 1.
e Eciu k = 2m (4érnoe), 1o n = 10m; 3Ha4nT, MOXKHO B3ATh M MOHET B 10 TYIPUKOB.

e Ecim k = 2m + 1 (weuérnoe), To n = 10(m — 1) + 15. 3naunt, MOKHO B3ATH (m — 1)
Morety B 10 Tyrpukos u 1 moHery B 15 Tyrpukos.

1.8. KBAHTOPHI

B MaTeMaTUKE 9aCTO PpaCCMaTPpUBAIOTCA BbICKA3blBaHUA, KOTOPbIC HaYMHAIOTCA CO CJIOB
«JIJI KaXKJIOTO» M «CYIIECTBYyeT». J[jig HUX UCHOMB3YIOTCH Clelnua/jibHble CUMBOJIBI ¥V 1 I
COOTBETCTBEHHO, HA3BIBAEMbBIE KEAHMOPAMU.

ITpumep 1.12. 3anucy Vn € N dm € N : m > n o3nagaer «/Lng j1060ro HaTypabHOIO
9HUCJIa CYINIECTBYET HATYPAIbHOE YHCI0, KOTOPOe GOJIBIIE eros.

YpesBeryaitHo BayKHO CJAEIATH 3a MOPSIKOM, B KOTOPOM HJIYT KBAHTOPHI.

ITpumep 1.13. Uzmenus nopsi/Iok KBAHTOPOB B IPE/IbILYIIEM HIPUMEPE, MOy IuM (POPMYJLy
dn € NVn € N: m > n («CymecrByer HaTypajabHOE UYHCIO, KOTOPOE CTPOro 6osbIie
JI060r0 HATYPATBHOTO YHCIIAY ).

Vaopaxknaenue 1.10. Kaxue us ymeepotcdenuti, paccmompenibis 6 npumMepas u
seprvt? Iovemy?
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1.9. KBAHTOPHI U OTPUIIAHUE

Ornepalus OTpUNIAHAS CBA3aHA ¢ KBAHTOPAMH CJIeIYIONUMY ITPABUIAMHI JIOTTIECKOI'O BBI-
Bojia. Ilycts P(x) — yTBepKaenue o nepementoii . Toria:

o (=(VzP(z))) <« (Fz(=P(x)));
o (=(BzP(x))) <  (Va(=P(x))).

Tax, cormacHo nepBomy mpasmiay, «He Bce momasy < «CyrecTByer KTO-TO, KTO HE JOMay.
A cornacao Bropomy npasuiy, «Her gener» < «Bcé, uTo ecTh, JeHbraMu He SIBJISIETCS».

IIpumep 1.14. IToctpoum OTpHUIAHKE CJIEIYIONIETO YTBEPIKIACHU:
JneNVneN: m>n.
Wcrmonb3ys npaBuia IMOCTPOCHUSA OTPUIIAHUM, ITOTyYaeM:
(=(FmeNVneN: m>n)) < (VmeNIneN:m<n).

dopMysta B TpaBoil 4acTU IKBUBAJICHTHA CJAEIYIONIEMY BbICKa3bIBaHUIO: «/ s m0boro HaTy-
PaJbHOrO YHCJIa CYIIECTBYET HATYpPAJIbHOE YHCJIO, OOJIbIIee WU PABHOE €MY».

C IIOMOIIBIO OTPUHAHUA MOXKHO 3aMEHUTH KBAHTOPLI B YTBEPXKACHU, TeM CaMbIM 3aMeET-
HO YIPOCTHUB €ro JOKa3aTeJIbCTBO HJIN OIIPOBEPZKEHHC.

ITpumep 1.15. Uctunno au ciaeayioniee yreepxkaenne «I3 mo0uix 10 oTpe3KoB MOXKHO Bce-
rJ1a BbIOpaTh 3 pa3ndHbIX OTpe3Ka TaKuM 0O6pa3oM, 4ToObI M3 HUX MOYKHO OBLIO COCTABHUTH
TPEyTOJIBHUK » !

[IpITaTbed HAPAMYIO IOKA3bIBATh HEKOTOPOE HeTPUBHAJIBHOE CBOMCTBO JI/1d JIIOOBIX HabO0-
poB u3 10 oTpe3KoB, BO3MOXKHO, He caMas pa3zyMHas ujes. BMecTo 3Toro cHadaja paccMor-
PHUM OTpHIIAHUE HHTEpecyiomero Hac yrpepxkienus: «CymectByer nHabop u3 10 oTpe3kon
TaKOW, YTO HU U3 KAKUX 3 OTPE3KOB JIAHHOI'O HAOOPa HEJIb3s COCTABUTH TPEYTOJbHUK ».

Jlnst Toro, 9To6Bl 0Ka3aTh OTPHIAHKWE (€CJH OHO BEDHO), HAM JOCTATOYHO HAWTH OIUH
nabop u3 10 oTpe3KOoB, He YAOBIECTBOPAIONINIl JAHHOMY KOHKpeTHOMY cBoiicTBY. VHBIME CJ10-
BaMHM, HaM JOCTATOYHO IPUAyMaTh HaOOp u3 10 JIMH OTPe3KOB, HUKAKKE 3 U3 KOTOPBIX He
VJIOBJIETBOPSIOT HEPABEHCTBY TPEYTOJIbHHUKA.

Oka3bIBaeTCs, 9TO HAWTH TAKONH HAOOD MOXKHO. TaKOBBIM, 110 ONPEICJICHUIO, SIB/ISIETCS Ha-
6op u3 10 waymux noxpss ancen Pubonaqdun (1,2,3,5,8,13,21,34,55,89), wau, Haupumep,
Habop u3 10 mepBhix creneneii apoitkn (1,2,4,8,16,32,64, 128, 256,512,1024).

CrenoBaTeIbHO, MBI JIOKA3aJIM, YTO MHTEPECYIOIiee HAC YTBEp:KJEHHE JIO?KHO, TaK KaK
HCTHHHO €r0 OTPHUIAHHE.

1.10. JINTEPATYPA /I TAJBHENIIETO U3YUEHUA

e Bepewaeun H.K., Hlenv A., Jleknun mo MareMaTHIeCKOR JIOTHKE U TEOPHH AJITOPHT-
moB. Hacrp 2. d3pikn n ucaucaenus (4-e nzpanne) — Mocksa, MITHMO, 2012.

e Venenckut B.A., IIpocreiitnuie npuMepbl MATEMATHIECKIX TOKA3ATEIbCTB, bubanoreka
«Maremarndeckoe pocBeriennes, Boyck 34 (2-e nznanne) — Mocksa, MITHMO, 2012.
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MATEMATUYECKAS JIOI'MKA

3agaun ceMUHAPOB

3amaua 1.1. Tpu crymaenTa To Jin U3y4asid JIOTUKY, TO JiU He u3y4asau. BoickazbiBanue Xj
npu KaxkjaoMm k = 1,2, 3 yrBepxmaet, uro k-it cTymeHT Jioruky usydaj. 3Becrno, 4to mc-
tuHHO BhicKaspiBanue (X — X3) A =(Xy — X3). Kro u3 cryaenToB usydas JOIEKY, a KTO
He u3ydas’

Bamaua 1.2. Yoeaurech B CHPaABEIMBOCTH 3aKoH06 de Mopeaana:

a) (XAY) & (=XVvaY);

0) (XVY) & (=X AY).
Bamaua 1.3. [loctpoiiTe TabJHIy HCTHHHOCTH JJIsI CJIEAYIONEN IMPOIO3UITMOHAIBHOM hop-
mydisl: (X — Z) VY A Z.
3amaua 1.4. /lokaxkure, 9T0 JIH000€ TIPABUJIO, COMOCTABJISAIONIEE KaXK/I0OMYy HADOPY JJIMHBI 1
u3 myJseit u eaunut 3Hadenne 0 mwim 1, MOXKHO 3allMCaTh B BHJIE IPOIO3UIMOHAIBLHON (op-
MYJIBI © OT 7 TIepeMeHHBIX.

3amaua 1.5. BeickazbiBanue X T Y o3Havaer, 4To JIO2KHO XOTs Obl OJIHO U3 YTBEPK/Ie-
auii X, Y. 3anumure, ucnoab3yst TOJIBKO 3HAK T M CKOOKHU, BBICKA3LIBAHNS, SKBUBAJIEHTHOE
BhicKasbiBauusaM X VY u X AY.

3amaua 1.6. IMeeTcs HEKOTOPBIN CIUCOK YTBep:K AeHuit. I3BecTHO, 4TO, €C/IU B 9TOM CIIUCKE
ecth yrBepxaenusa A u B, To ects u yrBepxaenune —(A V B). [Jokaxure, ITO €Cd B 9TOM
crucKe ectb yrBepxkaeHus A u B, To ecth u yrBepxaenue AV B.

Bagaua 1.7. Kakue u3 cienyronux BeickasbiBanuit Bepani?! [loaemy?
X: dxVy: zy+1>uy;
Y:Verdy: zy+1>uy;
Z o deVy: zy+1<uy;
T:VxJdy: zy+1<uy.

Bamaua 1.8. Ilycts @y, ..., Q, — HABOP KBAHTOPOB (KaxKJblil u3 HUX — 160 V, jubo 3),
a P(xy,...,T,) — YIBEpXKICHHE O TMEPEMEHHBIX T1,...,T,. JlOKaxKUTe, ITO YTBEPKICHHE
Q171 ... Qnxy : P(x1,...,T,) PABHOCIILHO YTBEPKACHUIO (111 - .. Qnx, @ 2 P(x1, ..., x,),

rJie Yepra CBepXy O3HAYaeT 3aMeHy KBaHTOpa npoTuBonoaoxubiM (V Ha 3 u 06paTHO).

Bamaua 1.9. ChopmynupyiiTe OTpUIAHTE K CIEAYIONEMY YTBEPKIEHUIO:
Ve 3IneN: ((z>1/n)V (z <0)).

YT0 BepHO: UCXOAHOE YTBEPKIACHNE UIN ero OTpuiianue?

Bamaga 1.10. Tlycres x,y,z,t — pasnumunbie sjgeMenThl MHOXKecTBa {1,2,3,4}. Haiigure
YUCAEHHbIC 3HAYEHN T, Y, Z, T, €CJIM MCTHHHBI CJICAYIONINE BHICKA3HIBAHUS:

A (x#1) = (27 2);
B: ((y=2)V(y=3)—(x=1);
C: (y#3) = (z=4);
D: (t=2)—= (y#1);
E: (t#1)—=(y=1).



MHO>KECTBA 11 OTOBPAYKEHNS

Teopernueckuii MmarepuaJi

2.1. ITOHATUS MHOYKECTBA U DJIEMEHTA. PA3JIMYHBIE CTIOCOBBI 3ATAHUSA
MHOXKECTB.

MHuOKecTBO — 310 Heomnpeeasemoe noustue. (HedopManibHO MOXKHO TPEICTABAATH KaK
COBOKYITHOCTD 9Aemenmo6.) MHOKeCTBO MOXKHO 33/[aTh IIePEIUCICHUEM BCEX ero 3JIeMEHTOB.

O6o3HaueHus. a € A — 37eMEHT @ NPUHAIIEKUT MHOXKeCTBY A;
a ¢ A — sreMeHT a He NPUHAIEKUT MHOKECTBY A.

JIpyroii BO3BMOXKHBI CIIOCOD 3a/aHusi MHOYKECTBA — 4Yepe3 OlUCAHUe CBOHCTB ero sJe-
mentoB. To ects B = {a € A|P(a)} — 9T0 MHOZKECTBO BCEX JIEMEHTOB @ MHOMKeCTBa A,
VZOBJIETBOPSIONUX CBOicTBY P(a).

IIpumep 2.1. MHOXKeCTBO YETHBIX YHCEJ MOXKHO 3aIlHCATh KaK
{x € Z| naiinérca y € Z, rakoii, uro x = 2y}.
Hycmoe mnooicecmeo & — 3TO MHOZKECTBO, HE COJEPIKAIIEe HU OJHOTO 3JIEMEHTA.

Yupaxkuenue 2.1. Ckoavko 21eMeHMO8 6 CACOYIOUUT MHONHCECTNEAL:
a) {0},
6) {0,{0}, 2},
6) {x | Oyxea r ecmpeuaemcs 6 caose «kpoxoduss}?

Yupaxuenue 2.2. Kakue wucaa npunadaescam muoscecmey A, sadannomy ycaosuem
A={x|zeN, o <45, x deaumca na 5}7

2.2. [IOHATUS TOJIMHOYKECTBA. KPUTEPUII PABEHCTBA MHOYKECTB.

OmnpejiesiuM BazKHefiIne MOHSATHS, O3BOJISIONINE HAM, B HEKOTOPDOM CMBIC/IE, «CDABHU-
BaTh» MHOXKECTBA!

e MuoxkecTBO A Ha3BIBACTCS MOIMHOKECTBOM MHOKecTBa B (murem A C B), ecoin Kazx-
JIBII 97IeMEHT MHOYKeCTBa A SBJIAETCS TaKXkKe JIeMeHTOM MHOoXKecTBa B. /IpyruMn cioBamu,
a € A Bieuér a € B.

e JIBa muOoxkectBa A u B paubl (A = B), ecsin ¢ € A Bieuér x € B u x € B Bieuér
x € A g KaxKJ0ro 3J1eMeHTa T.

CdhopmynupyeM TakzKe kpumeputl pasercmea MHOKECTB B TEPMHUHAX IIOAMHOKECTB:
e /Isa muoxkectBa A u B pasubl (A = B) Torga u Tosibko Torga, korga A C Bu B C A.

Yupaxkuenue 2.3. Bunuwume gce nodmmoscecmea muosicecmsa {&, {0}, 1}.

Yaopaxxkueaue 2.4. Ckoavko passuMHbLET NOOMHOHNCECTNG 1 MHOHCECTNEA U3 YEMBIPET Ne-
menmos? ObocHytime omesem.
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2.3. ONEPALINN HAJ MHOYKECTBAMU: OBbEAUHEHUE, HEPECEYEHUE, PABHOCTb,
JEKAPTOBO TIPOU3BEJEHME.

Hanx MHOXKecTBAMH MOYKHO IPOU3BOJIUTD ONEPAIMH, B YEM-TO IIOXOXKHE Ha, OllepaIldd HaJ
gucsaaMmu. OLpese/iuM OCHOBHbIE M3 HUX:
o (Obsedunernue AU B MHOXKecTB A n B:

AUB={z |z e ANIN x € B}.
o Ilepecevenue AN B muON)ecTB A u B:
ANB={z|z€ANzeB}={acAlac B} ={be B|bec A}.
e Pasnocmo A\ B muoxects A u B:
A\B={a€ A|b¢ B}.

o Jlexapmosovim npoussederuem X XY = {(z,y) | x € X,y € Y} muoxkects X u Y
HA3bIBAETCsI MHOKECTBO BCEX YHODsIOYeHHbIX nap (,y), Takux, uro z € X uy € Y.

Yupaxkaerue 2.5. Umo asaaemcea 066e0uneHuem MHOHCECTNE YEMHBLL U HEUEMHBLT UCADIT
yucen? A nepecevenuem?

Yupaxkuenune 2.6. Joxascume, umo dasa a106wx muoscecms A u B evinoaneno:
a) AUA=A, ANA=A;
6) AUB=BUA, ANB=BNA;
6) (A\B)UB =AU B.

2.4. BUHAPHBIE OTHOINIEHNSI. OTHOIIEHUE SKBUBAJEHTHOCTH.

PopmaibHOE ONpee/eHrne ONHAPHBIX OTHOIIEHUN MOXKeT MOKA3aThCs CJAUIIKOM OOIIHM;
UHTYUTUBHO MO2KHO IIPEACTABJIATDH C€6€ 3aJlaHue «CBA3U» ME2KAY HEKOTOPbIMHU €TI0 3JIEMEH-
TamMu, HO npnu (HOPMATBHOM 3aJaHHH STOT «CMBICT> TEPIeTCa. DTOT BOIPOC MOAPOOHO 00-
cyx)aerca B Bumeoneknuu « MuaoxkecTBay HaumHasg ¢ 40 : 15.

e bunaproe omuoulerue Ha MHOXKeCTBe X — 3TO MOJAMHOXKecTBO R MHOXKecTBa X X X.

OGozuauenue. z ~ y, ecau (z,y) € X x X.

e BunapHOe OTHOIIEHHE HA3BIBAETCS OMHOUWEHUEM IKEUSAAEHTHOCTIU, €CIIN OHO

a) pedaexcueno (T.e. x ~ T s KakI0ro r € X);

6) cummempuuno (T.e. T ~ Yy BICUET Y ~ T);

B) MpaH3umueHo (T.e. T ~ y Uy ~ z BICUET T ~ 2).

[Tpo /1eMEeHTBI, CBSI3aHHBIE OTHOIIEHUEM YKBUBAJIEHTHOCTH, MOXKHO T'OBOPUTb, YTO OHU
9K6UBAAEHMHYL. BazKHBIM IIPUMEPOM SIBJISIETCST OMHOUEHUE PABEHCTNBA.

OrHomenne 5KBABAJCHTHOCTH IIO3BOJIAET KHaCCI/I(I)I/IHI/IpOBaTI) 9JIEMEHTBbI MHOXKeCTBa IIO
KaKUM-JTH00 cBofcTBaM. HOﬂy‘{eHHbIe KJIaCCbl HAa3bIBAIOTCAd KAACCAMU IKEUBANAEHITTHOCTIIU.
o Kaaccom axsusarenmuocmuy 3neMenTa ¥ € X Ha3bIBaeTCAd MHOXKECTBO

Clz) ={y € X |z ~y}.
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CdhopmyupyeM BaxKHYIO JIEMMY U HE MEHEE BayKHOE CJICJICTBUE U3 HEE:
Jlemma 2.1. Ecau x € C(y), mo C(x) = C(y).
CaenctBue 2.2. Kaaccol 9K6U8aAEHMHOCU AUDO HE NEPECERANOMCSA, AUDO COBNAAAIOM.
Yupaxkuaenune 2.7. Yoedumecnv, wmo semma CNPaseINUSa.

Yupaxkuenune 2.8. /Jlatime onpedesenue 606001020 SEKMOPA Ha NAOCKOCNU KUK KAGCCG
IKBUBAAEHMHOCTIU HANPABAECHHDLT 0MPEIKOS.

Yupaxkuenune 2.9. [Tycmv m — nenyaesoe yeaoe wucao. Onpedesum ommowerue
r=y (modm)

HA MHONCECTNBE BCET UEABLT “HUCEA CALOYIOWUM 0bpasom: T —y desumca va m. Jloxascume,
YIMO OMHOWEHUE = ACAACTNCA OMHOUEHUEM IKGUBAAECHMHOCTU.

2.5. TIOHSITUST OTOBPAYKEHUSI, ®YHKIIMU U X TPADUKA.

HedopmaabHO, MBI XOTHM CONOCMAGAAMS HTEMEHTH MHOKECTBa, X 3JeMeHTaM MHOZKe-
crBa Y. Torma MHTYUTHBHO MBI MOYKEM MOHHMATH 0mobpasceHue KaK HEKOTOPHIi crocod
5T0 caenarh. PopMaIbHO

o Omobpasrcenue — 310 nmoaMmuoxkectBo f C X X Y €O ciaeayommM CBOHCTBOM: J1Jis
KazKJ10ro semMenta ¢ € X Haiijercs eMHCTBeHHbI y € Y Takoit, ¥ro (x,y) € f.

B cmbicie npuBe€HHOTO BbIlie (hOPMAIBLHOTO OHpeeeHns, MyHKIU — ITO TO XKe Ca-
Moe, 9To eé epadukr. Takum obpazom, 3amuck y = f(x) sKBuBajeHTHa 3amucu (r,y) € f.
Nuorga orobparkeHust HA3BIBAIOT pyHKryuAMy U obo3HadaoT Kak f: X — Y.

2.6. UH'bEKLIMS, CIOPbEKLINSI, BUEKLIUS. 1IX OINUCAHUE B TEPMHUHAX OBPA3OB
1 IIPOOBPABOB.

Orobpazkenne MoxKer 00JaJaTh (MM He 00J1a1aTh) CJAELYONUMH CHENUATbHBIMEI CBOTi-
CTBaMHU:

e Orobpazkenne [ : X — Y Ha3bIBACTCA UHBEKMUSHbIM (MW UHBEKYUET, NIH 6A0M4CE-
nuem), ecau f(x) = f(a') Breuér 3a coboii z = x'.

e Orobpaxkenune f : X — Y HazbBaeTCss cropsexmueHbm (WK clopseryued, Win omoo-
pastcenuem HA), ecnm st Beskoro y € Y Haiinéres Takoii ¢ € X, uro f(x) = y.

e OrobpazkeHue Ha3biBaeTCs OGuekmueHvim (W Ouekyuetd), ecaum OHO OJHOBPEMEHHO
HHBEKTHBHO W CIOPHEKTUBHO.

Bueknun Tak:ke HA3BIBAIOT 634UMHO-00HO3SHAMHBLMU COOMBEMCMEUAMU.

Tax:ke BBeIEM BaKHBIE MOHATHUS 00pa3a u npoobpasa: njas orodpaxkenuns [ : X — Y
1 Besikoro ero noamuoxkecrsa A C X onpegenum f(A) xkak {f(a) | a € A}.
e Muoxkectso f(A) HasbiBaercst 06pazom nogaMHOKecTBa A nipu oroOparkenuu f.
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Jlns Bestkoro nogamuozxkecrsa B C Y onpegesum f~1(B) xax {z | f(x) € B} C X.
e Muoxecrso f~'(B) nasbiBaercs noanvim npoobpazom NoAMHONKeCTBa B npu oTobpa-
xenun f.

Bameuanue. Korja MHO)KECTBO B cOCTOUT M3 OJHOIO 3j1€MeHTa, TO ecrb ecau B = {y},
dburypubie ckobku 06bruno onyckator u numyT f 1 (y) Bmecro fTH({y}).

OKa3bIBAETCs, 9TO CBOMCTBA OTOOPAYKEHHIA CBSI3AHBI ¢ STUMH MOHSTHSIMHU, & UMEHHO:

o Orobpaxkenue f : X — Y apisiercsa unsexmueHbiMm, eCiu 1 Toabko ecan [~ 1(y) npu
Yy € Y He MOXKeT cojieprKaTh O0Jiee OTHOTO JJIeMeHTa.

e Orobpaxkenue f : X — Y asnsercs clopsexmushvim, ecan n Toabko ecan f(X) =Y
(SKBMBAJIEHTHO, €CJIM M TOJIBKO ecau [~ '(y) HemycTo jig Beakoro y € Y).

e Beerna f1(Y) = X 1o onpenenennio oToGpazkeHus.

Taxxke Beerya sepuo, uro f(X) CY u uro f~1(2) = f(9) = 2.
Yupaxkuenune 2.10. [locmpotime buexyuro meocdy muoscecmeamu A X B u B X A.

Vupaxkuenune 2.11. [lepeuucaume ece omobpascerus uz muoocecmsa {7,8,9} 6 muoorce-
cmeo {0,1}. Ckoavko cpedu nuz cropsexyud, unsekyul, ouexyud?

2.7. KOMTIO3UInAa OTOBPAYKEHUTI. TOXAECTBEHHOE, OBPATUMOE I OBPATHOE
OTOBPAYKEHNS. KPUTEPUI OBPATUMOCTHU OTOBPAYKEHNSI.

Emé oM BazKHBIM HMOHATHEM SBJILETCA KOMNo3uuus omobpasicenuti. HedopmasbHo
CTOUT HMOHUMATDH €ro Kak IOCJIeI0BaTe/IbHOEe ITPUMEHEHHe HECKOJIBKUX oToOpazkeHuit. Pop-
mMasibHO, niycth f: X — Y u g:Y — Z — nBa orodpaxenusi. Torja

e Komnosuyuetdi orobpaxkenuii f m ¢ HasbiBaeTcs oTobpaxkenue go f : X — Z, oupeje-
jiennoe popmy.ioit

(g0 f)z) =g(f(z))
JJ1st Bestkoro x € X.

Jlaanm ornpesiesieHnst ele JIByX MOHSTHI: TOYKIECTBEHHOTO W 00PAaTHOT'O OTOOPAYKEHNIA.
e Toocdecmeennoe omobpascerue idy : X — X onpenensercs dopmynoii f(z) = x ans
BCAKOTO T € X.
e Oroopazxkenne f : X — Y HaspIBaeTcsa obpamuuim K oToOpazkeHuio ¢ : Y — X, ecian
BBITIOJIHEHBI JiBa ycaoBusa: go f =idyx u fo g =idy
Ecn BBITIOJTHEHO TOJBKO
go f = ldXJ

TO ¢ HA3BIBACTCS AE6bM OOPATHBIM K f;
eCJIN TOJBKO

fog:idYa

TO ¢ HA3BIBACTCHA NPABbM OOPATHBIM K f.
STI/I MOHATHUA BazKHbBI JJId JOKa3aTeJIbCTBa HU2KECJICAYIOIIECro KpuTepudd.
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Teopema 2.3. Omobpasicenue f : X — Y obaadaem oOparHbIM 0mobpastceruem moz06
u moavko moezda, ko2da [ — OUeKIHS.

Yuopaxkueaue 2.12. [Ipogepus uHbEKMUBHOCL U CHOPLEKMUBHOCTL OAL CYUECMBO8a-
HUA AEB020 U NPGBO2O 00PATHBIL 0MOOPAsHCEHUT COOMBEMEMEEHHO, Ybedumecs, wmo meo-

pema cnpasedausa.

Yuopaxkuenue 2.13. Cywecmeyem au obpammuoe K caedyrowemy omobpastcenuto:
f:A={z |2z e N/1<x <45} — ocmamor om deaenus wucaa x wa 57
Cywecmeytom au aesoe u npasoe obpammoe?

2.8. PABHOMOILIHBIE MHOKECTBA. CUBTHBIE MHOZKECTBA 1 UX CBOICTBA.

[MousaTne MmousHocMYU MHOZKECTBA MBI MOKA OCTaBUM 0€3 ONpeIeeHHs, HO Mbl MOYKEM
ONPEJIEJINTH, 9TO TAKOE PaGHOMOULHbLE MHOKECTBA!

e /Ipa MuozxkecTBa X U Y HMEIOT 00UHGKOGYI0 MOIIHOCTD, €CJU B TOJHKO €CJIU CYIIECTBYET
bueryua Mexxay X n Y.

JIBa KOHEYHBIX MHOYKECTBA UMEIOT OJWHAKOBYIO MOIIHOCTH, €CJU U TOJBKO €CJIH OHU CO-
CTOSAT U3 OJUMHAKOBOI'O YUCJIA 3JIEMEHTOB.

VauBUTENbHBIM (PAKTOM dBJISIETCH TO, 9TO OBIBAIOT OECKOHEYHBIE MHOXKECTBA Pa3HOil
mortrHocTu. HedopmaabHo, 0iHO GECKOHEYHOE MHOZXKECTBO MOYKET OBITH «DOJIBIEY JIPyro-
ro. Mul BBesIEM onpejeieHHe OJHOM KOHKPeTHOH MomrHocTd. MHOXKecTBa TaKO# MOIMHOCTH
HA3bIBAIOTCA cuémunmu. HedopMaabHo roBops, cC46THOE MHOXKECTBO — 3TO TO MHOXKECTBO,
KOTOpOe MOYKHO TlepeHyMepoBaTh HaTYpadbHBIMU duciamu. PopMaabHO

e MuoxkecTBo X Ha3bLIBAETCHA CHYEMHBIM, €CIU CYIIECTBYeT OUeKIus MexK 1y X W MHOXKe-
crBoM N BcexX HATYypaJIbHBIX YUCE].

BakuabiMu mpuMepaMu CYETHBIX MHOYKECTB ABJISIOTCS CJIEYIONIHe MHOZKECTBA!

IIpumep 2.2. MuoxKecTBa HeJIBIX YHCe] Z U palHOHAIBHBIX dnces (Q caéTHHL.

Yupaxkuaenue 2.14. [locmpotime buexuyuu:

a) meorcdy mmoocecmeamu 7 u N;

6) meotcdy mmoocecmseamu N x N u N.

CHéTHBIM MHOYXKECTBAM MIPUCYTIL PsIJ BAKHBIX CBONCTB. [lepedncyium HEKOTODBIE U3 HUX.
Teopema 2.4. Bceaxoe noOMHONCECMBO CHEMHO20 MHOHCECMBO KOHEYHO UAU CUEMHO.
Teopema 2.5. Ob6sedunerue KOHEUH020 UAU CHEMHO20 YUCAAL CHEMHBLT MHONCECME CHEMHO.
Ecau A u B — cuémmvie mnosrcecmea, mo A X B — mootce cuémmoe MHoHCeCmso.

KitoueBbiM (paKTOM, HCIIOIB3YIOIMIMMCS B JIOKA3ATEILCTBE TEOPEMbI ABJIAETCSA MPUH-
U MEHUMAJIBHOTO JIeMeHTa (CM. pas3jien . Teopema JIOKa3bIBAETCS HETOCPECTBEH-
HO, KOHCTPYKTHBHBIM HOCTPOEHHEM OMEKIHil.

Yupaxkuenue 2.15. Véedumeco, wmo meopemui 2.4 u[2.5 enpasedausoL.
VYupaxkuaenue 2.16. Ilokascume, wmo mHoccecmeo payuonasvholr wuces Q cuémmuo.
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2.9. HECYETHBIE MHOXKECTBA: P(N) U ITIOCJEJOBATE/JIBHOCTHA U3 0 11 1.
KAHTOPOB JUATOHAJILHBIN TTPOIECC.

Caedyrowgue pazdeavt asasomesn donosnumervhomu. K num cmoum nepexodumsv nocie
YBEPEHHO20 OCBOEHUA BCET NPEvOYULUL.

[Iycte A — MHOXKECTBO.

e Paccmorpum mnooicecmso P(A) ecex nodmmoscecme MuokecTBa A.

CymecrBoBanne muozkectBa P(A) daxkruaecku siBisiercs: akcunomoii. VlHoraa ero 0603ua-
garorT Kax 24, Tak Kak eciu A cocrout m3 n 3mementon, To P(A) cocronT m3 2" 31€MEHTOB.

Yupaxkuenue 2.17. [Ipusedume npumep mmoscecmea A us mpéx sremenmos, 0aa Komo-
pozo A C P(A).

Teopema 2.6. Mnoocecmeo P(N) ecex noommoscecme mmoocecmea N necuémmno.
HoxkazarenabcTBo. [npusegéunoe B teknuu| [Tycrs f: N — P(N) — 6ueknusa. Pacemorpum
nogmuokectBo A = {n € N|n ¢ f(n)} C N. JHonycrum, A = f(m). Cupocum, BepHO Jiu,
aro m € A. He cmoxkem orseruts vu JIA, am HET. [J

Ceityac Mbl paCCMOTPUM AJbTEPHATHBHOE JI0KA3ATEIbCTBO, I KOTOPOr0 HAM OTPeOy-
eTcsd CJIeyIoNas TeoepeMa

Teopema 2.7. [Kaarop] Mroscecmeo beckoneunnr nocaedosamesvrocmeti wyaeti u edu-
HUY, HECUEMHO.

HokazarenbcTBo. IIpoBesem nokazaTebCTBO OT HMPOTHBHOTO: MYCTh OHO CYETHO, TOTJA
BCE ero 3JIeMeHTHI (MOCJIeI0BATeIbHOCTH) MOYKHO TPOHYMEPOBATH HATYPAJLHBIME YHCIAMH.
O603HAYIM N-HYIO TTOCJIEI0BATEIBHOCTD KaK (ayi), @ € N, smementsr a,; € {0,1}. Banmumem
3TH HOCJIe0BATeIbHOCTH OJHA HOJ APYTroil B BUJe TaOJIUIIBL:

(Clu) o ain; a1z as
(Clzz‘) - Q21 Qo2 Q23
<a3i) . az1 G322 A3z

PacemorpuM «IuaroHabHyIO» IOCIEI0BATEJIBHOCTD B 9TOW TaOJHUIE, TO €CTh MOCIeI0Ba-
TeJLHOCTD

(11A220330A44055 - - . .

3aMeHnM B 3TO#l MOC/IeI0BATETLHOCTH KayKABIH 3JIEMEHT Ha «IIPOTHBOIMOJIOKHBINS, TO €CTh
0 wa 1 n Haobopot. [losrydaeHHast OCeI0BATEIBHOCTD SIBJISIETCS MTOC/IE10BATE/IHHOCTHIO HY-
Jiell ¥ eJIMHUI], TAKUM 00Pa30M OHA JOJI2KHA IPUHAIEKATH HAIIEMY HCXOJHOMY MHOYKECTBY.
Ho eé mer B Tabaunile mocjieqoBaTeIbHOCTEH, TaK KaK OHA OTJIMYAETCs OT JI000il mocie oBa-
TeJIbHOCTHU (ay;) B M- nosuiuu. [IporuBopedne. Ciie0BaTe/ibHO, MHOKECTBO GECKOHEUHBIX
10CJ/Ie/I0BaTe/IbHOCTEH HYJ/Iel U eMHUI] HeCIETHO. []

Temnepn, moab3ysck Teopemoit Kantopa, Mbl MOXKeM J0Ka3aTh HECUYETHOCTH MHOMKECTBA
MOJIMHOZKECTB HATYPAJIbHBIX dnces1. /s 9Toro Ham HeoOXOIMMO ITOCTPOUTH OUEKITUIO MerK-
JIy TOJMHOXKeCTBaMHM MHOXKeCTBa HATYPAJIbHBIX UHUCE] W IMOCTIeIOBATETHHOCTIMI W3 HyJlett
U eIMHHIL.

26



MHo>kecTBa 1 OTOOpaKeHUs Mardak: npeaucioBue

YrBepxkaenne 2.8. Cyuecmeyem buekuyus medHcdy nodMHONCECNEAMY MHOIHCECNEA HG-
MYPAAOHBLT YUCEA U NOCALIOBAMEADHOCTIAMY, U3 HYAET U eOUHUY.
HokazareabcTBo. [logMuo)kecTBO MBI Oy/1eM KOJUPOBATH CJAEIYIONIAM 00pPAa30M: Ha 1-TOM
MecTe B MOC/Ie0BATETbHOCTA MBI CTABUM 1, €CJIU ¢ MPUHAICKAT JAHHOMY HOAMHOMKECTBY,
u 0, ec;iu He MPUHAJJIEKUT. DTO COOTBETCTBHUE B3aMMHO-OJTHO3HATHO. []

HToro, MHOXKECTBO BCEX MOAMHOYKECTB MHOYKECTBA HATYPATBHBIX TUCET HECUETHO.

2.10. [TAPATOKCBI TEOPUUN MHOYKECTB.

[Toyemy Tak BakKHa aKCHOMATHKA, YIIOMSHYTas B IpeaplayineM paszgene? OKa3bpIBaeTCs,
e€ OTCYTCTBHE IPUBOIHUT K MapaIoKcaM, IIPUMePhl KOTOPBIX MBI CeiiTac pacCMOTPHM.

Iapadoke (Paccea-Ilepmeno): BonbImHCTBO «<HOPMATBHBIX» MHOKECTB He SIBJISTIOTCSI COO-
crBeHHBIME 31eMenTamu. CkaxkeM, 910 X obwvunoe, ecom X ¢ X, u empannoe, ecin X € X.
PaccMoTpuM MHOXKECTBO Beex oObIaHbIX MHOXKecTB U = {z | x ¢ z}. Cnpocum, BepHO Jiu,
aro U € U. Ecau ma, ro U crpannoe, no torma 1o onpenesiennto U ¢ U. Ecau mer, o U
obObIuHOE, HO Toraa 1o oupenenenuw U € U.

Boobiie, paccMOTpeHne MHOMCECTBA 8CEL MHOMCECTME TIPUBOIUT K IapajgokcaM. Hampu-
Mep, U3 HEro MOKHO OBLIO OBl BBIJIEJIUTH MHOXKECTBO U B Ka4eCTBe IIOIMHOMKECTBA.

Paccvorpennbiit napaoKe CBsI3aH C SIBJICHUEM (8MOPEPEPEHMHOCINU, TO €CTh CUTYAINH,
KODJa ONHMCAHNe HEKOTOPOro O0OBEKTa CChLIAETCS Ha caM 3TOT 00beKT. COBpeMeHHBIH MOJI-
X0/l K TEOPUHU MHOXKECTB BKJIIOYAET B ce0d MONBITKY n30ekarh aBTOpedepeHTHOCTH UMEHHO
barogapst aKCHOMAaTHKe.

e CaMblif H3BECTHBIN MAPaJOKC, OCHOBAHHBINA HA 9TOM IPUHIIAIIE — 3TO NAPAOOKC AHCEUA:

[IycTs venoBek ropoput « arys». MoxkeT u maHHOE yTBep:KIeHHe OBITH MPaBIONH MK
JIOXKBIO?!

e /Ipyras 06EépTKa TOro ke mapagokca — 3T0 napadokc bpadobpes:

bpanobpeit BoiBemuBaeT oObaABIeHHE: «Bpeio Bcex TexX M TOJIBKO TeX, KTO He Opeercs
cam». Hy:xHO0 sim emy 6GpuTbhbes camomy? OTBeT Ha ITaHHBIM BOIPOC HEBO3MOXKHO HOJIYUIUTh.

Saxarouenue: OTIacT 11 TOTO, 9TO0BI M30eKaTh MOJOOHBIX MMAPaI0KCOB, HO, 9TO 0O-
Jiee BazKHO, LITO6I>I YCTaHOBUTH YeTKUE IIpaBuJjia, MaTeMaTUKHN CTOAT TEOPHUIO MHO2KECTB Ha
9ETKUX JIOTHIECKHX OCHOBAHUIX M AKCHOMAaX TEOPHUU MHOXKeCTB. Pa3b0op 3THX aKCHOM sIB-
JISIeTCS MaTepHaJIOM s GoJiee IOJHOTO Kypca, B JaHHBIX MaTepHaaaX ObLIH YIOMSIHYTHI
JIAIIB HEKOTOphIe U3 HUX. Ho [/ moc/Ie IyIonero n3ydeHns BayKHO IIOHUMATDh, 9TO YIOMSI-
HYTbI€ aKCUOMbDI ABJIAIOTCA UMEHHO aKCHOMaMH, Ha KOTOPBLIX B TOM YUCJIC U CTPOUTCA BCA
pazobpaHHasi 3/1eCb TEOPUS.

2.11. JINUTEPATYPA /I JAJBHEWIIETO U3VUEHUS

e Bepewgaeun H.K., Illenv A., Jleknum 10 MaTreMaTHdeCKOil JOTHKE U TEOPHH AJITOPUT-
moB. Hacte 1. Hagana teopun muoxkects (4-e uzmanne) — Mocksa, MITHMO, 2012.
e Busaenxun H. 5., «Pacckasbr 0 MHOKecTBax»| (3-e mznanue) — Mocksa, MITHMO, 2005.
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MHO>KECTBA 11 OTOBPAYKEHNS

3agaun ceMUHAPOB

2.1. IloHaTNS MHOXKECTBA W 3JIEMEHTA, CIIOCOOBI 33/ JaHNS MHOXKECTB

Bamaua 2.1. (C) a) Crapeiimmuii MaTeMaTHK Cpejii MIAXMATHCTOB U CTAPEHITiil MmaxMaTHCT
CpeJli MaTeMATHKOB — 3TO OJIMH HJIM TOT 7Ke YeJJOBEK MM (BO3MOYKHO) pasHbie?

6) Jlydmuii MaTeMaTHK CpeId MAXMATHCTOB W JIYUIIHHA [MIAXMATHCT CPeJd MaTeMaTH-
KOB — 3TO OJIUH WJIM TOT YK€ YeJIOBEK WU (BO3MOXKHO) pasHble?

B) Kaxkaplii jgecstoiii MaTeMaTuK — MAXMATHCT, & KazK/Iblil MIeCTO MaxMaTuCT — Mare-
MaTHK. IKoro 6o/bie — MaTeMaTHKOB WIN IMIaXMaTHCTOB — U BO CKOJIBKO pa3’

2.2. Ilondarmne moaAMHOXKECTBa, KPUTEPHii paBEHCTBA MHOXKECTB

Bamaua 2.2. (C) BepHo 11, 970 MHOKECTBO JIETAIONIUX KPOKOMJIOB SIBJISIETCS TIOIMHOKE-
CTBOM MHOKeCTBa OOTHHKOB Ha JeByIo HOry! OOOCHYyiiTe OTBeT.

Bamaua 2.3. (C) Moxker au rakoe 6biTh, uro A C B u onHoBpementno A € B Tlpuseure
npuMep njin JAO0KazKUTe HEBO3MOXKHOCTD.

2.3. Omeparuu HaJO MHOXKeCTBaMH: 00'be/IMHEeHNeE, IepecevyeHne, pas-
HOCTb, JIEKApPTOBO MPOU3BEEHIE

Bamaua 2.4. (T) Tlycrs A = {57,91,179,239}, B = {91,239, 2014}, C' = {2, 57,239, 2014},
D = {2,91,2014,2017} Haiigure cienyoliue MHOKECTBA:
a) AU B,
6) AN B,
B) (AN B)UD,
) CN(DNB),
o) (AnB)uU(CND),
e) (Au(BNC))ND,
x) (CNA)U((AUu(CND))nB),
3) (AU B)\(C N D),
n) A\(B\(C\D)),
K) ((A\(BUD))\C)U B.
Bagaga 2.5. (T) U3 kakux sjgeMenToB cocroar caeaytomme MHoxecrBa: {0,1} x {9},
0,1} x {0,1}, @ x @, {5,7} x {1,3,17}, {16,41} x &7
Baga4a 2.6. (C) Hokaxure, aro s jgiodbix Muoxkects A, B, C' BBIIOJHSETCST PABEHCTBO

(ANB)\C = (A\C)NB.
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Bagaua 2.7. CymecrBytor jqu takue muoxkectBa A, B, C, iy KOTOPBIX OJHOBPEMEHHO
BBITIOJTHSLIACH Obl paBeHcTBa AN B # &, ANC = @, (AN B)\ C = &7 llpuseaure npumep
WJIH JIOKAYKUTE, 9TO TAKUX MHOYKECTB HE CYIIECTBYeT.

Sagaua 2.8. O6o3na4nM
e uepe3 A MHOXKecTBO Beex menblx dncen or 0 go 20;
® Yepes B MHOZKECTBO BCEX JABY3HaAYHBIX YHCEJI,;
e uepe3 ' MHOZKECTBO BCEX YETHBIX UHCET;
e uyepe3 [) MHOXKECTBO BCEX IPOCTHIX YUCEJI.

Boimumure Bee smementsl Muokectsa AN (B\ (C'U D)).

2.4. buHapHble OTHOIIIEHUS, OTHOIIIeHEe YKBUBAJIEHTHOCTH

Bamaua 2.9. (C) BrimosHeHb! 1 CBOHCTBa pedbIeKCUBHOCTH, CAMMETPUIHOCTH U TPAH3H-
TUBHOCTH JIJIsl CICAYIOIAX OTHOIICHMIL:

a) T ~ Y, eCJU T U Y [B3AUMHO IIPOCThI, HA MHOYKECTBE HEJIbIX Ynces Z;

6) x ~y, ecn 10(z — y) € Z, Ha MHOKeCTBe pannoHagbHbIX dncen Q;

B) T ~ y, eciid 22 + y? paloHaJbHO, HA MHOKeCTBe JeficTBUTeIbHBIX Ynces R?
sIBasieTcd M KazKJ0e U3 PACCMOTPEHHBIX OTHOINEHUI OTHONICHHEM SKBHBAJICHTHOCTH?

3amaua 2.10. dAsnasgerca m oTHONIeHNEe © < Y HA MHOYKECTBE BCEX JIEHCTBUTEHHBIX YUCEST
OTHOIIEHHEM YKBHBaJIEHTHOCTH! OObACHUTE OTBET.

Bamaga 2.11. Tlocrpoiite 6unaproe ornomenne C' Ha 3-371eMeHTHOM MHOXKecTBe {T,%, 2}
takoe, 9T0 C' pedIeKCUBHO U CUMMETPUYIHO, HO HE TPAH3UTHUBHO.

Bagauya 2.12. CKOJIBKO BCEr0 Pa3jUYHbIX OTHOIIEHUN SKBUBAJEHTHOCTH HA MHOYXKECTBE U3
ST 9JIEeMEHTOB?

2.5. Ilorarua orobpakenus, GyHKIUN u X rpadpuka

Bamaua 2.13. (C) MuoxkecrBo A cocrout u3 n > () 37eMEHTOB, a MHOXKECTBO B COCTOUT
u3 m > 0 asemenToB. Haiiaure KoamdecTtBo orobpaxkennit u3z A B B.

2.6. NImbeknusi, CIOPbEKIUA M OMEKINs; 00pa3bl 1 MPooOpa3bl

Bamaua 2.14. (T) Vkaxunre Bce Oueknun u3 muoxecrsa {1,2,3} B cebs.
Bamaua 2.15. [Tocrpoiite Gueknuio Mex 1y MHoxkecTBamu (A X B) x Cu A x (B x C).

Bamaga 2.16. (C) MuoxkecTBo A COCTOMT U3 G 7E€MEHTOB, & MHOXKeCTBO B — u3 b aJe-
MeHTOB. [Ipu Kakux cooTHOIIEeHUsX HA @ U b cymecTByeT uabekius u3 A B B? Copbekius?
Bueknua? Croporo obocHy#iTe OTBETHI.
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Bagaua 2.17. Moxer Jjin jjis HekoToporo orobpaxkenus f : X — Y u HEKOTOpBIX 1O/I-
muO)KecTB A, B C X 6bITh Tak, uro AN B = &, Ho npu arom f(A) = f(B)? Jdokaxure
HEBO3MOYKHOCTD WJIU MPUBEIUTE TIPUMEP.

Bamaua 2.18. (C) Ilycrs f: X — Y — orobpaxenune, A, B C X. Beeria s Bepno, 4to
a) ecn f(A) C f(B), 10 A C B,
6) F(ANB) = f(A) 1 (B),
B) f(AUB) = f(A)U f(B),
D) A= F{f(A)?
Jluist KazKJ10ro yHKTa JOKaXKUTe WId HPUBEIUTEe KOHTPIIPUMED.

3amaua 2.19. llycts f: X — Y — orobpaxkenune, C, D C Y. Beerna jin BepHO, 4TO
a) f7H(CND)=fHC)N fHD),
6) f7{(CuD)=fC)uU fHD),
B) f~H(C\ D)= fHC)\ fH(D),
r) C = f(f~H(O)?

i KaK10ro MyHKTa JOKAXKUTe MW IPUBeNTe KOHTPIPUMED.

2.7. Komrmo3uitug orobpakenmuii u ooparnmMbie 0TOOparkeHus

Bamaua 2.20. (C) Ilycts f: X - Y ug:Y — Z — orobpaxkenusi, a C' C Z — HEKOTOPOe
noaMuozKecTso. Beerja s sepuo, uro (go f) 71 (C) = f~1(g7(C))? Crporo obocuyiire orser.

Bagaua 2.21. Orobpazxkenue f : R — R ompenenserca dopmynoit f(x) = 22 Haiigure
obpas f(R), a Takzke mosmbIi mpoobpas f~1(x) mid Kaxaoi Toukn T € R.

Bamaua 2.22. (C) Jokaxkure, 9410 caeyoiiee cBoiicTBo orobpaykenust f : X — Y sksu-
BaJIEHTHO OMEKTUBHOCTH: CyIlecTByeT oTobpaxkenue ¢g : Y — X co cBoiicrBamu g o f = idy,
fog=idy.

Bagaga 2.23. B nenouke oroopaxkennit A — B — (' mepBoe CIOpBEKTHBHO, a BTOPOe He
HHDbEKTUBHO. BepHO Jii, 9T0 UX KOMIIO3UIHUs clopbeKTnpHa? He mHbekTHBHAT

Bamaua 2.24. (T) Ilycre orobpaxenuss f: R — R u g : R — R 3amausr dopmytamu
f(z) = —z u g(x) = x 4+ 1 coorBercrBenno. Haiiure fogu go f.

Bamaua 2.25. [Tycrs f : R — R — orobpaskenue, 3aganuoe dbopmy.ioit f(z) = 2z Haiigure
KOMIO3UTHIO f° (KOMIO3UIUIO 1 KOMHii oTobpazkenus f).

Bagaua 2.26. [Iycte A — KOHEYHOE MHOXKECTBO.

a) Jlokaxkure, uro mias jgoboro orobpaxkenus f : A — A Haiiayrcs pasaudHble HATy-
pajbHbIe YuCIa M U N Takue, 9ro urepanun o u f coBmagaior.

6) Hokazkure, ato ajs oboit Gueknnu f : A — A HaliiéTcs Takoe HATYPATbHOE YUCIIO N,
g Kotoporo [ =idy4.
Samaua 2.27. [Ipu Kakux ycJa0BHULAX HA JIeHCTBUTEIbHBIE ducaa a,b, ¢ € R orobpaxkenne
f: R — R, zagannoe dopmynoit f(x) = az? + bx + ¢ asngerca unbexnueii? Ciopbexiueii?
bureknneit?
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2.8. PaBHOMONIHBIE MHOXKECTBA, CHETHBIE MHOYKECTBA M WX CBONCTBA

Bamaua 2.28. (C) IIpo kaxK/ple JBa U3 CJEIYIONUX MHOKECTB BBISICHUTE, CYIIECTBYET JId
MEZK/y HUMU 6I/IeKI_[I/IHZ

1. MHOXKecTBO HaTypaJbHBIX ynces N;
2. MHOXKeCTBO YETHBIX HATYPAJHHBIX UHCE;
3. MHOYKEeCTBO HaTypaJIbHBIX 4HceJs 0e3 yucaa 3;

4. MHOXKECTBO IIeJIBIX YHCeJa Z.

Bamaua 2.29. [locTpoiite Oueknuio Mexay MHoxKecTBOM N X N 1 MHOXKeCTBOM BCex TOJIO-
ZKHUTEJIbHBIX YHCEJI, KOTOPblE OCJATCA Ha 2 141 3 U HE JeJIATCAd Ha APYyrue IpocTbie YHUCJia.

2.9. /lomosHUTEJIbHBIE 3a4aY91: MHOX>KECTBO BCEX ITOJIMHOXKECTB

Bagaua 2.30. /g m006erx MHOKECTB A, B npoBepbTe, BEPHO JI PABEHCTBO

a) P(ANB) =P(A)NP(B),

6) P(A\ B) =P(A)\ P(B).
Kaxk u Borte, uepe3 P(A) o6o3HATACTCS MHOKECTBO BCEX TMOAMHOYKECTB MHOXKecTBa A.
Bamaua 2.31. /Ing kakux MHOxkecTB A, B Boinosineno paseactso P(AUB) = P(A) x P(B)?
Ctporo obocHyiiTe OTBeT.
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MATEMATUYECKAST UHYVKIIVS

Teopernueckuii MmarepuaJi

3.1. ITPUHIIUTI MUHUMAJILHOT'O STEMEHTA

Mpl mpuHIMaeM 3a aKCHOMY CJeyIolliee YTBEPZKIeHHe, HA3bIBAEMOE NPUHUUNOM MU-
HUMAABHO20 AeMEeHMA: KayKI0e HEellyCToe MOAMHOYKeCTBO MHOYKeCTBAa HATyPAJIbHBIX YHCeI
(B TOM uncJie, GeCKOHEYHOE) UMEET MUHUMAJIBHBIH SJIEMEHT.

Sameuanmne. beckoneunoe IIOAMHOZ2KECTBO MHOXKECTBaA HATYPaJIbHbIX YHCEJ]I HE UMEET MaK-
CHMaJILHOT'O dJIEMEHTa.

ITpumep 3.1. [logmuoxkectBo S C N, cocrosiinee U3 4ETHBIX YHCEJ, UMEET MUHUMAJIbHDBIN
3JIEMEHT — 3TO 2.

3.2. METO/J MATEMATUYECKON NUHAYKIIUNA

MeToa MaTeMaTHIecKO# MHIYKINKA, KOTOPOMY IMOCBSIIEH 9TOT pa3ies, OUYeHb IOJIe3eH
JUIST TOKA3aTeIbCTBA PA3JINIHBIX PE3YIHTATOB U SIBISETCS CIeICTBHEM MPUHIINIIA MIHIMAIb-
HOTO 3j1eMeHTa. ITO MbI JOKa3bIBAEM 0 WHILYKIIHH !

VTBep:KIeHne, CoAepKaIee mapaMeTp 1, KOTOPLIii MOYKeT MPUHIMATD J00bIe HATY PaIhb-
Hble 3HadeHud. JInbo yTBepKaeHns, KOTOpble N3HAYaJIbHO BBIIVISIAT HE TaK, HO MOI'YT OBITH
nepedOpMyIUpPOBAHb TAKHUM 00Pa30M.

IIpumep 3.2. Ilpu s11060M HATypasbHOM 7 > 4 BBHIIOJHEHO HepaBeHCTBO 27 > n?.
IIpumep 3.3. Yucso, gecarnynas 3aMuch KOTOPOTO COCTOUT U3 3" eJIMHUIL, JeJJUTcd Ha 3".

IIpumep 3.4. [lycTh Ha Bcex CTOPOHAX W AUATOHAIAX MHOTOYTOJbHUKA PACCTABIECHBI CTPEI-
ku. Torma Haiinérca BepiimHa, U3 KOTOPOH MOXKHO J00paThcs 0 JitoOoit apyroii, ABUTasch
110 CTPEJIKAM.

WNraxk, nupocreiiiias cxema MeT0/la MaTEeMaTUYECKON MH/LyKIIMU TAKOBA.

e basa undykyuu: TOKa3bIBAEM IEPBOE YTBEP:KICHHUE U3 MOC/IeI0BATETLHOCTH.

o Mnoyxuyuonnsili neperod: MOKA3bIBA€M, UTO KayKI0€ W3 STHX YTBEPKICHUN ABIACTCH
CJIeJICTBUEM ITTPEJIBIIYIIETO.
[Tocsie sToro, 4To6HI YOETUTHCS B CIIPABEIIUBOCTH KaK/IOI'0 M3 YTBEPXKJICHHUHN, JTOCTATOTHO
COCJIAThCS Ha MPUHIUAI MEHUMAJIBHOTO d71eMeHTa. Bosee cTporo 3To dpopMyaupyercs: Tax.

Teopema 3.1. Ilfycmv umeemes nocaedosamenvrocms ymeepotcdenuti Ay, A, As, ..., npo-
HYMEPOBAHHAA HAMYPAAOHBLMU YUCAAGMU, MAKAH, MO

e ymeepocdenue Ay ucmunno,

e daa mobozo k € N us ucmunnocmu ymeeporcdenus Ay caedyem ucmunHocms ymeep-
orcderun Agiq.
Tozda sce ymeeporcdenua Ay, As, As, ... ucmunmoL.
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HoxkazarenabcTBo. B muoxkecrse {A;, Ao, Az ...} paccmorpum noamuozkecrso M, cocrosi-
Iee U3 JIOXKHbIX yTBepKAeHnil. [Ipeanooxkum, 9To oHO HemycTo. Toraa mo NpuHIUIY MUHH-
MaJIbHOTO 3JIEMEeHTa, HaiiIéTcst JIoKHOe yTBep:xKaeHne Ay € M, ungekc k KOTOpOro MUHUMAa-
qen. fcno, 9ro k # 1, HOCKOJIBKY yTBep2Kjaenue A; HCTUHHO 110 yCJIOBHUIO. Y TBepKIeHue Ap 4
B TAKOM CJIyYae sIBJISETCs HCTHHHBIM (B caMoM jiesie, Ay — JIOXKHOe YTBepK/IeHHe ¢ MUHU-
MAJIbHBIM MHJIEKCOM, 3HAYHT, BCE YTBEPKICHUS ¢ MEHBINUMU MHICKCAMH UCTHHHBI). Ho mo
YCJIOBHIO M3 UCTUHHOCTU Ap_1 CJIeyeT HCTHHHOCTD Ay, mosromy M = &, uro u TpeboBaaoch
noKa3aTh. [

Ha npaxkruke Hymepalus yTBEpPKJIEHHI 4acTO HAYUHAETCH HE € €JUMHUIIbI, KAK MOYXKHO
BUJETh, CKazkeM, B IIpuMepe [3.2] oguako MeTo NPHHININAIBLHO HE MEHSETCH — M3MEeHeHHsI,
KOTODBIE HYZKHO CJEJIATh B JIOKA3aTeJbCTBE, OUYEeBHIHBI.

Yupaxkuenue 3.1. Jlokasicume ymeeporcdenus u3 npumepos u UCNOABIYA
MEMO0 MAMEMAMUNECKOT UHOYKUUU.

3.3. PA3BBOP BA3OBHIX [IPUMEPOB

Jlng Havajia BepHeMCs K IPpUMEPaM M3 MPEJIbIIYIIero pa3/ea.

IIpumep ITpu 1060M HATYpaJIbLHOM 7 > 4 BBIIOJHEHO HepaBeHCTBo 2% > n2.

» lltak, yTeep:Kaenne A, 3BYIHT cIeYIONEM o0pazoM: 27 > n?. DTo KaK pas3 TOT caydai,
KOIJ/Ia HyMepalis HAYNHAETCA He ¢ eJMHUIIBI, 8 UMEHHO, 6233 WHIYKIHH JOKA3BIBACTCS JIJIsI
n = 5. YrBepxkaenne A; oueBumno: 32 > 25. Ocramoch HAYIUTHCS BBIBOAUTH HEPABEHCTBO
2"t > (np + 1)? u3 mepasencrsa 2" > n’. JTo mesaercs Tak:

2" >n? = 2" s op? > (n+1)2

[Toc/teTHEEe HEPABEHCTBO CBOIUTCS K n2 > 2n + 1, 9T0 OYeBUIHO IIpu N > 2. <
?

ITpumep Yucio, gecarnynagd 3anuch KOTOPOro COCTOUT u3 3" eJUHMUIL, JIeuTcd Ha 3.
» ChopMmyaupyemM UCKOMOE YTBEPZKIAEHHE KaK 3a1a49y O MOCJAeI0BATEILHOCTAX. Y TBEPIK/Ie-
Hue A, Oyner 3BydaTh CIeAYIOMMM 00pA30M: WeH MOCJeI0BaTeIbHOCTH T, = 11...11 (co-
crostiuit u3 3" enunuI) geautcs Ha 3", Baza waayknuu sicia: 111 = 3 37. [luas Toro 91o6sl
BBIBECTH MMILIAKAIUIO, VIOOHO TEPeiTH K pexyppeHmmomy 3a0aruio nociedosamenrvHocmi
(BBIpazkaeM WeH MOCJIe0BATEIbHOCTH 9€Pe3 MPe bl Iy IIHe):

Tp1 = T + Ty - 10" + 1, - 10%" = 2, (1 + 10" + 10°").

[TockosibKY BBIpazkeHne B CKOOKaX JeuTCs Ha 3 (HAIPUMED, B CUJIy COOTBETCTBYIOIIETO MPHU-
3HAKA JIEJIMMOCTH, CM. yTBepzKaeHue [4.3)) MMIUIMKAIMIO MOKHO CYMTAThH JOKA3AHHON: KaXkK-
JABbIH Y9JIeH IOCJeJOBATEIBHOCTA COINCPZKUT B DA3JIOKCHUHA HA MHOXKWTEJH HA OJHY TPOUKY
DobITIe, YeM TPeJbIYIIANA. «

Bameuanue. 1) U3 npuBes8HHOrO yTBEPK/IEHUSA CCBHUIKY Ha TPHHIAI MaTeMATHYECKON
UHIYKIME MOXKHO U yOparh. B camom Jesie, epBbIi 9jI€H MOCIEI0BATE/THBHOCTH COJNCPAKHUT
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B Pa3J/I0KEHUU OJIHY TPOHKY, & KarxK bl CJIelyI0luil Ha OJHY TPOUKY Oouibiie. [Toaromy wien
¢ HOMepoM N cofepkuT 1 + (n — 1) = n Tpoek. D10 — TUNUIHBIH MpUMED 3aJa49H, B KO-
TOPO#i CCHIIKA HA TMPUHIUI MATEMATHIeCKONH WHIYKIUU MOYKET ObITh 3aMEeHEeHA aKKyPaTHO
IPOBEIEHHBIM CyMMUDOBAHHEM.

2) B 3TOM pelieHnr Mbl ¢JIeJajid JOBOJIBHO CTPAHHYIO HA TEPBBIH B3I BEIlb: Mepe-
ILIH OT 3aJaHusl TOCIe0BaTeILHOCTH 001met hopMynoit K pexyppenmnoli (BbIpazkawored
qJIeH MOCJIeI0BATEIBHOCTH depes3 npe bl ayiuii). Kazanock Obl, obmas dopmyma jydiie, HO
B 33/1a9aX HA WHIYKIUIO neperod x pekyppenmmoti Gopmyie OIeHb 9aCTO TOMOTAET.

ITpumep [3.4] Tlycrb Ha BCeX CTOPOHAX M JMAIOHAJISIX MHOTOYIOJIbHUKA PACCTABJIEHbI CTDEJI-
ku. Torya HaligéTcst BepiinHa, U3 KOTOPOH MOXKHO 100paTheCs JI0 JIt0OOI Apyroii, JBUTASICH
O CTPeTKaM.

» byieMm Ha3biBaTh BEpINHHY, U3 KOTOPOil MOXKHO J00paThcd JI0 JIIODOH JIPYTOi, kopHeMm.
Torma yreep:Kmenume A, 0O3Ha4YaeT, YTO s JIOO0H KOH(MUIYpaIuu CTPEIOK Ha CTOPOHAX
U IUArOHAJIIX N-YTOJbHUKA HalIéTCa KOopeHb. B 3ToM mpuMepe HyMepalus HaduHaeTcs He
C eIMHHUIBI, & ¢ N = 3. YTBepKaeHne As JerkKo M0Ka3bIBACTC: JIMOO HARIETCA BePIINHA, U3
KOTODOIi BBIXOJUT JIBE CTPEJIKU (M TOTa OHA SBJSETCST KOPDHEM ), MO0 M3 KazK0# BEePITHHBI
BBIXOJIUT OJIHA CTPEJIKA, & KOHMDUTYPAIUs SABJSIeTCSI MUKJIOM (TOrIa B Ka9eCcTBe KOPHS MOYKHO
B34Th JIOOYI0 BepiuHy ). JlokaxkeMm uMrmakaiuio Ay — Ay, 1. VITak, Mbl yMeeM HCKATh HY K-
HYIO BEPIIHHY Ha CTOPOHAX M BEePIIMHAX JIOOOTO N-YyTOJbHUKA CO CTPEJIKAME, a HaM HY2KHO
caenarb 1o ke camoe i (n + 1)-yroapauka. Yro xke caenarb? YOepéM MbICJIEHHO OJHY
13 BEPIINH BMECTE CO BCEMH BXOJIAIIMMH B HEE W BBIXOJAIIMMH U3 HeE cTpejkamMu. loraa
B MOJIYYMBIIEMCST N-YTOJbHUKE MCKATh KOPeHb Mbl yMeeM. Temepb BeromunM 00 (n + 1)-oit
BepmuHe. Eciim cTpenka u3 KOpHS BeJET B Heé, TO BCE IpeKpacHo. Ecun XKe cTpeliKa BeJIeT U3
Heé B KOPEHb, TO 3Ty MOCJEeTHIO BEPIINHY B HY?KHO OObIBUTH KOPHEM BMECTO HMEIOIIErocs
KOpHs. <

Sameuanme. ToJbKO YTO TPOJIEJaHHBIA HAMHA ITPUEM OOBIYHO HA3BIBAIOT TEPMUHOM CNYCK.
YOpaB 0JIUH U3 3J1eMEHTOB CUCTEMBI, MBI TIOJIyYaeM CHCTEMY C MEHBITUM YHCJIOM IIapaMeTpPOB,
TO €CTh IOIIaJIaeM B y2Ke u3ydenuyto curyamnuio. Ho kakoit nmMeHHO 3jieMeHT yOuparh, 4TO0bI
MOZKHO OBLIIO OJIATOTIOIY9HO BEPHY ThCS HA3a! B mpenplayieii 3a/1ade 310 ObLIO HEBAYKHO, HO
qacTo 6€3 MPaBUJILHOIO BEIOOPA TAKOTO MapaMeTpa yHPOIIEeHNT WHIYKIIMOHHOE PACCY K IeHIe
MPOBECTH HEBO3MOKHO. [IpeKpacHbBIM mTpuMepoM gBdeTcd caeayionas 3a1a9a.

ITpumep 3.5. Hekoropbie HaceJ6HHBIE TYHKTHI COEJIMHEHBI JOPOTAMH C JIBYCTOPOHHUM JBH-
xenueM. [Ipm 3TOM M3 KazKJ0ro ropojia 1Mo J0poraMm MOXKHO J0eXaTh JI0 JII00O0ro JIpyroro
U HU B KaKOI TOpoJ HeJIb3sd BEPHYTBHCd, He pas3BopadmBasich. /[oKaxKuTe, 4TO YHUCIO JOPOT
Ha 1 MeHbIIe YHcJIa TOPOIOB.

» lljes penienusi 3aK/JI04a€TCd B TOM, 4TOObI yOUpaTh HE COBCEM YK IPOU3BOJILHBIN T0-
PO, & TOT, KOTOPBIHt HAXOAUTCS «C Kpaiy. OCTajgoch MOHATH, 9TO TO 3HAYUT U MOIEMY
«KpaHuiiy» ropoj BCerja ecTh. <«

Yupaxkuenue 3.2. Jlosedume pewenue 3adauu u3 npumepa [3.5 do xonua.
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3.4. HECTAHOAPTHBIE UHIYKTUBHBIE CXEMBI

B mekoTopwix 3asa4ax mpocreifiras cxeMa MaTeMaTHYeCKON MHYKITUN HEe TPOXOJIUT U €€
npuxoauTcsa MOAuGUIupoBaThb. OOBYHO 3TO HE MPUBOIAUT K CYIECTBEHHBIM JOMOJTHUTE -
HBIM CJIOZKHOCTSIM, HO OBITh TOTOBBIM K TaKOIl CUTYAIlMH HAJO.

IMpumep 3.6. Huoyxuus om ecexr menvbwuxr 3HaveHud.

e 3amaqda. Yucao x momobpano Tak, 9TO IUCIO X + % gaBjsgercsd 1neabiM. Jlokaxkure, 9T
IpHU JI0OOM HATYPAJbHOM N 9UCJ0 T + xin TOXKe SBJISIETCH TIEeJTBIM.

e Pemenne. Brikiaika

n 1 n—1 1 1 n—2 1
x + _n = r + n—1 x + o - r + n—2
xz Xz Xz Xz

MOKA3BIBAET, UTO yTBepKIeHNe A, 371ech cieayer He W3 MPeablaynero yreepxaeaus A, 1,
a W3 JIBYX MPeJBIAYIINX YTBEPXKIeHHUH 110 Jorndeckoii cxeme (A, 1 A A,_2) — A,. B arom
caydae CChIJIKA HA IPUHIKMII MEHEMAJIHLHOTO 9JIEMEHTa II03BOJIsAeT 000CHOBATH BCE YTBEPXK/Ie-
HUSI [EMOYKY, HAUMHAs ¢ TpeThero. ClpaBe/InBOCTD YTBEPXKIeHHH A1 1 Ay, B CBOIO 0Uepe b,
HY?KHO 3aHOCUTDH B 63y MHIYKIUU U IPOBEPSTH OTJACIbHO. Y TBEep:K/aeHne A BEpHO 10 yC10-
BUIO, & yTBep:KaeHne Ay Jerko npoBepsaercs TOi Ke BBIKJIAIKOIN:

1 1\?2
X X

Sameuanme. FEcim Mbl BBIBOJUM HCTHHHOCTH YTBpexkIeHusA A, He u3 JBYyX, & U3 k mpejipl-
JIYITUX YTBEPKIAEHU, TO U B 0a3y WHIAYKIINA TPUIETCS 3aHOCUTD TOKA3ATETHCTBO K TTEPBBIX
YTBEPZKICHUN.

IIpumep 3.7. Undyruus ¢ needuHuvHbLM WaA2OM.

e 3anaua. /lokaxkurte, 9To Ipu N > 5 1000 KBAIPAT MOYKHO Pa3pe3aThb HA N MEHbBIITNX
KBaJpaToB (He 00s13aTeIbHO OMHAKOBBIX ).

e Pemenne. Pa3pesas kBaapar Ha 4 OMMHAKOBBIE YaCTH, MBI J00AB/IAEM K MMEIONIEMY-
cs gucay kBaapatos emié 3. Takum obpa3om, 3/1eCh WHIYKIMOHHBIN TIEPEX0/T JETKO CAeIaTh
o cxeme A, 3 — A,. Ho mis Toro, 4Tobbl cChbLIKa HA MPUHIUIT MEHEMAJIBLHOTO JIEMEHTA
cpaboTaia, KakK U B MPeJbIAYIIEM Caydae TPUIAETCS JTOKA3aTh He OHO, & TPU DA30BBIX YTBEP-
xaenusi. C yqéTom orpaHudeHust n > 5 MOXKHO B3sTh yrBepkiaenus Ay, Ag, Ag. YTBEpMKIe-
Hue A, oueBuiHO, Ag oTydIaeTcs pa3oneHneM KBaapara Ha 9 0IMHAKOBBIX KJIETOK U B3ATHEM
OJHOTO KBajpara 2 X 2 KJIETKH W MATH OCTABIUXCs KJIeToK 1 X 1, a Ag — pa3bmenuem Ha
16 oMMHAKOBBIX KJETOK U B3ATHEM OJIHOTO KBaJlpaTa 3 X 3 U CeMH OCTaBIIUXcA KIeTok 1 X 1.

ITpumep 3.8. Bsederue donosrnumenvuux 2unomes.
e Saaua. /lokakure HEPABEHCTBO

SIS
479716 T2 T
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e Pemenune. CoBepinieHHO HEIOHSATHO, KaK B 3TOM 3a/1a4e ¢lea1aTh nepexoa uaayKuun. O 1HaKO
eCJIM BMECTO MCXOJHOI'0 HEPABEHCTBA CHadaJla J0Ka3aTh, YTO

LS S S 1 _n-1
1-2 2.3 3.4 77 (n=1)-n" n’
TO C y‘{éTOM HepaBeHCTBa # < ﬁ JO0Ka3aTeJIbCTBO UCXOOHOT'O YTBEPXKACHUA ITPOACHIET-
Ccd:
RTINS U I S ISR S I Al WS !
49 16 7 n2 1-2 2:3 3:4 7 (n—-1)-n n '

Yupaxkuenune 3.3. Jlokascume, umo 6 deticmsumesbhocmu cnpasdesuso dasxce bosvuiee:

1 1 1 1 n—1

2 23 3a TS

Obpamume eHumaHue, ¥mo 30ecv 6a3za uHdyxyuy n = 2.

3.5. UHAVKIINSI KAK OBOCHOBAHUE AJITOPUTMA

Cdepa npuMeHEMOCTH METOJa MaTeMaTHYECKON MHIYKIIMU Ype3Bblyaiino mmpoka. O-
HOI M3 BasKHBIX 00J1acTeil € MCIOJIb30BAHUST ABIASIETCS 000CHO8AHUE KOPPEKMHOT Pabomul
pasausHoir anzopummos. B pazaenax [4.2)u[4.3|Mbl yBuauM 910 HA IpEMEpe EJIEHES ¢ OCTAT-
KoM 1 ajropurMma EBkanma. 3aech ke 00CyaIuM, odeMy 000l MHOTOYTOJBHUK MOYKHO Pas3-
OUTD JIMArOHAIAME Ha TPEYTOJBHUKH — IOM00HBIe pa3OueHusl HA3BIBAIOTCS NpaGUAbHblMU
MPUGHLYAAUUAMU.

VrBepxkaenue 3.2. J060l mHo20y200vHUK (He 00A3aMeAbHO 8uNYKAI) 0baadaem npa-
B8UADHOUT MpuaH2ysayuet.

HokazareabcTBo. /i TOro, 4TodHl 10Ka3aTh CYIIECTBOBAHNE TPHAHTYJIAIMH, JOCTATOUYHO
IPEIbIBUTH AJITOPUTM €€ IMMOCTPOEHU JIIsI KazKI0r0 n-yrojbuuKa. B Hamem ciaydae, MOXKHO
BOCIIOJIB30BATHCS CJIELYIONIUM PEKYPCUSHbIM (TO €CTh CCHLIAIOMUMCS Ha cebsl) aJrOpUTMOM:

e Eciu n = 3 — HUYeEro He IeaTh.

e Ecimun >3 — IIPOBECTH BHYTPEHHIOO AHal'OHAJIb U IIPUMEHUTDL aJI'OPUTM K KazK/IOMY
13 IMOJYIYUBIIUXCA MHOT'OYTOJIbHUKOB.

[Tokarkem TpH MOMOIIHM HHAYKIUU, MOUYeMY pabOTa ITOTO AJTOPUTMA 3aBEPIIUTCA U JACT
HPABUWILHYIO TPUAHTYJIANNMIO. Ba3a MHIYKIUU: N = 3 — B 9TOM CJIydae UCXOJHBIA TPEyroib-
HUK COBIIQJIAET CO CBOCH TPUAHTY/IAIMEH, U aJITOPUTM CpPa3y OCTAHOBUTCH. VHIyKIIMOHHDIH
nepexo/l: JIOIYCTHM, IPH BceX N < Kk aarOpuT™M KOPPEKTHO 3aKaHUMBAET CBOIO paboTy s
JI000r0 n-yrojapHuka. Paccmorpum Kakod-uuOyas (k 4 1)-yroabuuk. [IpuMensiss aaropurs
K HEMY, MBI JJOJIZKHBI Pa3JIeJIUTD €0 JUaroHaJibio Ha JBa MEHBIIIUX MHOTOYTOJIbBHUKA, & 3aTeM
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K KaKJIOMy MX HUX HPUMEHUTHb BCE TOT 2Ke ajropurm. Ho K MEHbIIUM MHOI'OYIOJIbHHUKAM
HPUMEHUMO HPE/INOIOKEHNe: YUCJA0 UX CTOPOH HE NPEBBLIIAeT k, a 3HAYMUT, JIId HUX aJIro-
PHTM 3aBEpPITHT CBOKO PaboTy npaBuibho. [Toaromy u s uexomuoro (k + 1)-yroabHuKa Mbl
[OJIYIUM IPABUJILHYIO TPHAHTYJISIIAIO.

OcTaércest OObICHUTH, TOYEeMY B KayKJI0M MHOTOYTOJbHUKE MOYKHO MMPOBECTU BHYTPEHHIOKO
JMAroHaJb — JMATOHAJb, JEKAIIYI0 TMeIUKOM BHYTPH 3TOTO MHOTOYTOJTbHUKA. [/ BRITIYK-
JIBIX MHOT'OYTOJIbHUKOB 9TO OYE€BU/IHO: JI00as Juaronab OyeT BHYTPEHHEH 110 OIrpe e eHuIo
BBITYKJIOCTH. FC/IM 2Ke MHOTNOYTOJbHUK HEBBIITYKJIBIH, Y HEro HaliIéTCcs BepIlnHa, BHYTPEH-
HUIl yTOJI IpH KOTOPO# OO0JIbIIe PA3BEPHYTOTO. PaccMOTprM MHOXKECTBO HCXOAATIUX U3 ITOM
BEPIIUHBI Jy4eil, KOTOPbIC UJAYT BHYTPb AAHHOIO MHOTOYTOJBHUKA, W JIJId KaXKIJOTO TaKOTO
Jy9a OmpeeJuM OJTUKANIIYIO CTOPOHY MHOTOYTOJIBHUKA, KOTOPYIO Jyd nepecekaeT. Cpean
ONpEIEIEHHBIX CTOPOH XOTs ObI JIBe PA3JIMYHBIX (HHAYE JIY 9N 3AM0THSIIOT YToJI, MEHbIIHT ),
a MOTPAHMYHBLIN MEK/ly HUMHU JIyd KaK pa3 M 33JaéT BHYTPEHHIOIO Juaronaib. [J

Vupaxkuenue 3.4. a) Jokasrcume, 4mo KOAUMECTNEO MPEYL0AbHUKOE 68 NPOUIEOALHOT MPU-
AH2YAAYUL T-Y20NDHUKE HE 3A6UCUM 0M MPUGH2YAAUUYL U PasHo (N — 2).
6) Busedume us npedudyuje2o nyrkma, 4mo cymma y2ao8 n-y2oivHuka pasua (n — 2)m.

3.6. JINTEPATYPA /151 JAJBHENIIETO U3YUYEHUSI

e [onosuna JI.H., Henom H.M., Nanyknus B reomerpun (Boimyck 21 u3 cepun «Ilomy-
JISIPHBIE JIEKIK 1o Maremarukes ) — Mocksa, @usmarrus, 1961.

e Kypanm P., Pobunc I., Uto takoe maremaruka? (3-e w3ganne) — Mocksa, MITHMO,
2001.

o Comuncrut U.C., Meron maremaruaeckoit nuaykimu (Boimyck 3 u3 cepun «Ilomysrsip-
Hble JIEKITHH 110 MaTremarukes ) — Mocksa, Hayka, 1965.

e Venenckuti B.A., Ilpocreiitnuie npuMepbl MaTEMaTHIECKIX T0KA3aTEIbCTB, Bubanoreka
«MaremMarnaeckoe pOCBeIIeHnes, BuycK 34 (2-e uznanue) — Mocksa, MITHMO, 2012.

o [llenv A., Maremarndeckas unayknus (5-e uznanne) — Mocksa, MITHMO, 2016.
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MATEMATUYECKAST UHYVKIIVS

3agaun ceMUHAPOB

3.1. ToxkaecTBa m HEPABEHCTBA

Bamaua 3.1. (T) /[okazxure, 9410 JjIs1 JIOOOTO HATYDATBHOIO N CHPABEIJIUBO TOXKIECTBO

1
a)1+2+3+4+...+n:%;
1)(2 1
6)1+22+32+42+...+n?:n(nJr )2n + );
. . 2 1)2
B)1+23+33+43+...+n5:%;
1 2
D1:242.343 44 +nne1) = 0t ?2(7” ),
o l-114+2-2143-3l+...4n-nl=mn+1)!-1;
) 1 N 1 - 1 n(n+ 3)
e = ;
1-2-3  2-3-4 nn+1)(n+2) 4n+1)(n+2)
) 1 n 1 . 1 P 1 3 1 1
K et ——=-- - .
1-3 24 3-5 nn+2) 4 2n+2 2n+4
Bamaua 3.2. Ilyctb sq,S9,... HMOCAEIOBATEILHOCTh YHCET TaKas, 9TO §1 = 2, a KaxKJIoe

cJIeJlyIolee BbIpaXKaercs depes mpejplyliee 110 popmyJie

1 2
Sn+1:§ Sn—|—8— .

Jlokaxkure, 4TO JIJI BCeX HATYPAJIbHBIX 70 BBIIIOJIHEHO HEpaBeHCTBO 1 < s, < 2.

Bamaua 3.3. (C) lokaxure, 4ro0 11pu J060r0 JEHCTBATENBHOIO Yucaa « > —1 u Jaioboro
HATYPAJbHOIO Yncjaa n > 1 BbIoaHeHo Hepasencmso Bepnyanu: (1 + a)™ > 1+ na.

3amaua 3.4. /lokaxkure, 4To 1ipu n > 1 BBINOJHAETCSH HEPABEHCTBO:

1 1 1
a) =+ —=+ ...+ —= > /N
)\/T V2 NG v
6) 1-2-3-...-2n - 4n
(1-2-3-...-n)2 " n+1

3.2. IIpaBaonoaobHBIE pacCyKIeHUS

Bamaua 3.5. (T) Haiinure omubKy B CJIeIYIONIEM JOKA3ATETHCTBE.

YTBepKIeHue: Bce HATYPATbHBIE YUCIAa PABHBI MEXKITY COOOI.

JlokazarebcTBO: 0a3a BHIOJIHIETCH — OJIHO YUCI0 paBHO camomy cebe. [penosioxum,
YTBEPKJIEHUE CIIPABEINBO I JI00bIX k unces. Pacemorpum k + 1 yucno. Ecom otopocutn
epBOe YUCII0, TO BCE OCTABIIHIECS 0 MPENOJIOKEeHNI0 WHIYKITHI OYIYT PaBHBI MEeZKIy COOOI.
Ecan or6pocuts BTOpOe 9mCJI0, TO BCe OCTABIIHECH YNCTIa TaK¥Ke OYIAYT PABHBI MKy OO0,
B YACTHOCTH, PaBHBI epBOMY 4HCJy. lITak, Bce HATYpaIbHBIE YUCIA DABHHIL.
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Bamaga 3.6. (T) Haituure omubKy B Cireayomem JOKa3aTe/bCTBe.

Vreepxkaenne: s Jirod6oro n € N mpou3BobHbIE N TOUYEK JIeZKAT Ha OJHONH ITPSMOIi.

JokazareabcTBo: 6a3a npu n = 1, pa3ymMeeTcs, BBITIOJHIETCS — OJHA TOYKA JEKUT Ha
onHoil mpavoit. llpeamonoxkuMm, yrBep:Kaenue Bepuo jig n = k. Torma npu n = k + 1
pPaccMOTPHUM TTPOU3BOJBbHBIE N TOUeK X1, Xo, ..., Xg, Xkr1. Touknm Xy, Xo, ..., Xi JexkaT HA
OJTHON TIPSIMOU TO TPEIIOJOKEHUI0 UHAYKINN; TOUYKH X, X3, ..., Xpy1 TaK:Ke JIeKaT Ha
OJIHOM TPAMOIT. DTO 03HAYaeT, 9TO Bce TOUKH X1, Xo, ..., X, Xjy1 JIeZKaT HA €IUHCTBEHHOMN
npsamoii, mpoxojgrieit yepe3 rouku Xq, Xo, ..., Xj.

Bamaua 3.7. (C) CupaemauBbl JH CAeIyIONIEe yTBEPIKICHIE U ero OKA3aTeTbCTRO!

YTBepzKIeHHe: eCIH TPEYTOJbHUK Pa30UT HAa MEHbIIINE TPEYTOJIbHUKY OTpe3KaMu (He 00si-
3aTeIbHO JMATOHAJISIME ), TO XOTs OBl OJTHH W3 TPEYTOJbHUKOB Pa3OUeHust He OCTPOYTOIbHBIIA.

HokazaresabcrBo: Ecim TpeyrojibHuUK pa3duT OTPEe3KOM Ha JiBa TPEYIOJIbHUKA, TO OJUH
M3 HUX HEe OCTPOYrosibHBIH (sicHO). IlycTb HEKOTODBIH TPEyTroJbHUK PA30HT HA 1 MEHBIINX
TPEeYroJbHUKOB. [IpoBe/iéM eré oauH 0Tpe30K, pa3dUB OJIUH U3 MaJEHLKUX TPEYTOJHLHUKOB
Ha jBa. [loaygaum pas6uenune Ha (n + 1) TPEYroJbHUK, OPUIEM OJUH U3 JBYX HOBBIX Tpe-
YIOJIbHUKOB He Oy/IeT oCcTpOyroJbHbIM. [l0 HHAYKIIMN yTBep:KIeHHe JT0KA3aHO.

3.3. CymmMupoBaHUe U peKyppPeHTHbIEe (POPMYJIbI

Samaua 3.8. Haiinure aBuyio hopmyy s a,, €CJIH H3BECTHO, YTO

a) ap =14 a1 = a, + 3 Upu BCeX HATYPAJIBHBIX 7;

6) ap = 2, a3 = 3, a TAKKe Gp11 = 3ay, — 20,1 UPU BCEX HATYPAJBHBIX 1 > 1.
Bamaga 3.9. [Ipo nocsenoBareabHOCTD (@) U3BECTHO, 9TO a1 = 1, ay = 2, a TakXKe 4TO
MPU BCEX HATYPAJBHBIX 1 > 1 BBITIOJHEHO Gpy1 = Gy — Up_1. JLOKAKUTE, 9TO Uy g = Ay JJIA
Bcex n € N,

Bamaua 3.10. (C) HecKkoabKO MPSMBIX HABIBAIOTCS NPAMbLMU 00UL€20 NOAONHCEHUA, eCITH
HUKAaKWe 2 U3 HUX He NapajuiebHbl U HUKAKue 3 He MepeceKaioTcs B oHoi Touke. Haiiaure
KOJIN49eCcTBO qaCTeﬁ, Ha KOTOPbIE T IIPAMBIX O6]l[eFO IIOJIOZKEeHHN A ACJIAT IIJIOCKOCTD.

a) BbIHI/IH_H/ITe IIATH IIE€PBLIX YJICHOB.

6) Haiitu pekyppeHTHYIO hopMyTy st 9TOi M0CTe10BATETbHOCTH.

B) Haitnure dopmyty obiero dieHa.

3.4. Ob6ocHOBaHNE AJITOPUTMA M KOHCTPYUPOBAaHMIE

Bamaua 3.11. okaxkure, uro KBajapar 2" X 2", u3 KOTOpOI'0 BhIpe3aHa IPOU3BOIbHAS KJIeT-
Ka, MOYKHO Pa3pe3aTh HA «yTOJKU» U3 TPEX KIETOK («YTOJOK» — 9TO KBAJAPAT 2 X 2 6e3 0HOi
KJICTKH).

3amaua 3.12. INmeerca kyua u3 n kamueii. [lers u Baca no odepenu 3abupator u3 neé mno
1, 2 mwam 3 KaMHd; TOT, KTO HE MOYKET CJeJaTh X0/ — HPOUTIPhIBaeT. KTO BBIMTPBHIBAET MPH
IpaBUJILHON urpe, ecyim HaduHaeT Ilersa?

Samaua 3.13. 2020 desioBeK He 3HAKOMBI MexKy coOoii. /lokazKuTe, 9TO UX MOXKHO Iepe-
3HAKOMUTDH TaK, UYTO HU ¥ KAKUX TPEX JIIOJAeH He OYIeT OJMHAKOBOTO YHCJIa 3HAKOMBIX.
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3amaua 3.14. [liockocTb pa3bura HA YacTU UPSAMbIMU M OKPY2KHOCTsMU. JloKaxkure, 410
HOJIYYeHHYIO KapTy MOYXKHO PACKPacCUTh B JIBa IBETA TAK, YTO 00JIACTH, FPAHUYAIINE TI0 JIyTe
W OTPEe3KY, OYyJIyT UMETH Pa3HbBIi IBET.

3.5. /lonmosiHuTEAbHBIE 339N

3amaua 3.15. Hemycroe MHOXKECTBO IEJIBIX YHCEJ HA3BIBACTCA YHUCJIOBOM TI'PYIION, ecn
OHO COJIEPXKHUT PA3HOCTH JIOOBIX JIBYX CBOWX JEMEHTOB. /lokaxkuTe, 4To JI0Oas ducaoBas
IPYIIa COCTOUT U3 BCEX TEJbIX YHCeN, JeJANMUXCI Ha HEKOTOpPOe HATYypPaJbHOe YUCJO N.

Samaua 3.16. Iloe3n exays depe3s TOHHEJIb W N CPEJIU CHUIAIIAX B OJHOM KYyI€ MYIPEIOB
3alavKaJIiCch. 3aMeTHB 3TO, IPOBOIHUK cKa3asl: «l'ocmoaa, cpean Bac ecTh 3allavdKaBIIHECs ».
Myﬂpellbl JICHUBbBIC U XOJAAT YMbIBATBHCA TOJIBKO Ha OCTaHOBKAaX U TOJIBKO TOr'/la, KOI'la TOYHO
HOWMYT, 9TO 3aMaYKAINCh. 3€PKAJ B KyIle HEeT, a YMbIBAJIbHUK BMEIAET MPOU3BOIHHOE THC-
JIOo maccaykupon. Jlokarkure, 9TO HA OCTAHOBKE C HOMEPOM N BCE 3aIlavdKaBITHECs MYIPeIibl
O/THOBPEMEHHO TOWIYT YMBIBATHCS.

3amaua 3.17. BocbMu Myjipenam moKa3aJjn D KpacHbIX, 4 cuHUX 1 2 OeJIbIX KoJmaka. B reM-
HOTE Ha HUX HaJIe/ M 4 KPACHBIX, 2 CHHUX U 2 OeJIbIX KoJInakKa. depe3 HeKOTOPOoe BpeMs OJUH
U3 MYIPeNoB MTPaBUIBHO HA3BAJ IBET cBOero Konnaka. Kakoit Ha HéEM ObLT KOJak?

3amaua 3.18. J/lokazkure, 9T0 JII0OOE HATYpPaAJbHOE YHCJIO MOYKHO HPEJICTABATH KaK CyMMY
a) HECKOJIbKUX PA3JIMYHBIX CTeneHell MBOHKN (BO3MOXKHO, BKJIIOUYAsT HYJIEBYIO CTENEeHb);
6) HECKOJIBKUX pasIudHbIX duces PubGoHAUUIHN ([OCJIeI0BATETBHOCTD wuces Puborauqu
(fn) 3amaérest HavaabHBIME yeaoBusaME fo = f; = 1, a TakxkKe peKyppeHTHON bopMyIoit
frnt1 = fn + fr—1 upu Bcex HarTypajabHbIX N > 1).

Samauya 3.19. /lano narypajbHoe 4yucao n. Beinuirem Bce apobu BHIA piq, IJId KOTOPBIX
YHUCTA P U § ABJISIOTCS B3aUMHO TMPOCTBHIMA ¥ YJIOBJIETBOPSIOT HepaBeHcTBaM 0 < p < g < n
u p+ q > n. Yemy paBaa cymma Bcex jnpobeit Takoro suga’

Samaua 3.20. PaccMoTpuM BCeBO3MOXKHBIE HAOOPBI YHCE] U3 MHOXKecTBa 1,2,3,...,n, He
coJiepzKallue JIBYX coceHUX unces. Haliaure cymMMy KBaipaToB MPOU3BEICHUN YUCET B STHX
Habopax.

Bamaua 3.21. Ha nebe Geckoneunoe 4uciio 3BE371. Y KaxKI0H 3Be31bl €CTh pa3Mep H sp-
KOCTh, IPUYEM U TO, H ApPyroe — HaTypaJbHble JuCIa. 3BecTHO, UTO J100OBIE IBE 3BE3IBI
OTJINYAIOTCH XOTs Obl 110 OJIHOMY M3 ITHX JIBYX IapamMerpos. Jlokaxkure, 4To HailayTCd JBE
3Be3/bI, IlepBasd N3 KOTOPHIX HE MEHBINE BTOPOI HU MO APKOCTH, HU IO pa3Mepy.

Bamaua 3.22. VMeercs Tabauna u3 TpEX CTPOK U OECKOHEYHOI'O YHCIa CTOIOIO0B. B KaxK-
JION KJieTKe TalJIUIbl CTOUT HATYpaJabHOE YUC/I0. JloKaxKuTe, 4TO MOXKHO TaK BBIOPATDH JIBA
cTOJIONA B TAOJIUIE, YTO B KayKJIOH M3 CTPOK YHCJIO, CTOLINEe B IepBOM cToJOe, Oynier He
OOoJIbIIIe YHCJa, CTOAIIEro0 BO BTOPOM CTOJIOIE.

3amaua 3.23. /lokaxkure, 4TO J100BIE N > 4 TOUYEK MOXKHO TaK COEJIMHUTH CTPEJIKAMHU, YTO
13 KaKJA0W TOYKH B KKy MOYKHO TONACTH, MPOMId TMOCIe10BaATEIbHO JTUO0 MO OJMHOM
CTpeJIKe, JTUOO IO JIBYM.
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Teopernueckuii MmarepuaJi

4.1. OCHOBHBIE OIIPEJAEJIEHNA U CBOUCTBA

]_[eJIbIe YUcCJia 3HAKOMBI YUTATEJIIO €Ile CO IMIKOJILI. B sToMm pa3jaesie Mbl HAITOMHUM OCHOB-
HbIe OIlpejiejieHud 1 0603Ha‘IeHI/IH, CBd3aHHOble C NeJILIMU YUCJIaMH.
MHO2KecTBO neJIbIX YHCeJI 0003HAYACTCA CUMBOJIOM Z U COCTOUT U3 3JIEMEHTOB BHIa

Z=40,£1,£2,...}.
MHuozkecTBO HEOTPUIIATETBHBIX TEJbIX Yrce/ 0603HAYAI0T CUMBOJIOM Z | :
Z,=4{0,1,2,...} C Z.

Ha muoxkecTBe 1ebIX YHCEJ UMEEeTCs eCTeCTBeHHOe OTHOIleHue nopsika <. Ilomodno Ha-
TYPAJBbHBIM YUCIaM, Z, , 00JIaIaeT TeM BaxKHBIM CBOMCTBOM, UTO JII0O0E €ro MOJIMHOYKECTBO
COJEPKUT MUHUMAJIBHBIN 3JIEMEHT. DTO HADIIOJEHIE MOXKET IMOKA3AThCA OUEBUIHBIM, HO OHO
MOCTOAHHO UCIOJb3YETCd B J0KA3aTEJIhCTBAX.

Yupaxkuenue 4.1. Seasemca au ommuowenue nopadka pedaercuehoim? CummempuaHoim?
Tpansumuehvim?

Onpegenenne 4.1. Ilyctb a,b € Z — nenble unciaa. ['oBopdr, 4To a deaumcs na b u munryT
a:b, ecau cymectByeT Takoe k € Z, 9T0

a=k-b.

[Tpo ss1emMenT b B 310M Cirydae rOBOPSIT, 4To oH deaum a u uuiryT b | a. Eciu xe b ve jgesur a,

TO muiyT b1 a.

ITpumep 4.1. 8:2, mockonbky 8 = 2 -4, 1o 31 16.

Yupaxkuenune 4.2. Jloxaocume, wmo ecaun | a un |b, mon | (a+b) un| (a—>b) daa

A10601 mpotiku n,a,b € 7.

Vupaxkuenue 4.3. [Tycmo yeavie wucia n, a,b € Z maxoswv, wmon | a untb. Joxaxrcume,

wmo & amom caysae n 1 (a+ ).

Yupaxkuenue 4.4. loxascume, wmo das a0bwx a,b,c € Z, ecau a:b ubic, moa:c.
HamoMHUM BCeM 3HAKOMYIO 0ECANMUYHYIO 3aNUCH UeA020 4ucAa (O JTeCATHIHON 3amucu

JNEeHCTBUTENBHBIX YHCE, & TAKyKe O 3alUCAX ¢ IPYTUMHU OCHOBAHMAMHU OyIeT IMOAPOOHO pac-

CKa3aHO B IVIaBC IZLGI/UICTBI/ITGJ'H)HBIG ‘{I/ICJIaD. Heﬂble qyucJa B ,ZLGCHTI/ILIHOIU/I cucreMe mcuyucjienmnda
3AIMCHIBAIOTCS MOcaeaoBaTebHOCTRIO 1udp 0, 1, 2,...9. DT0 3anuch 03HaAYAET CJIEAYOIIee

UnGn—10n—2 g = a, 10" 4+ a,_1 10" L + ... + aq.
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3uech a; — (He 00s13aTesIbHO pa3indHble) NP, a YepTa HyzZKHA JJIsl TOTO, 9T00bI OTJIHYaTh
9Ty 3alUCh OT EPEMHOKEHUS.

IMpumep 4.2. 1467 =1-1000+4-100+6-10+7=1-10°+4-10*+6-10+ 7.

B repmunax gecaTnynoil 3anucu MOXKHO CPOPMYTUPOBATH NPU3HAKHU JIEJIMMOCTHU HaA, pa3-
HbIE YUCJIA.

VYrBepxkaeHue 4.2.

o Hucno deaumces Ha 2, ecau U MOABKO eCAU €20 NOcAeonAs yuppa desumces wa 2.

o Hucao deaumcs Ha 4, ECAU U MOADKO ECAU YUCA0, COCMABAEHHOE U3 €20 NOCACOHUT
yugp deaumcea na 4.

o Yucao deaumes wa 5, ecau u moavko ecau nocaednwan uyugpa 6 ezo sanucu — 0 uau 5.

Vupaxkuenue 4.5. a) /Joxascume ymsepoicoerue .
6) Chopmyaupyiime ananoeuunve npusnary deaumocmu na 8,25, 16, 125.

VrBepkgenue 4.3.
o Yucao deaumes na 3, €CAU U MONDKO ECAU CYMMG €20 UUuPp deaumcs na 3.
o Hucao deaumesn Ha 9, ecau u MoAbKO €CAU CYMMG €20 yudp deaumcs Ha 9.

VYupaxkuenue 4.6. Jokasicume ymaseporcderue [4. 5

4.2. JIETEHUE C OCTATKOM

Onpeaenenune 4.4. [lycts a,b € Z — nenvie aucaa. [oBopdar, 4TO a desumcs ¢ ocmamrom
Ha b, ecu CyIecTBYIOT ¢, € 7, TaKkue, 94TO

a=qb+r, 0<r<lbl.

B takom CJIy4dae q Ha3blBarOT (H@TLO./LHT)LJ\/L) YACTMHBIM, & T — O0CMAIMKOM.

Teopema 4.5. I[eavie wucaa mootcho deaumdsv ¢ ocmamrom. A umenno, 0aa 41006 YEALT
wuces a u b # 0 cywecmeyem eOUHCMBEHHAA NAPG UEABLE YUCEA ¢ U T MAKAAL, HMO

a=qb+r, 0<r<|b,

Sameuanme. ObOparure BHUMaHUe, 9T0 7 > (), — 9TO yCJIOBHE HYKHO JIJIsd € IMHHCTBEHHOCTH.

MoruBuposka. /laHHOe pacCy K IeHIe He/Ib3st CINTATh YeCTHBIM JIOKA3aTEIbCTBOM, HO O3HA~
KOMUTBHCS C HUM BechbMa ToJie3Ho. [Ipesamnonoxkum cHadasa, 91o b > (0, 1 paccMOTPUM MHO-
xkecTBO {nb | n € Z}. Touru 51010 MHOXKECTBAa PazbUBAIOT YUCAOBYIO HPAMYIO HA DABHBIE
OTpe3KH (TouHee, MOJYUHTEPBAJIbI) JJIUHBL b. ZICHO, 94TO YHCI0 @ JOJKHO HAXOIUTHCS B O/I-
HOM U3 HHX:

bn <a<bn+1).

Borauras u3 Bcex gacTeil 3Toro ABOMHOIO HepaBeHCTBA bn, MoaydaeM

0<a—>bn<hb.
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Ocraéres moJIOKUTHL ¢ =N u r = a — bn.
Ecin xxe b < 0, To —b > 0 u 4uca0 —a npejAcTaBUMO B BHJIE

—a=q(=b)+1".

Orcrona BugHO, uto ecau 1’ = 0, TO JOCTATOYHO B3saTh ¢ = —¢'. B mporuBHOM ciryvae

notokuM ¢ = ¢ +1ur=—b—r'.

Yupaxkuenue 4.7. [loxaocume, wmo npu b < 0 yrxasanrve wucaa q u r deticmeumenvHo
ABAAIOMCA HENOAHBLM HACTHBM U 0OCTNAMKEOM Npu desenuu a 1o b.

HokazarenbcrBo. [Ipuseném crporoe mokasareabetso Teopemsl [4.5] Haumém ¢ enuncrsen-
noctu. llyers cymectByer naBe mapsl aucen (qi,71) u (g, 72), VAOBICTBOPSIONIAX YCIOBUAM
TEOpPEeMBI, TO €CTh

a=qb+r, 0<r <|bl, u a=qgb+ry, 0<ry<|bl.

Torna
@b+ 11 = qg2b+ 19 - (@1 — @)b=1ra —11.

3ameTnMm, 9TO, C OJIHOI CTOPOHBHI,
(ro —mp) b — |re — 71| 10].

C apyroit cTOpoHBI,
’7”2 — T1| < |b|

Takum 06pasoM, ry — 11 J0JKHO ObITh paBHo 0, a 3HaguT, U b(q; — g2) = 0. ITocKOIBKY 10
YCJIOBHIO TeopeMbl b # 0, uMeeM ¢ = o U 1y = T9, 9TO U XOTEJIOCh JI0KA3aTh.

[lepeitném K m0Ka3aTeabCTBY CyIIeCTBOBaHHSA. Mbl orpanmdunMcs caydaem a > 0, b > 0,
OCTaBUB OCTaJIbHOE€ B Ka4deCTBe YIIPpazKHEHUD. ,ZLJIH JA0Ka3aTe/JIbCTBa BOCIOJbB3yEeMCAd MHAYK-
nuei mo a. 3aMeTHM, 9TO caydail a < b TpuBHAJIeH, a HMEHHO, JOCTATOIHO TOJOXKUTEL ¢ = ()
u r = a. Tem cambiM, 6a3a UHAYKIUK JoKa3aHa. [IycTh Tenepb a > b u yTBep:K/IeHHe BEPHO
a7 Beex 0 < ap < a. Iomoxkum

agp = a — b.

Torma 0 < ag < a, ¥ IO TPEIOI0KEHUIO HHAYKINA HAMIYTCI o B 7o TAKHe, ITO
ag = qob + 1o, 0<rg<b.
Takum obpaszowm,
a=qb+b+reo=(q + 1)b+r,
1 OCTaETCsl TMOJOKUTL ¢ = o + 1 u r = ry. Teopema jjoxazana [

Yupaxkuenne 4.8. [Iposepvme cywecmeosanue 6 0CMaAAbHBT CAYUAAL.

Yupaxuenne 4.9. [lycmo n € Z. Ha xaxue yudpov, mostcem okanuusamvcs decamunas
sanuct wucaa n’?

Vupaxuenue 4.10. Hatidume ocmamxu om deaerua — a) 2202 na 3;  6) 377 na 5.
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4.3. AIrorPUTM EBKJINIA

o [lyctb a,b € 7Z — mnennie anciaa. bymem Ha3bBaTh UX 00UUM deAumenesm TAKOE GUCIO
n € Z,aro a:n u b:n. gIcro, 9T0 Ja100bIE ABA YUCIa UMEIOT XOTs Obl OJIMH OOl JeInTeNb:
TaKOBBIM, HAIIPHUMED, SABJISETCS IUCI0 1.

VYupaxkuenune 4.11. ITycmo a € Z, npuuém a # 0, u a'’n. Hokaxncume, wmo |n| < |al.

e Haubosvwuti obwuti deaumens (HOJ) aucen a,b € Z — 310, KaK cJrejiyeT u3 HaA3BaHUs,
HauOOJIbIINKE U3 uX 001uX JAejuresiei. [Ipumendior jBa 0OCHOBHBIX 0003HAYEHUSI:

d = HO/I(a,b) WM IPOCTO d = (a,b).

Oba oHEM 03HAYAIOT, 9TO d SIBJIAECTCA HAUOOJIBIIHM OOIIUM JAEJIUTEIEM JUCea a U b.

U3 ympaxkuenus BBITEKAIOT CJIeIYION e (haKThl.

e MHOXKECTBO JieiuTe eil HEHYIeBOIO MEJI0r0 YHC/Ia KOHETHO.

e MuoxkecrBo 061X jgejuresneil KOHeYHOro HabOPa PA3IMUHBIX HEJIbIX YUCe] KOHEUHO.

[TocKOIBKY B JII060M HEIYCTOM KOHEYHOM MOIMHOXKECTBE LE/IbIX THCET 0053aTeIbHO eCTh
MaKCUMAJBHBI 9JIEMEHT, OTCIOAA CICLYET, YTO OIpe/eIeHIe HAUOOIBIIEro OBIIero e nTe st
qpces a ¥ b KOPPEKTHO, KOJIb CKOPO OHU 00a He PABHBI HYJIIO.

e Eciu (a,b) =1, 10 uncya a u b HA3BIBAIOTCS G3AUMNO NPOCTNOLMU.

Bameuanue. MoxkHO G110 OB ONpeesnTh (a, b) Kak dncio d, obnagaroiiee cJemryonnMI
ABYMdA CBOKCTBAMMU:

1) a‘dubid;

2) ecm ain ubin, To din.
DTO ompeeaeHne, OAHAKO, He OIIpeaessseT HanOOMbINnii OOl JeTuTe/ b OMHOSHATHO, & JINIIh
C TOYHOCTBHIO 10 YMHOXKeHUd Ha +1.

Omnurmem agroputm, no3possioniuit Haxoants HOJL jyist jir000i mapbl meibix 9ucesi, He
PaBHBIX HYJIIO OaHOBpeMeHHO. COrIacHO 3TOMY AJTOPHUTMY, H3BECTHOMY B JHUTEpPATYPe KakK
anzopumm Eexauda, HOII (a,b) Berauciasiercss mpyu MOMOIIN HOCIEI0BATEIBHOCTH MTAT0B:

a = qob+ro HYJIEBOI IIAr

b= qiro+m HEPBbIiT 1mar
Th—2 = QnTn—1 + Ty n-% mar

Tne1 = Qni1Tn (n + 1)-# war

rae 1, — MOCAeIHNN HeHy/IeBoi ocTaToK. OTMETHM, 9TO aJrOPUTM 3aBEPITUT CBOK paboTy
KOPPEKTHO, ITOCKOJBbKY HOCJIEOBATEIBHOCTD MEJIOUACIEHHBIX OCTATKOB

|b] > |ro| > |ri| > ... > |7l

crporo yoniBaeT. B wacTHOCTH, B KaKOW-TO MOMEHT IIPEJIIOCTICTHUN MOJYyUYeHHBI 0CTATOK
OyIeT Hale 0 JeJUThCd Ha MOCTIeTHUN.
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IIpumep 4.3. Bocuosbsyemes ajropurmom EBkjmia, urodbt seruucurs HOJI (351, 120).

351 = 2120 + 111,
120=1-111+9,
111=12-9+3,

9=13-3.

Taxkum obpaszom, (351,120) = 3.

[Ipex e, 1eM 0OOCHOBBIBATH KOPPEKTHOCTH PAOOTHI aJroput™a EBKINIA, MBI JOKAKEM
HEOOJIBIIIY 0, HO BaXKHYIO JIEMMY.

Jlemma 4.6. ITycmv a = gb+ r. Tozda (a,b) = (b, 7).
HoxazarenbcTBo. Bpeném obosnadenus d = (a,b) nu d = (b,r). Bamernm, 4To ¢ OmHOI
CTOPOHBI, COIVIACHO ynpazkHenuto [4.2]

a=qb+r — a‘d.

Orciopa caenyer, uro d > d', nockoabky d — obmmii jgegurens aucesa a u b, a d — ux
HauboIbmui obmuii aenureab. C Apyroit CTOPOHBI, OYEBHUIHO,

r=a—qb = rid.

CoBepIleHHO aHAJIOTHYIHBIM 00pa3oM 310 Biaedér d > d. Takum obpasom, d; = d. [J

Teopema 4.7. [Anropurm EBkimmnal Iocaednuti ocmamok , 6 0nucanmom évue anzo-
pumme — amo ¢ mounocmu HO/(a,b).

Hoka3arenbcTBo. bBiarojgaps jiemme umeeM (a,b) = (b,rg) = (ro,m1) = ... = (1, 0).
Ocraéres 3ameruth, 910 (1,,,0) = 1. O

Sameuanme. B jokazaresbcrBe TEOPEMbl HCIHOJB3YeTCsd HMHJYKIHMSA, XOTh M B HEMHOI'O
HEIPUBLIYHOM BH/IE: 110 KOJMYECTBY IaroB B ajJroputMe. B KadecTBe 0a3bl BHICTYIAET pa-
BEHCTBO (77, 0) = 7y, & MHIYKIMOHHEIHA TIEPEXOJ MPOBOAUTCs IIpK oMoty Jtemmbl [£.6]
VYupaxkuenue 4.12. C nomowpio anzopumma Eexauda natioume HOJT (69,372).

IMTpumep 4.4. 13 anropurma EBkanma MOKHO BBIBECTH TaK HA3BIBAEMOE AUHENHOE Nped-
cmasaerue HanboJIbIero obiero aeantesns. MoTuBupoBKy u 60Jiee 00IIIee JJOKa3aTETHCTBO
MBI OTJIOZKHM JI0 CJIEJIVIONIEro pasjiena, a 3/1eCh 00CY MM KOHKPETHBIN IpUMep: MpeJcTaBuM
(351,120) = 3 B Buzme 3 = 351z + 120y. B mpumepe MBI YO€IHIMCh, YTO HAUOOJIBIII
obmuit genurens uucen 351 u 120 geiictBuTenbHO paBeH 3. UTOOBI MOJYUUTDH KeJTaeMblit
pe3yJibTar, Hy?KHO B HEKOTOPOM CMBICJIE IIPOUTH 110 aJITOPUTMY B OOPATHYIO CTOPOHY:

3=111-12-9=
=111-12-(120 - 111) = 13- 111 - 12- 120 =
=13-(351—-2-120) —12-120 =13-351 — (13-2+12) - 120 =
=13-351 — 38 -120.
Ntoro x =13, a y = —38.
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4.4. JIUHENHOE NMPEACTABJEHUE HO/I

JLst mapbl 1eJiblX 9uces a,b € 7. oupeaeiuM MHOZKECTBa
Z(a,b) = {ax + by | z,y € Z}, u Z(d) ={dm |meZ}, rtme d=(a,b).

OcHOBHAsI EJTb 9TOTO pa3/esa — J0Ka3aTh, 9TO ITH MHOKECTBa coBnaaioT. Ho npexe dem
OPUCTYIUTH K JOKA3ATEIbCTBY, O0CYIUM MOTHBHUPOBKY.

Pemum Takyio 3amady. IlycTb B HekoTOpoii cTpaHe, BAJIIOTY KOTOPOM s OIpe e éH-
HOCTU MBI HA30BEM pYyOJsSIMHU, B OOpAIleHHH HMEIOTCS MOHETHI JIBYX HOMHHAJIOB: a pyO.ieit
u b pybuteit. lonycTtuM, HEKOTOPBIN TOBap cTOUT n pyoJeit. IIpeanonokum TakzxKe, 9TO U Y 1O-
KyTare/isi, 1 y TPOJABIa MOHET OYeHb MHOTO — HET OFPAHWYEHUN 1O KOJUYECTBY MOHET Ha
cmagy. Beerma i mokymaresio yaacTes PaciiaTHTbes! A ecn HeT, TO KAKOBbI YCJIOBHS Ha,
CTOMMOCTH TOBapa N, 9TOOBI PACIIATHTHCS OBLIO BO3MOXKHO?

Ham Gyaymuii pesyasrar o paBeHcTBe MHOXKecTB Z(a,b) u Z(d) Kak pa3 orBevaer Ha
TOT BOIIPOC — 9TO BO3MOXKHO TOI'JIA U TOJIBKO TOTIa, Korja n :d. leiicTBUTENILHO, €CaIu 1o-
KYLATEJ0 yJIACTCsl paciiaTuTbesi, 10 n € Z(a, b), 10CKOJIbKY HOKYIIATE/ b OTJAACT IPOJABILY
(x1a + 1y1b) pybueit, nosyans npu stoMm caady (rea + y2b) pybueii, To ecrb

n = (x1a + y1b) — (x2a + y2b) = (1 — x2)a + (y1 — y2)b € Z(a, b).

Eciu ke mbl gokaxkeMm, 910 Z(a,b) = Z(d), 1o 910 Oyjger 03HaYaTh, 9TO BCE YUCJIA, MIPEI-

CTaBUMBIE B BHUJI€ CYMMbI 9uCea a U b ¢ 1eabiMu KodduimeHTamu, 00s13aTeIbHO AesITCA

Ha WX HanboJbIHit 0bmKit geanTenb. Takum ob6pa3zoM, TOBap MOKHO OyIAeT KYNMUTh, €CJIH U

TOJIBKO €CJIH €r0 CTOMMOCTH KparHa d. B dactHOCTH, ecaiu a 1 b B3aUMHO IPOCTHI, TO €CTh

eCJIM BBITIOJIHEHO paBeHcTBO d = (a,b) = 1, TO MOXKHO KYIUTH TOBAP JOO0H CTOUMOCTH.
[Tepeiiiem Tenepsb K TEOpeme.

Teopema 4.8. [J/Iuneiinoe npencrasiaenne HO] /lra aobux deyr uesvs wuces a u b,

He pasHuLL HYyato odnospemenno, Z(a,b) = Z(d), 2de d = (a,b).

HdokazareabcTBo. CorjiacHO KpUTEPHUIO PABEHCTBA MHOKECTB, C(hOPMYJIHPOBAHHOMY B pa3-

neste [2.2] HaM HY?KHO J0Ka3aTh /IBa BKJIIOYEHUS:

Z(a,b) CZ(d) w  Z(d) C Z(a,b).

IlepBoe BKIIOUEHHE OUEBHIHO. JIefCTBATENBHO, IyCTh k — MPOM3BOJBLHBIX OOIIUIl JeJIUTE/h
auces a u b. Torga soboe ducio Buja (ax + by) penurcst Ha k, MOCKOJIbKY

ax + by = kayx + kbyy = k(a1x + bry).

B wactHOCTH d mesuT M1000€ YHCIO0 TAKOTO BUIIA.

ObpaTHOoe BK/IIOUEHUE [T0Ka3bIBaeTCs bosee xutpo. HaMm morpebyercss HECKOIBKO CBONCTB
mMHOKecTB Z(a,b) u Z(d), KoTopble Mbl OCTABHM YUTATETI0 B KAYeCTBe yIPayKHEHUIH.

Yupaxkuaeaue 4.13. [Iposepvme, 4mo 8uinosnervl CACOYIOULUE BKAOUEHUSA:

a)0,a,b € Z(a,b);
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6)0,d,a,b € Z(d).

Yupaxkuenue 4.14. [Iposepvme, wmo drs mobvx yesvir wucen k u l:
a) ecau k,l € Z(a,b), mo k+1 € Z(a,b);
6) ecau k,l € Z(d), mo k1 € Z(d).

Yupaxkuenue 4.15. IIposepvme, umo i mobur yesvs wucens k u n:

a) ecau k € Z(a,b), mo nk € Z(a,b);

6) ecau k € Z(d), mo nk € Z(d).
Vupaxkuenue 4.16. Jokasrcume, umo 6 mnoscecmse Z(a,b) ecmv MUHUMAAOHBE 1O MO-
QY10 Herynesot anemenm.

O603HAYNM MUHUMAJILHBI dj1eMeHT MHOKecTBa Z(a, b), KOTOPBIii CyIecTBYeT COrIacHo
YIPaKHEHAIO oykBoit t. Moxkuo cuutarh, uro t > (; B IPOTUBHOM CJIydae, BO3bMEM
qucsio (—t) — OHO TOXKe JIeZKUT B HalleM MHOzecTBe. [lycTb n = ax + by — OpOU3BOJIBHBIN
ssremenT u3 Z(a,b). llomenum n wa t ¢ octaTkoM:

n=qt+r, rae 0 < r <t.

[TpeoGpazoBeiBast 310 BbIpazKkeHue, mojaydaeM r = ax + by — qt. Tlpu srom gt € Z(a,b) no
yupaxuerno [£.15] a snauut, r € Z(a, b) mo ynpaxnennwo [4.14] Kinowesoit momenT nokasa-
TeJIbCTBA 3aK/09aercd B Habmogenun, 4ro 0 < r < t, oJfHaKo t — HAMMEHDIIHI HeHy/1eBOi
saement! [Tosromy Mbl 3akmogaeMm, dro r = (.

[Tokazxkem Temeph, urto t = d. Mbl yxe 3uaem, uro Z(a,b) C Z(d), o ectb d menut
m060it ssement u3 Z(a,b). B wacrnocr, d | ¢, a noromy d < t cormacuo ynpaxaenno [4.11]
C nmpyroii cropoHsl, t — obmuuit gesnTesnb a u b, TOCKOIBKY a,b € Z(a,b) u t neaur ar060i
9JeMeHT 3TOTO MHOxKecTBa. Ho Bcakmit obmmumit mesmresns me mpeBocxomgut HOJL, mosromy
t < d. Takum o6pasom, d = t, orkyna d € Z(a,b) u Z(d) C Z(a,b) no yupazKHeHHIO O
3ameuanme. JlokazanHasi TeopeMa MO3BOJsIET JATh €I OJIHO OlpejieeHne HanbOIbIIIero
o0IIero AeanTesist, a MMEeHHO

(a,b) = min{|az + by| | z,y € Z}.

4.5. JINHENHBIE JUOD®AHTOBBI YPABHEHIA

ITpu u3ydenun CBOMCTB IEJIBIX YUCEJ OCOOYIO POJIb UIPAIOT ypaBHEHHUS, B KOTOPbIE BXO-
JIAT IepeMeHHbIe, IPUHUMAIOINe 3HAYeHHT BO MHOYKeCTBe Z. Takne ypaBHEHHS HA3bIBAIOTCSI
duogparmosvimu. B mpocTeidnmux caydaax Jjis UX pelreHus ObIBAET JTOCTATOYHO U3YUHTH 1MO-
BeJIeHAE OCTATKOB COCTABHBIX YacTell YypaBHEHUS IIPH JICJICHUU HA HEKOTOPOE YUCJIO.

IIpumep 4.5. Paccmorpum anodantoso ypasaenue 2 + y? = 2019 or ABYyX IepeMeHHBIX
x u y. 3amernm, aro 2019 = 504 - 4 + 3, o ecTh ocTaTok npu pemenunn 2019 wa 4 pasen 3.
C mpyroit cTOpOHBI, OCTATOK KBa/IpaTa IeJI0ro Yucja IpH aejeHnn Ha 4 Beeria paseH 0 mwm 1.
Takum 06pa30M, OCTATOK CYMMBI KBaIpaToB 2 + y? MOKeT NPUHAMATH JHIIbL 3Hadenus 0,
1 mm 2, a 3HAYUT, HCKOMOEe YpaBHEHHE PelIeHuil B MeIbIX YhCIaX He MMeeT.
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Jauubiil pa3/ie/l HOCBAIIEH U3Y4YEHUIO 1eJIOYUC/ICHHbIX pellleHuil ypaBHeHuil Buia
az +by =c, (1)

rje a,b, ¢ € Z, upuuém a, b # 0. Ypasuenus suga (1) npeacrasisior coboit manbosiee npocroii
JACTHBIN cjydail AnodaHTOBBIX YpaBHEHU# — auHeltnwuill. Biarogaps 3ToMy WX pereHus
MOYKHO ONHCATh B OOIIEM BHIE B 3aBHCHMOCTH OT TapaMeTpoB a, b u c.

[IepBoe, 1O0BOJILHO OYEBUIHOE, HAOJIIOJEHIE COCTOUT B TOM, YTO €CJIH YUCJIO € HE JICJTUTCS
Ha (a,b), TO perieHuil ypaBHeHne He uMeeT. B camom jiete, B 9TOM ciydae MpH JIOOBIX
x,y € 7 neBas dacthb peautcs Ha HOJIL, a mpaBas vacth — mer. MeHee oueBuanoe coodbpazke-
HUE YyTBePKJIaeT, 9To ecan ¢ (a,b), To XOTh OJHO pereHue Haiinércs. B camom nerne, mycThb
¢ = (a,b) - k. Brarogaps anropurmy EBKJIHIa MBI 3HaeM, KaK HCKATh TeJble YUCAA T U Yo
TaKue, 9To

axg + byy = (a,b).

HomMmoxkast 970 paBeHCTBO Ha k, MBI osTyauM azok + byok = (a,b) - k = ¢, 9r0 03HaYaeT, 9TO
T = xok u y = Yok CyTh peleHne UCXOJHOIO YPaBHEHUSI.

Tenepn, 3Has onHo penterne ypasaenus (1)), Ham Gbr X0T€0CHh 00/84aTH METOJIOM 115t
MOWCKA BCEX OCTAJBHBIX pertennii. [JTaBHBIM WHCTPYMEHTOM TYT OYIeT CJIeIYIONas JeMMa.

Jlemma 4.9. Ecau ueavie wucaa a u ¢ 63aummo npocmost u ab:c, mo b:c.
JokazareabcTBo. Eciu (a,c) = 1, To 0 Teopeme [4.8 Mbr nveem

ma +nc =1
JIJIST HEKOTOPBIX M, n € Z. JIomHOKas 3TO paBEeHCTBO HA b, MoJydaeM
mab + nbc = b.

Takum obpazom, ¢ AeauT JeBy 9acTh, a 3Ha4uT, b:c. []
Yupaxkuenune 4.17. Joxascume, umo ecau a’b, a:c u (b,c) =1, mo a'be.

Omnumrem TellePb, KaK IIOCTPOUTL BCE pelleHHdA YypaBHEHHA 7 yrajaB HWJIA BbIYHUCJIUB
OJHO YaCTHOE peUIeHue.

Teopema 4.10. IIycmv xg, Yo € Z — HEKOMOPOE PEULEHUE YPLEHEHUA , mo ecms
axg + byg = c.

Tozda mHooicecmso ecex e2o peweHutl umeem 6ud

n b a
T = Ty m ) Y=Y —m )

(a,b) (a,b)
ede m npobezaem 6ce ueable YUCAQ.
HokazareabcTBo. bBes orpannyenuss oOMHOCTH OyIeM CIUTATD, 9TO YUCAA @ U b ABJISIOTCS
B3aMMHO TIPOCTBIMA. JlefiCTBUTETFHO, KAK MBI BUIEH BhIIIE, ecu (a,b) = d u ypaBHeHUIe
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UMeeT perienue, To ¢:d, Tak 9TO BCE ypaBHEHHE MOXKHO COKparuTh Ha d. Ilpesamnosioxum
Ternepb, YTO X,y — HPOU3BOJILHOE PEIeHue HAIIero ypaBHeHusd. 1Toria 1no yCJIoBUIO

ar+by =c u axy + byy = c.

Boruurasi w3 nepBoro ypaBHeHHsI BTODOe, MbI TOJYyYUM PaBeHCTBO a(r — xo) = b(yo — y).
B cmay Toro, 4to Wmcna a b B3aMMHO HPOCTHI, U3 JIEMMBI caemyer, 910 (xr — xg) b
u (Yo — y) ' a. VIHbIMHE cJIOBAMH, CYIIECTBYIOT TAKHE IEJIbIe YUCAA 1M U 1, YTO

{m—xo—mb {m—xo—i-mb
—
Yo — Yy =na Y = Yo — na.

Ocraéred 3aMeTUTh, YTO U3 [ENOYKN PABEHCTB
ax + by = a(zo + mb) + b(yo — na) = (axy + byy) + mab — nab = ¢ + ab(m — n)

BBITEKaeT, 49TO HaIU/I,Z[eHHbIe BbIpazK€HUdA YJAOBJIETBOPAIOT YPaBHEHUIO IIPpH .HIO6BIX m = n.
Takum obpasom, Teopema j0Ka3aHa. [

Ioxseném uror. st Toro, 4rolbl peIuTh Ipou3BosbHoe ypasuenne suia (L)), xocrarou-
HO BBIMIOJTHUTH CJIeYIONIHe TefiCTBUS.

e [IpoBeputs, BepHo Ju, UTo C: (a,b) — B MPOTUBHOM caydae pernenuit met. s sToro
00bIYHO OBIBAET JIOCTATOYHO HPUMEHUTDH ajropurm EBkjmaa u naiitu (a,b).

e HaiiTu Kakoe-HuOy/b YacTHOE pernrenue: JIMOO ¢ TOMOIIBLI0 0OPATHOTO XO/a AJrOPUTMa
Epkuma, mub0 «MeTOI0M MPUCTATHLHOTO BIJISIABIBAHUS», TO €CTh MOMPOCTY YTaJIaB ero.

e [IpuMeneHuTh TEOPEMY

ITpumep 4.6. Paccmorpum ypaBhuenue bx + 2y = 17. Jlerko ybeurbes, 4to xg = 3,90 = 1
SIBJISIETCS €T0 YACTHBIM pellienueM. 3HaduT, o Teopeme [1.10] obmmee permenme nmeer Buj

{x:3+2m,

y=1—5m, m € 7.

C npyroii cTOpOHBI, ecJTi ObI MBI He YBHJIETH YKA3aHHOIO YACTHOTO PENIeHUs, MOXKHO OBLIO
Obl CHaYAJIa BOCIOJIBb30BATHCS ArOPUTMOM EBK/mIa 11t TOro, arobbl Haiitu (5, 2), a 3areMm,
ybeauBInch, aro 17:(5,2), pasBepHyTh ero u HailTu perrenne ypasuenus bx + 2y = (5, 2):

0=2-2+1

2-2.1 —  (52)=1 = 1=1-5-2.2.

JTomHOZKas 9TO YacTHOE perienne Ha 17, Mbl HallIEM YacTHOE pelteHre UCXOTHOTO Y PABHEHUS:
xo = 17, yg = —34. Ocraércs NIpUMEHUTH TEOPEMY

x =17+ 2n,
{y:—34—5n, n € Z.

Ha nepBrrit B3M/14,1 MOYXKET TTOKa3aThCs, YTO MbI TTOJIYIUIH pa3Hble permenns. Ho 310 He Tak:
BTOpOE TOJIy9aeTcs U3 MepBOTO MOJACTAHOBKON m = n + 7.
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4.6. OCHOBHAS TEOPEMA APUOMETUKU

Hanomuuwm, uro uucso p € N HazbiBaeTCd Npocmoim, €CJN Yy HErO HeT JieJIuTe1el, OTind-
HBIX OT 1 1 p. B nporuBaOM c/iydae OHO Ha3bIBAETCHd COCMAGHM. VICKTIOUEeHHE COCTABIIET
9uCJI0 1: OHO He cunTaeTcd HU IPOCTBIM YHUCJIOM, HU COCTABHBIM.

Mpbl HAYHEM ¢ HHTYHUTUBHO HMOHSTHOI'O, HO HE BIIOJIHE TPUBHAJBLHOIO (DAKTA.

YreepxkaeHune 4.11. PasauuHur npocmuix wuces beckoneuHo MHo20.
oka3zarenbcTBO. B KadecTBe mepBOro mara JIOKazKeM BCIIOMOTraTeJIbHBIH (haKT: JjIs JITo-
6oro uucsia n > 1 HARAETCS TPOCTOE YUCTO P (BO3SMOXKHO, PABHOE 1) TAKOE, YTO N JETUTCST
Ha p. st roro ucnosblyem unjgaykiuo. basa najaykuuun n = 2 odeBujHa. VHyKiuoH-
HBIHA IIIar: AOIMYCTHUM, YTO Mbl yMeeM JOKa3blBaThb MCKOMO€ YTBEP2KACHHUEC OJId BCEX YHCEJI,
MEHBIIUX N. CaMO n MOZKET 6bITb MMPOCTBIM — TOTJa JOKa3bIBaTh HEYEro — MJIN COCTaBHBIM.
B nociennem ciaydae n = km i HEKOTOPBIX HATYPAJIbHBIX YHCEJ k U M, MEHBIIHX 7.
1 HUX y Ke BBITIOJIHAETCS MPeJIooKeHne WHAYKITNN, HalpuMep, Hafi1éTcss mpocToe p, Ha
KoTOopoe Aenutcs ducyao k. CremoBaTeibHO, U N JEJTUTCS HA P.

Bepuémcsa Kk ocHOBHOMY yTBepzKAeHUIO. [[pe/oaokum, 4T0 MHOZKECTBO ITPOCTHIX YHCET
KOHEYHO, U Y HAC €CTh UX MOJIHBIH CIHUCOK: D1, ..., Pg. 1OrJa paCCMOTPUM HHCJIO

n=p ... -ppr+ 1

Kak 0b110 moKa3aHo BbIIIE, YUCI0 N UMEeT npocToi aeuresib. C Apyroit CTOpOHbBI, HU OJHO
U3 MEePEUNUCTEHHBIX BBIIE Y9UCET D1, . . ., Pp €70 JeJuTe/IeM He sBjgercs. [IporuBopedne. [

Yupaxkuenue 4.18. Jokascume, umo a0b0e namypasvhoe wucao n > 1 npedcmasasemcs
6 6ude NPOUIBEICHUA NPOCIVLT YUCEA TV = D1 - P2 ... Dk (HE 00A3GMENLHO PABAUNHOIT).

Jlemma 4.12. Caediypowsue dea ycarosua sK6UBANEHMHDL:

1) p npocmoe;

2) daa nobwx a,b € Z, ecau p | ab, mo p | a uau p | b.
doka3areabCcTBO.

(1) = (2): Ilycrs p mpocroe u p t a, torma (p,a) = 1. Ecau p | ab, To mo jsemme
nosyuaeM p | b. Anamormano, npeanoioxus p 1 b, u3 p | ab moaydaem p | a.

(2) = (1): Ecain p He mpocroe, TO p = nq - Ny JJIS HEKOTOPBIX 1y > 1 1 ny > 1. Ho Torna
JJIst @ = ng U b= ng MBI UMeeM P | ab, B TO BpeMs KakK p { ny u p { ng — nporuBopedne. [
Yupaxkuaeaune 4.19. [lycmov p npocmoe wucao, ny,...,n, € N. /loxascume, umo ecau
(ning ... nm) i p, mo cywecmsyem k, dia Komopozo ny : p.

Teopema 4.13. [OcHoBHas Teopema apudmeruku| Joboe yeaoe wucao n > 1 edun-
CMBEHHBLM 00PA30M NPEICNABAAEMCA 6 8ude

n=pi-p2:...° Pk
206 P1,-.-,Pr HE o6ﬂ3ame,/sz0 PA3AUYHDBLE TTPOCTNBLE YUCAA.

Sameuannme. B rTakoil 3ammcu CIMHCTBEHHOCTh IIOHHUMaeTCd C TOYHOCTHIO O HU3MCHCHHA
IIopdaaKa COMHOXKHUTEJIE. prnHI/Ipy}I OJHMHAaKOBBIE COMHOXKHTE/JIM BMECTE U YIOPAIOYUBaAA
UX 0T OOJIBIIEro K MeEHbIIEMY, Mbl IIOJIYYHUM 3allUChb BU/a

— ™1 a2 (e7)
’I’L—pl 'p2 '...'pl,
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rje p; < py < ... < p, — UPOCTBIE, & O, (s, ..., € N — Harypasbubie. Takas 3a1uCh yxKe
eJIMHCTBEHHA JIA KazKJI0r0 HATYPAJbHOTO THCIA, 1.

Joka3arenbcTBo. I[Ipegcrasumocts B Tpebyemonm Buje caeayer u3 yupaxkuenns [1.18 s
JIOKA3aTeIbCTBA €JMHCTBEHHOCTH TIPEJINOI0KIAM, YTO CYIIECTBYET JIPYroe IIpejiCcTaBIeHne

n=dq-4q2:... - qr

qHucJia N B BHUJE IIPpOU3BeACHUA ITPOCTHIX. TOI‘,ZL& uMeeT MeCTO paBEeHCTBO

G1-qz2-..4¢r=pP1-P2-..." Pk

COKpaTHB B HeM BCE COBIIaOaIOIIME ql n p], HOJIqu/IM HOBOE paBeHCTBO
/ / / / / /
ql'q2'...‘qr/:pl'pQ'...‘pk/,

IJle HU OJIHO YUCJIO ¢; B JIeBOil YacTU He PaBHACTCA HUKAKOMY YHCIY p; B Ipasoil. Jlepas
9aCTh, OJHAKO, JIEJIUTCS, CKAYXKeM, Ha P}, MOITOMY IO YIPAKHEHUIO OJTHO U3 TPOCTHIX
qncen g, neautcd Ha pj. OnHako mocjaenmee ObI 03HAYAIO, UTO (), = P}, & MBI COKPATUIN
BCe obnue muozxkuTeu. [lojryuyennoe mporuBopeyne 3aBepiiaer JI0Ka3aTejabCTBO. [

ITpumep 4.7. Hucso 12 pasnaraercd B Bujie 12 = 2 -2 - 3, HO JIONYCKAIOTCA U PAa3JI0ZKEHU
12=2-3-3mwm 12 =3-2-2. lnu e MOXKHO HamucaTsh 12 = 22 - 3.

Ynpaxkueaue 4.20. Cywecmeyrom au makue x,y,z € N, omauurvie om eduruysi, 0z
Komopux O6vAau vl cnpasedauswv, pasencmea xy = 64 u yz = 4057

Yaopaxkueaue 4.21. Ilycmo p — npocmoe wucao. okascume, wmo oas aobo2o n € 7
ceoticmeo n? i p eaeuém 3a coboti n?: p.

B kadecTBe NPUATHOrO NPUIOXKEHHS MOKAXKEM KJACCHICCKHH Pe3yJabTaT 00 HppaIuo-
HAJILHOCTH KOPH#A 13 ABYX. IlycTh 4mcio v/2 panmoHaibho, To ecth V2 = 2 m,n € Z,
torga 2n® = m?. Be3 orpanudenus OGIIHOCTH MOXKHO CYHTATL 3Ty ApoOb HECKOPATHMOIL:
(m,n) = 1. Caeposarenbo, m?:2, oTKy/a COIJIACHO YIPAAKHEHHIO umeeM m? 14, TO
eCTh My = 48 JJIst HEKOTOPOTO S. 3HAYWT,

on? =4s — n? = 2s = n?:2 — nio.

HO ITOCJIe/IHEee ITPOTUBOPEUUT IIPEIIIOJIO0KEHUIO O HECOKPATUMOCTH JIPOOH.

4.7. JINTEPATYPA JJ51 JAJBHENIIETO U3YUEHUS

o Bacrascruti A.A., Hepmaros /. A., Cronenxos A.B., Ckonenros M.B., Illanosanros A.B.,
Maremaruka B 3agadax. — Mocksa, MITHMO, 2009.

e Kaayorcun JI.A., Ocnosras Teopema apudmernku (Boinyck 47 u3 cepun «Ilomynsipabie
JeKIun o MaTemMarukes) — Mocka, Hayka, 1969.

e Kypanm P., Pobunc I., Y10 takoe maremaruka? (3-e mu3ganne) — Mocksa, MITHMO,
2001.

51


https://mccme.ru/free-books/olymp/matprob.pdf
http://plm.mccme.ru/ann/a47.htm
http://ilib.mccme.ru/pdf/kurant.pdf

JIEJITUMOCTD LEJIBIX YUCEJI

3agaun ceMUHAPOB

4.1. CsoiicTBa OeJINMOCTH

Bamada 4.1. BepHo am, 910 ecam ab AeauTes Ha ¢, TO a AeAWTCS Ha ¢ WA b peanTted Ha ¢!

Bamaua 4.2. a) [Jokaxkure, 9T0 YUCIO Uyl 1 ... A1 JETUTCA Ha 11 ecu U TOJIBKO ecyin
3HAKOIEPEMEHHAS CyMMa (ao —ay+ay—as+...+ (—1)"%) nesmresa Ha 11.
6) CdopmynupyiiTe n JoKayKuTe OpU3HAK JAeauMocT Ha 111.

Bamaua 4.3. /lokaxkure, 4To IpH JI0OOM HATYPAJIHLHOM 7
a) (5%t 4 3n+2. 2771 jenurea na 19;
6) (7*" — 4%") nenurcs na 33.

4.2. J/leseHue c ocTaTKoOM

Bamaua 4.4. (T) Haiinure ocratku OT JeJeHHU:
a) (12 + 14'%) na 13
6) (2222555 + 55552222) ma 7

Bamaua 4.5. (T) Kakoii nudpoii OKaHIHBAETCST TUCTIO

a) 141

6) 1414

B) 777
Bazaua 4.6. Ha kieruaroli Gymare HADUCOBAH IPAMOYTOJILHUK PA3MEPAMH 1M X 1 KJIETOK,
CTOPOHBI KOTOPOTO JIEXKAT Ha JMHHUSAX ceTKH. Ha CKOJBKO JacTeli MeJIAT ero InaroHaJb

a) y3Jbl CeTKH;

0) JMHUK CeTKU?

4.3. HO/, anroputm EBKianna u qnodaHTOBLI YPABHEHUS

Bamaua 4.7. (T) Beruucaure:
a) (7777777, T777):
6) (3289,969);

B) (11391, 5673);

r) (17711, 10946);

) (507885, 60808).

b
Bagaua 4.8. [lycts a,b € Z u d = (a,b). Hoxaxure, 9To (g, El) =1.
3amaua 4.9. /lokaxkure, 4T0 JIJIs1 BCEX HATYPAJIbHBIX 7
a) (n® —n):6;
6) (n® —n):30;
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B) (7% —4%"):33.
Bamaua 4.10. (T) Pemure suneitnbie 1u0haHTOBb YPABHEHUST:

a) 2x + 4y = 5;

6) 17z + 29y = 31;

B) 85z + 145y = 505;

r) 123z + 819y = 505
Samaua 4.11. llpu kakux a u b MOKHO 3aILIaTUTh B Kaccy 1 pybJib, nMes Ha PyKax Heorpa-
HUYEHHOE KOJHYECTBO a-pyOJEBBIX KYIIIOP, €CJH B Kacce eCTh HeOI'PaHWMYeHHBIH 3amac b-
py6.1€BbIX Kymiop?

4.4. OcHoBHas TeopeMa apudMeTUKU

Bamaua 4.12. JlokaxKuTe, 9T0 HATYPATBHOE YUCIIO N IBJISIETCSI TOJTHBIM KBaIPATOM (TO €CTh
n = k? 11 HEKOTOPOTO HATYPAJLHOTO k) TOTJA M TOJBKO TOTJA, KOTJA 1 HMEeT HeYSTHOe
GHCJI0 HATYPAJIBHBIX JlesinTesiei (Braodas 1 u n).

3amaua 4.13. /lokaxure, 4TO YUCJIO0 N HE ABJLETCH KBJIPATOM HATYPAJbHOIO YUC/IA, €CJIU
a) n = 25324851;
6) n =39\

Bamaua 4.14. Cymecrsyer u 100 moapsx uayIux COCTABHBIX YHCET?

Samaua 4.15. {Bisiercs 1 pannoOHAIbHBIM YHCIO
a) v'2;
6) V2 +V3;
B) V2 + V34167

4.5. JlonmosiHUTEIbHBIE 3a/Ia9U

Sanmaua 4.16. ChopmysupyiiTe u J0KaxKuTe MPU3HAK JEIUMOCTH HA 7.

Sanaua 4.17. /11g Bcex map TesIbIX YHCeJ 1M U N BBIYUCIUTE:

a) (2m—1,2" —1);

6) (22" +1,2%" +1).
Bamaua 4.18. a) [j1s ABYX HATYDATBHBIX YHCEJ, MEHBIIUX MUJLTMOHA, TPOBETH AJTOPUTM
EBkinpa. Jokaxkure, 410 oH cocrosyi He Oosiee yem u3 40 1maros.

6) g kakux map gucesn or 1 mo 1000 axropurm EBkamia paboraer mosbiine Bcero?

3amaua 4.19. V Ilern u Bacu ectb mokojiajka B (popme paBHOCTOPOHHEIO TPEYIOJIbHU-
Ka CO CTOPOHOI N, pasnenéunas 60PO3KaMU HA JIOJBKH— PABHOCTOPOHHHE TPEYTOJbHUKI
co cTopoHoit 1. 3a OMWH XOJ MOXKHO OTJOMATh OT IMIOKOJAJIKH TPEYroJbHBIIl KYCOK BIOJIb
OOPO3JIKH U CHECTD €r0, a OCTATOK MepeaTh MPOTUBHUKY. BBIUTPBIBAET TOT, KTO TOJYYaeT
HOCTEeTHANR KYCOK — TPEYTOJAbHUK €O CTOPOHOH 1. Ecm Ke Urpok He MOXKeT ¢Ie1aTh XO/,
TO OH pourperBaer. KTo Beiurpaer npu npaBuibHOil urpe, ecyiu [lers xonut nepbim?

3amaua 4.20. [loxkaxkure, 4TO U3 4uces, 0OpATHBIX K HATYpPaJbHbIM, MOYKHO COCTaBUTh
apupMeTnIecKyIo Nporpeccuio MPOU3BOJIbLHON JJINHBI.
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KOMBUHATOPUKA

Teopernueckuii MmarepuaJi

5.1. ITPABUJIA CYMMBI U TPOU3BE/EHUS

[Iycte A m B — KOHeUYHBIe HellepeceKaroIecss MHOKECTBA.

IIpaBuao cymmbr: Ecin a1eMeHT n3 MHOXKECTBA A MOYKHO BBIOPATH @ CIIOCODAMH, & JJ1e-
MEHT U3 MHOZKeCTBa B — b criocobamu, TO BLIOPATH 3/IEMEHT U3 MHOYKECTBA A MJIN 3IeMEeHT
13 MHOXKeCTBa B MOXKHO a + b criocobamu.

ITpumep 5.1. Eciim Ha crose Jiexkat 5 s0JI0K U 7 alleJIbCUHOB, TO BBHIOPATh OIHO S0JIOKO
MOXKHO b crocobaMu, BBHIOPaTh OIUH aleJbCHH — 7 CIOCODAMU, a 3HAYUT, BHIOPATb OIUH
bpyrT MOKHO 5 4 7 = 12 cnocobamu.

ITpaBusio npousBenennda: Ecau snement u3 muoxectsa A M0xHO BHIOpATH @ CIO-
cobamu, a 3JeMEHT U3 MHOXKecTBa B — b crocobamu, TO BHIOpaTh Mapy 3J€MEHTOB W3
MHO)KecTBa A M U3 MHOXKeCTBAa B MOXKHO a - b criocobamu.

ITpumep 5.2. [lycTh 0/10K0 MOXKHO BBIOPATDH 5 criocobamu, anejabcun — 7 cnocobamu. Torma
BHIOpaTh mapy "s0g0K0 + ameabcuH" MOXKHO 5 - 7 = 35 cnocobamu.

C moMoIIbio IPaBUJI CYMMBI U IPOU3BEICHUS pelaeTcss OOIbITHHCTBO CTAHIAPTHHIX KOM-
OMHATOPHBIX 3a/1a4.

ITpumep 5.3. CKOJBKO CYIIECTBYET aBTOMOOMJILHBIX HOMEPOB BH/IA , NCTOJIB3YIO0-
MUX TOJBKO TiacHble (6e3 bl) wiu TobKO coracubie GYKBbI?

» B pycckom andapure 9 rracubix (6e3 bl) n 21 coryacupix. BIYHCIAM KOJTHYECTBO HO-
MEpOB TOJBKO ¢ TyiacHbIiMU OykBamu. Ha mepsom mecte MoxkeT ctoaTrh 9 6yks. Ha BTOpOM,
TperbeM u derBéprom — 1udpst or 0 mo 9 (mo 10 BapmanTos). Ha msrom u mectom — 1o
onHoit n3 9 6yks. [To mpasmiy npomsseaenus moaydaeM 9-10-10-10-9-9 = 93103 BapwanTos.
[ cayuag coryacHbX Oyks moaydaem 21 - 10-10 - 10 - 21 - 21 = 21310 sapuanTos. HToro
110 TIPABUIY CYMMBI THCJIO HOMepoB Tpebyemoro suaa: 93103 + 213103, <

Yupaxkuaenue 5.1. B xaacce 20 wonowet u 15 desywer. Croavko cywecmsyem cnocobos
cocmasumo 00HY Napy 0aa 6bNYckHo2o banra?

Vupaxkuenue 5.2. a) Ha wazmamuyto docky nocmasuat Kopoas U Gepss, npuuém Kopors
Ha wéproe nose, a depza — na beaoe. CKOALKUMU CNocObaMU MO MONHCHO cleaamp?

6) A ecau u Kopoas, u Pepas mpebyemces nocmasums 1a besvie noas?

8) A ecau emecmo kopoaa u gepas cmasum 08yxr KoHed?

2) A ecau mui cmasum u Kopoas, u depas, u 08yT KoHed, npuuém 6cexr — MOALKO Ha
beavie noas?

B TepMuHax Teopuum MHOXKECTB HIpaBUJIa CYMMbI U ITPOU3BeAeHUsT (hOPMYIUPYIOTCS TaK:

|JAUB| =|A| +|B| (ecan ANB = @); |Ax B| = |A|-|B|.
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5.2. DOPMVYJIA BKJIIOUEHUN-UCKJ/IIOYEHUN

ITpumep 5.4. 13 80 cryaenToB Ha Kypce 50 3HAIOT aHTIUHCKU A3bIK, 30 3HAIOT HEMEIKUit
a3bIK, 20 — 0ba g3biKa. CKOJBKO CTYIEHTOB Ha Kypce He 3HAIOT HU OJTHOTO A3bIKa?
» [Iycthb A — MHOXKECTBO CTYIEHTOB, 3HAIOIMIMX AHTIHACKAN S3bIK, B — 3HAIONIX HEMeIKHii
sa3uiK. Toryga A N B 3naor 00a sa3bika, A U B 3naior xorst 06l opuH a3biK. [lo ycioBuio
|A| = 50,|B| = 30,|A N B| = 20. 3amernm, uro |[AU B| = |A| + |B| — |AN B|. B camom
nesie, B cymMme |A| 4| B| Mbl OCYuTATN [Ba pa3a CTYIEHTOB, 3HAINHX 00a sI3bIKa, ( BXOASIINX
v B MHOKeCTBO A, u B MHOkecTBO B). Boruurast |A N B| u3 cymmbl |A] + | B|, Mbl mostyanm
B TOYHOCTH YUCJIO CTY/IEHTOB, 3HAIOMINX XOTS OBl OJIUH S3BIK.

Taxkum obpaszom, |A U B| = 50 4+ 30 — 20 = 60 cry/eHTOB 3HAIOT XOTs Obl OJUH SI3bIK.
Buaunt, 80 — 60 = 20 cTyAeHTOB He 3HAIOT HU OIHOTO SI3bIKA. <«

B anasoruaHoii 3a/1a4e ¢ TpeMst A3bIKaMu (aHMTHHCKUi, HeMelKuil, (ppaHiy3cKuii) MoKeT
OBITH UCHOIb30BaHA (POPMYJIA I TPEX MHOMKECTB:

|JAUBUC| =|A|+|B|+|C]—=|ANB|—|ANC|—|BNC|+|ANnBNC|.

B obmem ciiyuae jijist n MHOXKECTB UMEET MECTO CJIEYIONias TeopeMa.

Teopema 5.1. [Popmysia BKIIOYEHUA-UCKIIOIEHMI]

Ay UA U UA =D A=Y ANAl+ ) [ANANA]—. . £]AiN...NA,
=1 i,j=1 i,5,k=1

i<j i<j<k

JdokazareabcTBo. Jlokaxkem WHAYKIHEN IO N.

Baza mnaykmumn: {1 n = 1 yTBep:KIeHne TPUBUAJIBHO, i n = 2 hopMyJia NpoBepsieTcs
HEIIOCPEJICTBEHHO.

ITar wagykouun. [Tycrs nasg n MaOKecTB (bopMmysra BepHa. Paccmorpum (n+ 1) MHOXKeCTBO
U BBIJIEJUM MHOXKeCTBO A, 1. Torma:

(A U...UA)UA ] = [(AtU. . UA) |+ [Ans] — [(AtU .. U A,) N A,
910 cJrejyer u3 6a3bl npu n = 2. Berunraemoe pack/iaibiBAeTCs KakK:
(AjU...UA)NA1=(A1NA)U(ANA U U(A, N A1), (2)
O6oznaunm A; N A, = B;. Honyauwm:
(A U...UA)UA, ]| =AU UA |+ |[Ap]| — |B1U...UB,|.

[TpuMmeHuB K 3TUM O0OBEIUHEHHUSIM TTPEIIIOJIOKEHNE UHTYKITUU TTOJTYYUM UCKOMbIE CYMMHBI. []
Yupaxkuaenue 5.3. /oxascume dopmyay .

VYupaxkuaenue 5.4. Ckoavko uucens 6 npomescymee meocdy 1 u 33000 exki0uumesvHo He
deaames nu wa 8, nu Ha 5¢

%)
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5.3. COYETAHUSA U PASMEIIEHUA

Onpenenenne 5.2. Yuciom pasmewernuts u3d n no k Ha3pIBAETCS] KOJHMIECTBO YIIOPSI09EH-
HBIX HAOOPOB U3 k Pa3JHYHBIX JEMEHTOB MHOXKECTBA, COCTOLAIIEr0 U3 1 JJIEMEHTOB.

O6oznauenne. AF.

ITpumep 5.5. B asromapke 10 paziuuanbix aBro0ycoB. CKOJbKHUMEU CIOCODAMEU MOZXKHO CO-
CTAaBUTH KOJIOHHY U3 b aBTOOYCOB?
» Ha neproe mecto MoxkHO mocTaBuTh ojanH 3 10 aBTodycoB, Ha BTOpoe — OAuH U3 9, na-
Jee — oauH u3 8, 7, 6 cOOTBeTCTBeHHO. VITOTO MO MpaBWIy MPOU3BEIEHUS YUCTIO CIIOCOOOB
COCTABUTH KOJOHHY paBHO Aj, = 10-9-8-7-6 = 30240. <

n!
Yreepxkaenne 5.3. Jas ecex k,n € N npun > k ewnoansemea AX = m
JokazareabcTBo. B KadecTBe mepBOro smeMeHTa MOXKHO BHIODATh OJIMH U3 N, B KAUYeCTBe
BTOpOro — oau u3 (n — 1), u Tak majsee. B utore mo mpaBmiy MpOU3BEIEHUS] TMEEM

Aﬁ:n-(n—l)-..n(n—k—i-l):m.

Tpebdyemoe jnokazano. [

Yupaxxkueaue 5.5. B kaybe 20 cnopmemernos. Ckoavko cyuecmeyem cnocobos nocmpoumo
4 u3 HUT 6 0dHYy wepenay?

Onpegenenune 5.4. Yucrom couemanutd us n no k Ha3pIBaeTCAd KOJUICCTBO k-3/IEMEHTHBIX
MOJIMHOYKECTB MHOYKECTBA, COCTOSIIIETO U3 1 3JIEMEHTOB.

OGosnauenne. CF um (7).

ITpumep 5.6. Ha kypce 15 gesioBek ymeior urpars B pyr6os. CKOTBKHMHU CIIOCOOAMU MOZKHO
COCTaBUTH (DYTOOTBHYIO KOMAHIY U3 7 UeTOBEK !

» [lepBoro ¢dyrbormcTa MoKHO BBIOpaTh 15 cmocobamu, Broporo — 14, mamee 13, 12, 11,
10, 9. Kaxaywo komOuuarmio u3 7 (GyTOOIMCTOB TaKuM CcrnocobOM Mbl mocuuTasun 7! pas
(HeT pasHUIBI, B KAKOM Mopsijike BoIOHpaTh dyTdoamcTo). Crano 6biTh, 9UCI0 CHOCOGOB
cocTaBuTh KoManay cocrasister CTe = (15-14-13-12-11-10-9)/7! = 585.

|
n!
Yreepxkaenne 5.5. Jaa 6cex k,n € N npun > k ewnoansemca C* = m
HokazarenabcrBo. HaGop u3 k BEIOpAHHBIX 3JIEMEHTOB MOXKHO YHOPSIOYHTE k! criocobamu.
n!
k . ' = k k i E——
[Mosromy Cy - k! = A7, To ectp C) Hin =B g

Yupaxkuaeaue 5.6. B nabope 25 usemnwix kapandauweti. CKOAGKUMU CNOCOOAMU MOHCHO
sulbpams 5 us HuUxT?

Yreepxaenune 5.6. /s ecex k,n € N ecaun >k, mo CF = Cn=*.

JlokazareascTBo. Hedopmanabao, BeiOpaTh k 3JIeMEHTOB W3 3aJI@HHBIX 71 — 3TO TO XKe
caMoe, 9TO «He BbIOpaTb» ocrapinuecst (n — k) snementoB. C GopMaibHOil TOUKH 3peHHs
YKA3aHHOE PABEHCTBO O3HAUAET, UYTO MEXKJY k-3JIEMEHTHBIMH TOAMHOZKeCTBAMA U (N — k)-
9JeMEeHTHBIMHI IOAMHOXKECTBAMHU CYIecTByeT Omekius. B camMom neste, mycTh MHOXKECTBO X

26
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u3 n snementos. Torga muoxectso O = {Y C X | |Y| = k} cocrour uz C* siementos,
a muoxectso §, p = {Z C X | |Z] = n — k} cocrour uz C" % snementos. Ycranosum

oueknuio Uy — Q,_p, nogoxkus Y — (X \Y). O

Yreepxkaenne 5.7. Jas ecex k,n € N ecaun >k, mo Ck + CF1 = Cf;ﬂ

Hoka3zarenabcTBo. PaceMoTpum MHOXKecTBO U3 (n + 1) s/eMeHTa, OMUH U3 KOTOPBIX SIBJIS-
eTcst «0COBEHHBIM . 10 ompegenennio y 91oro Muoxkecrsa CF 1 i1 HOJMHOYKECTB, COCTOAIINX U3
(k+1) snementa. Cpem stux nogvuoskects CFH! raknx, B KOTOPHIX «0COGEHHOT0» 3/1eMeHTa

mer, u C* raxux, koTopsie ero cogep:kar. Orciofa no mpasmty cymmbl CF 4+ CF+1 = C,’fﬁ

Vreepxaenune 5.8. Jaa écex k,m,n € N ecaun =m >k, mo C™-CF = CF. C’nf
HoxkazareabcTBo. O0a MPOU3BEICHUS PABHBI TUCLY CHOCO6OB pa3buTh N-3JieMEHTHOE MHO-
kectBo A Ha Tpu nogMuokecrBa Aq, Ay u A3 Takux, 9T0 B I€pBOM (N — M) 3JE€MEHTOB, BO
BTOpOM (m — k) 37eMeHTOB, a B TpeTheM k 37eMeHToB. PasHuIa JINIh B TOM, 9TO COTJIACHO
JIEBOH 9acTU paBeHCTBA MblI CHAYaJIa BbIJIEJIsIeM IIOAMHOKECTBO Ay U A3, a IOTOM JeJIUM ero
Ha JIBe 9aCTH. EcJm »Ke IeiicTBOBATH B COOTBETCTBHH C IPABOM YaCThIO PABEHCTBA, HYZKHO
cHavaJia BoiOparb Az, a HOTOM M3 OCTABILErOCs IIOAMHOXKECTBA Bbljejurb As. [

Sameuanume. YTBepXKIeHHUS n MOYKHO ObLJI0 ObI JOKa3aTh HEIIOCPEICTBEHHBIM
BLIUHCICHUEM, MCHOIL3YS ABHBbIE (POPMYJIBl I 9HCE]I COUYCTAHUil, OJHAKO TOrAa OT HAC
0CTaJICA OBl CKPBITBIM NX KOMOMHATOPHBIA CMBICI.

VYrBepxkaenue 5.9. [Bunom Herorona| /las aobwz x,y € R un € N sunoanero

(x+y)n:ZC«k k, n—k CO$0yn+Ol 1 n 1 .”_{_Cyr:—lxn—lyl_‘_chn
k=0

JlokazareabcTBo. [lpuBejiém jBa pa3indHbIX J0KA3aTEJTbCTBA.

Kom6unaropsoe. B pazimoxennn (z +y) - (x +y) - ... (z +y) 13 Kax10# CKOOKH BHIOH-
paercs x 60 y. [1o onpeseseHno MOHOM, comepzKamuii k ukcoB u (n — k) UTPEKOB MOZKHO
BbIOpaThL C* crocobamu, 4To U 3aBepIIaeT J0KA3aTeIbLCTBO.

ITo maaykumun. baza n = 1 TpuBnaabHa. HIYKIIHOHHBIN IepexXo: paCCMOTPHUM pa3JIoxkKe-
uue (z + y)"™ = (xr + y)"(r + y) ¥ UpUMEHUM K NEPBOMY COMHOMKUTEIO HPEI0JI0KeHne
WHIYKITAN:

($+y>n+1 — (COxOyn+Cl 1, n— 1 .“_i_C:lLflxnflyl_i_C:l,nyO)(x_i_y)'

Bamernm, uro monoM ¥ty * Moxmo moayumTh ABYMs cHOCOGAME: KaK IIPOM3BEICHHE

(Fy"*)z m kax npomssemenne (x*Tly"*=1)y IlosTomy KosddumuenT mpu 3TOM MOHOME

6yner pasen CF + C*1. A cormacno yreepskaenmio [5.7 910 B Tounoctn Cr{. O

3ameuanme. [lpu n =2 u n = 3 dbunom Hbiorona npespamaercs B XOpOIIO U3BECTHbIE U3
ITKOJILHO# aredbpbl (hOPMYJIbL:

(z+y)* =2 + 22y + ¢ o (z +y)? =2 + 327y + 3 + °.

o7
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5.4. TPEYVIOJIbHUK [TACKAJISI U ETO CBOVUCTBA

Buimuiem qucia codeTaHuit B CTPOUKU CASIYIONIAM 0Opa30M:

Co

1
1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1

[Tostyaennast Tabauna HazbiBaeTcss mpeyosvhukom [lackasrs. Ha eé Kpasgx HaxomsTCs €J11-
HUIIBI, & BHYTPU TabJIHILI KazKJI0€ YUC/I0 PABHO CYMME JIBYX YHCEJI, CTOSIINX CJIE€BA U CIIPaBa
naz amm. [locaennee ciaenyer us pasencrsa CF + CF1 = CFtl

Sameuanme. MoxkHO, HA000POT, OpeIeTUTh TPEYTOTbHUK [lackass Kak ducaoByio Tab -
Iy TPEeyroJIbHOI'O BUJIA, 110 DOKaM KOTOPO# CTOAT €JMHUIIbI, & KayK0€ U3 OCTAJIbHBIX YUCE/I
pPaBHO CyMMe JIByX 4HCEJ, PACHOJOKEHHBIX HaJl HUM. B Takom ciaydae Tor ¢dakt, 4To k-e
YUCJIO B M- CTPOKE PaBHO C’T’f, Oyaer y»Ke CBOMCTBOM, JIOKa3bIBAEMBIM TI0 MHAYKINHU. [Ipn
9TOM MBI MOJpa3yMeBaeM, YTO HyMepallus CTPOK HAYMHAETCS € HYJS.

YrBepxkaeuue 5.10. Cymma wucea n-ti cmporu mpeyeosvhukra IHackanrs pasra 2". Hrvimu
caosamu, 0as kaocdozo n € N ewnoaneno CO+ CH+ C%2 + ...+ C" = 2",
JlokazareabcTBo. [lpuBeém aBa pa3aIndHbIX J0Ka3aTEThHCTBA.

Kombunaropuoe. [lycts X — MHOXKECTBO, cocTosInee U3 N 3JeMeHTOB. Tak Kax C’S eCTh
YHCJI0 ero IOJAMHOKECTB, COCTOSAIMX 13 k 3jeMenToB, To cymma CO+CL+C2+. . +C" pasna
00IIeMy KOJINIeCTBY TOAMHOXKECTB MHOKecTBa X . C Apyroit CTOpOHbBI, BLIOOP MOIMHOMKECTBA,
omnpejesidercd TeM, BKJIIOYaeM JIM Mbl B HEro Ka)K,Z[bII'?'I KOHerTHbIﬁ QJIEMECHT. HOCKOJIbe
BO3MOKHOCTEHT Beero jiBe (b0 BK/IIOYaeM, JTub0 He BKJIIOYAEM), & JEMEHTOB 7, 110 PABUILY
IPOU3BE/ICHUS BCETO BapUaHTOB 2",

C momortbio 6maoma Hpeiorona. [loacrapisas B bunom x = y = 1, umeem

2"=(141)"=Cl+Cr+C2+...+CP,

9T0 U TpebOBAIOCH JT0KA3aTh. []
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Ynpaxkuenue 5.7. Yoedumecwo, umo ymeepoicdenue [5.10 cnpasedasuso, 60cnosv308a68uWUCH
mamemamuueckol undyryued.

Yupaxuenune 5.8. Joxascume, wmo C0—Cl+C2 — .. .+ (—1)"C" = 0 daa aw0boz0n € N,
a) npu nomouwyu buroma Hvromona;
6) 60cNOABL306ABUWNLCH MATNEMAMUYECKOT UNIYKYUed.

Vreepxkaenue 5.11. [an amobvuz k,m € N ewnoaneno Cf+Cr + ...+ CF = C’,fjilﬂ.

(¢] (¢] (o]
o (o] o
o o o o o
[e) o (o] o (e]
(o] o o o o o o)

JlokazaTeabCTBO. 3aMeTHM, 9TO CYMMa, CTOSIIIAsI B JIEBO 9acTH PABEHCTBA, TIPEICTABIAET
coDbOit CyMMy YHCesT HA JTHATOHATH TpeyrobHuKa [lackass (eM. pucyHoK). IIoCKOJIBKY uMeeT
MecTo paBencTBo OF = C’,’jill = 1, BepXHee YHUCJI0 B AWArOHaAJW MOYKHO 3aMEeHUTHh HA YUCJIO,
cTosIee mMoJ HuM crrpaBa. [locsie Takoil 3aMeHbI B CTPOYKE HIUYKe BO3ZHUKHET JBa COCETHUX
YUC/Ia, CyMMa KOTOPBIX 110 CBOHCTBY TpeyrosibHuka [lackajisi paBHA 4YUC/Ty, CTOSIIEMY IIO/T
auMa. TIpooIzKas STOT MPOIECE W Jajee, MocJae m onepanmii moayanM B Toaroctn Cril

k+m+1
(9HCII0, OTMEYEHHOE HA PHCYHKE KPYZKOYKOM). [

Yupaxkuenue 5.9. a) IIposedume dopmanvroe 00Ka3amMeAbCMBO YMBEPHCOCHUH ¢ no-
MOULDIO MAMEMAMUMECKOT UHOYKUUL.

6) Kaxomy pacencmey Oydem coomeemecmeosams Kapmunka, NOAYYEHHAA U3 DUCYHKAQ
BHAUE OTNPANCEHUEM OMHOCUMEALHO €20 0CU CUMMEMPUL?

5.5. METO/ MEPEIOPO/I0OK

YrBepxkaenue 5.12. [lycmo k,m € N, npuuém m = k. Hucao cnocobos pasdsosicumo
m odunarosuiz npedmemos no k ynopadouennoim HEMyCTBIM kyuxam pacho CF L.
JdokazarenbcTBo. Eciau Mbl BBUIOXKMM IpPEIMeTHl B psijl, MexKjiy Humu Oymer (m — 1)
IPOMEXKYTOK:
O O 0O 0O O 0O 0O O O0OO0OO0O O0OO0

Unest 3ak/04aercst B TOM, 4TOObI 1IOCTABATL B 31U HpoMexyTku (k — 1) meperopoaky
(He GoJiee OHOI TTEPETOPOIKHE HA MPOMEXKYTOK ). Torna mpeMeTs, JeKalme B Hadase psiia
(o mepBoit meperopoku) 06pasyT MepBYI0 KYUYKY, HPeJIMeThl MeXKIy TMepBOi W BTOPOi
IIEPErOPOJIKH COCTABJILIOT BTOPYIO KYUKY 1 Tak gasee. CioBom, u3 (m—1) ciaora neobxomammo
BLIOpaTh (k — 1), KyJa MBI TIOCTABAM HEPETOPOJIKH, & ITO MOXKHO CIIETATH C’f;__ll CIOCODAMH.

O
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YrBepxkaeuue 5.13. I[Tycmv k,m € N. Yucao cnocobos passostcums m oduHakosus npeo-
memos no k ynopadouernvim, BOSMOYKHO, MYCTBIM, KY4KaM PABHO Cf;lk_l.
JokazareabcTBo. [lpuBeném aBa ciierka pasjandHBbIX JI0KA3aTEIbCTBA.

ITepBoe. Cpeném pemenue K yreepxiaennio [5.12] Jlag 3Toro B KaxKIyio U3 paccMaTpu-
BAEMBIX KY4eK J100aBUM Mo mpeamery. Takum o6pasoM, MCXOAHAS 3aJada (paclpeiesuTh
M TPEJIMETOB 10 k KYyYKaM, HEKOTOPBIE U3 KOTOPBIX, BOBMOYKHO, TIYCThIE) PABHOCHIBHA PAC-
upezenennto (m + k) upeameros mo k HemycTbiM KydkaMm. A Jijig HOC/eaHeil 3a/a4u 0TBeT
Mbl YK€ 3HaeM.

Bropoe. Kak u npu jI0Ka3aTebCTBe YTBEPK ICHUS BBIJIOXKUM HPEJIMETBI B Pl U Pac-
craBuM Mexay HuMHu (k — 1) meperopojiky. OHAKO Telepb B OJUH MPOMEKYTOK JOMYCTUMO
MOCTABUTH JBe U 0oJiee TMEeperopojiok: 3To OyAeT 03HAa4aTh, UYTO COOTBETCTBYIONIHE KYUIKU
nycTbl. KpoMe TOro, MOXKHO MOCTaBUTH IEPErOpoJKY B HA4YAJJI0 WM B KOHEI psijia, 4TOObLI
C OJIHOTO Kpalo OT Heé MpeAMEeTOB BOOOIEe He ObLJI0 — 3TO Oy/eT 03Ha4aTh, YTO MEepPBas WUIH
HOCJIe/IHdA KY4Ka 1mycTa. Takum oOpa3oM, HCXOIHA 3a/1a4a CBOJIUTCH K TOMY, YTOOBI Pa3Jio-
KUTh m npeaMeToB u (k— 1) neperopogky B psijt (¥ IpeIMeTsl, U IeperopoIKu Hepa3InIuMbl
MeK Ly co6oit). Mubimu cioBamu, u3 (m—+k — 1) MecT B psijly HY:KHO BbIOpath (k — 1) Mecro,
Ky/Jla Mbl IIOJIO2ZKHM I1€pETropoOJKH, a OCTaJIbHbIC MeCTa 3allOJIHUTh IIpeaMETaMU. HCHO, q9T0

4ne10 c1oco6os caenars 1o pasuo CFl [

ITpumep 5.7. CKOJIbKO pelieHnit uMeeT ypaBHEHUe X1 + To + 23 + ... + 19 = D B HEOTPHUIIA-
TEJILHBIX TEJIbIX TUCIAX T

» Kaxkjasg nepeMenHas Ty MOXKeT MpuHuMaTh 3uadenus ot 0 10 5. BozpMmém 5 1m1apos u mo-
CYUTAEM YUCJIO CITOCOOOB pacCTaBUTh 9 eperopo oK. fcHo, 4To TaKuM 00pa30M MbI TTOJTY YUM
KOJTUYECTBO pellleHni ncKoMOTo ypaBHeHud. MMeem 14 mo3unuii, B KaxK/10if 13 KOTOPBIX CTO-
uT Jibo map, JAub0 meperopojka. Uucao crnocoboB pasyioKUTh 5 MAPOB 1O 14 MO3UIUIM
pasto C7, = 2002 (1eperopojKu BCTaHyT Ha OCTABIIHECS HO3UIUK). 4

Yupaxkuaerane 5.10. B wxorvnoti ¢cmoaosoti ecmo 4 suda nuposickos. CroALKUMU CNOCO-
bamu, MootcHo kynums 10 nuposickos?

Vupaxkuenue 5.11. [Coueranusi ¢ nopropenusamvu| I[lycmo k,n € N. Jlokascume, wmo
a) Koauuecmeo ynopadovennur Habopos us k (603moorcHo, coenadarouus) siemenmos,
BUOPAHNBIT U3 T-2AEMEHMHO20 MHOACECMEE, PasHo N*;
0) KoAuMECNBO HEYNOPAOOUEHHUT HAOOPOS U3 k (803M021CHO, COBNAOGIOULUT) INEMEHTMOE,
BUOPAHHBIT U3 N-INEMEHMHO20 MHOHCECMEA, PLEHO O’E—f—kz—l'

5.6. JINTEPATYPA /151 JAJBbHENIIETO U3YUYEHUSI
o Buaenwxun H.A. Kombunaropuka — Mocksa, Hayka, 1969.

e Bacarasckuti A.A., Hepmaros 1. A., Ckonenkxos A.B., Cxonenxos M.B., Illanosanros A.B.,
Maremaruka B 3amadax. — Mocksa, MITHMO, 2009.
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KOMBUHATOPUKA

3agaun ceMUHAPOB

5.1. OcHoBHBIE 3aaa4N

— (5] (e7)
Bazada 5.1. Ilycte n = pi* - ... pj! — pasjoxKeHnme GHCJIA N HA TPOCTHIE MHOXKUTEIH.
Jokaxkure, aTo n umeer poBHO (g + 1) - ... - (q + 1) pa3jndHbIX HATYPAIBHBIX JeIATEIei
(canras rpuBmagbHbE 1 U N).

Bamaua 5.2. a) B 3a6ope 20 mocok, kaxayio u3 koropbix Tom Coiiep cobupaercst OKpacuTh
B CHHUI, 3€JIEHBI WK KENTHIA 1BET, IPUUIEM COCEIHEE JTOCKH KPacaTCd B pPa3HbIe I[BETa.
CKOJIBKEMHE CIIOCODAMH 3TO MOZKHO CJI€JIATh?!

6) A ecou Tpebyercs emg, 9ToObl XOTh OJHA U3 JIOCOK 00S3aTeIbHO ObLIa CHHeil?

Bamaua 5.3. CKOIbKIMHI CIIOCODAMH MOYKHO PA3JI0KUATH 17 OMMHAKOBBIX MIAPUKOB 0 9 mMpo-
HYMEPOBAHHBIM SITIUKAM, €CJIN

a) B KaKJIOM SIIIHKe JIOJKHO ObITH XOTsT OBl 110 OJHOMY IMAPHKY;

6) HEKOTOpbIE SIUKA MOTYT ObITh IYCTHIMUA!

Samaua 5.4. 113 12 aesyiek u 10 oHoiei BEIOUpAIOT KOMaHLy B cocTaBe 5 4eoBeK. CKOJIb-
KHMH CIIOCOOAMH MOYKHO BBIOPATD 9TY KOMAH/IY TakK, YTOOBI B He¢ BOILIO He OoJiee 3 0HOIIeiH?
Bamaua 5.5. [lycte A ={1,2,...,m},a B={1,2,... ,n}.

a) CKOJIbKO cyIecTByeT orobpaxenuii u3 A B BY?

6) CKOJIBKO CPeii HUX WHbEKIHiiT

B) CKOJIBKO CPeJiM HUX CIOPheKIHii!

r) CKOJIBKO cpe/in HUX OHeKIuii?

1) CKOJIBKO CPeJIi HUX BO3PACTAIONINX OTOOpazKeHwi?

e) CKOJIBKO Cpeji HUX HEYOBIBAIOIIUX OTOOPAZKeHUH?

Bagaua 5.6. B Boipaxennu (x + y + 2)" pacKpBITHIN CKOOKH U MPUBETH TOMOOHBIE.
a) CKOJIBKO MOy YHI0CH PA3JIUTHBIX CIAraeMbIX !
6) Yemy pasen xosddurment npu xkyl2m?
Bagaua 5.7. Ha crosre miromaan 1 jieKuT Tpu KypHAJA, TIOMAIb KayKI0TO U3 KOTOPBIX
He MeHbite 1/2. Cpeiu X MONAPHBIX [EpecedeHnii pacCMOTPUM HAKOOJIbIIee O MLIOTIAIH.
Kakymo HauMeHBIIYIO [JIOIMAIbL OHO MOXKET HMeTh?
Bamaua 5.8. a) B kakux cTpokax Tpeyrosibauka Ilackass Bee ducia 6yayT HeIETHHIME?
0) B kakux crpokax Bce 4uc/a, KpoMe eJUHuUIL 110 6oKaM, OyyT 4€THBIMU !
Bamaua 5.9. Kaxgas cropona kBajpara pa3doura Ha n gacreit. CKOJIBKO MOKHO IOCTPOUTH
TPEYrOJIbHUKOB C BEPITHHAME B TOYKAX JejieHus (He BKIIOYas BePITHHBI KBaapaTa)?
Bagauya 5.10. Nwmeerca 6 kpacok. CKOAbKAME CIIOCOOAME MOYKHO DPACKPACHTb MMHU T'Pa-
HI KyOmKa Tak, 9To0bI Bee mBeTa mpucyTcTBoBan? CrocoObl, OTIMIAONNECS BPAIIEHUSIMA
KyOHKa, CINTAIOTCA OJNHAKOBBIMH.
Bamaua 5.11. I[lycTh ecTh n MAPUKOB Pa3HbIX IIBEeTOB. CKOJBKO MOXKHO coOpaTh HabGOPOB
U3 HEIETHOrO YUC/IA MIAPUKOB?
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5.2. /lomosHUTEIbHBIE 3a0a9N

Bamava 5.12. MeH0 B IIKOJBHON CTOJIOBOI MOCTOSHHO W COCTOUT U3 1 PA3IUIHBIX OJIIO/L.
[Terst xo4eT KazK/Iblil JIeHb BHIOUPATH cebe 3aBTPAK 10-HOBOMY (3a OJIUH PAa3 OH MOKET ChECTh
ot 0 10 n pasmbIx OJIIOL).
a) CKOJIBKO JHEll eMy yAacTCst 9T0 JeaTh !
6) CKOJIBKO GJIIOJ] OH C'BECT 3a 9TO BpeMs?
Bacga pemm nocienoBats npuMepy [let, HO cheqaTh KaxKAbl JeHb HEUETHOE YUCTO OJTIO.
B) CKOJIBKO JHE[l eMy yIacTcst 370 Je1aTh?
r) Ckouabko Guron Bacs cbecr 3a 310 Bpems?

Bamaua 5.13. Ilycts m,n,s € N, npuuém s < m + n. Hokaxkute, 4T0:
a) COCs+CLCs  + C2C5 2+ ... +C5C0=C5 .
6) (CR)2 +(C)2 +(CR)? + ...+ (CR)* = Ci,..
B) C! +2C2+ ... +nCr=n-2""1.
KakoB KOMOMHATOPHBII CMBICT KayKJ0TO U3 YKA3aHHBIX PABEHCTB?
3amaua 5.14. meercs 4 yamiku ¢ pa3HbiMU puCyHKamu, 4 olMHAKOBBIX cTakana, 10 ojau-
HAKOBBIX KYCKOB caxapa u 10 comomMmHOK pasHoro mnsera. CKOIBKUME CITIOCODAMU MOZKHO
PA3JI0KUTH
a) caxap 10 JallKaM;
) caxap 1O YaIlKaM;
B) COJIOMUHKH TI0 YaIKaM;
) COJOMHHKH IO CTAKaHAM?

Bamada 5.15. a) lokaxkure, 4ro J11060€ 4UCI0, KPOME €JAUHUIbI, BCTPEYACTCH B TPEYIOJIb-
nuke [lackass KoHeYHOE YMCJIO pas.

6) Iycts n < 2F. JlokaskuTe, 4TO WHCJAO N BCTpedaeTcss B TpeyrombHuke [lackass He
boutee, ueMm 2k — 2 pa3.
3amaua 5.16. B kakux crpokax Tpeyrosbuuka llackassg Bce dmciia, KpoMe eJIuHHI, OyIyT
KPATHBI JIAHHOMY TPOCTOMY 9HCJIY p7

3amaua 5.17. [lo nycroine mén kapaBan u3 9 BepbuitooB. B Kakoii-10 MOMEHT KaxKJI0My
13 HUX HAJI0eJ0 BUIETH mepea coboit oaHoro u Toro ke Beposoga. CKOJIBKAME CIOCOOAMI
MOYKHO TIePecTaBUTh BEPOJIIOI0B TaK, YTOORI Tenephb mepel KayKJIbIM BepOJIIoI0M I He TOT,
9TO paHbIIe?!

Bagaya 5.18. CKOJIBKO CYIIECTBYET JAECITHIHATHBIX YUCEN, BCE TU(MPBI KOTOPHIX PA3IHIHBI
" KOTOpbie Jaeasarcsa Ha 111117
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MHOI'OYJIEHBI

Teopernueckuii MmarepuaJi

6.1. OCHOBHBIE OIIPEJAEJIEHNA U CBOMCTBA

MHOFO“IJ’IeHbI B TOM HJIM MHOM BHAE, CKOpEe BCCI'O, 3HAKOMbBI YUTATE/JIO CO INKOJIbIL. 1\/[b17
O/IHAKO, OIPEJIEJTUM UX HEMHOTO HENPUBLIYHBIM 00Pa30M.

o Mrozouserom oT mepemMennoit x ¢ kosgpdurumentamu B MHOzkecTBe K HazbiBaeTcsd ghop-
MAADHOE BUPAHCEHUE BUIA

anZ" + an_12" 4 . 4+ a1z + ao, rae a; € K.

B kauectBe K MbI 6ynem pacematpubath Q, R win C — MHOXKecTBa panuoHaIbHBIX, AeiiCTBI-
TEJIHBIX M KOMILIEKCHBIX dnces1. Bcjim auraresis emé He 3HaKOM ¢ KOMILJIEKCHBIMU YHCJIaAMH,
OH MOYKET CMeJI0 UTHOPUPOBATH PE3YAbTATHI, KOTOPHIE WX UCIOJb3YIOT,  BEPHYTHCS K HUM
nocJjie OCBOCHUS TJIaBbl [KOMILIeKCcHBIe Yucial

e MHOkKecTBO MHOTOUIEHOB ¢ Kohdurmentamu B MHOKecTBe K o6o3navaercst K[z].

o Kaxxptit muorownen f(r) = ap 2™ + ap_ 12" '+ ... + a1 + ag € K 3amaér bynkmuio
f K — K, oupesesieHHY IO ITPABUIOM

A= f()\) = an)\" -+ an_l)\”_l + ...+ a,l)\ + ap.

D10 faer eré oauH, 60Iee MPUBLIYHBIH, CIIOCOD AyMaTh 0 MHOTOUIeHAX. MbI Oy1eM cMOTpeTh
HA MHOTOYJIEHBI KakK Ha (POPMAThHBIE BHIPAYKEHUs WM KaK Ha (PYHKIUN B 3aBUCHMOCTH OT
TOr'0, KaKOil B3IIs]] yao0Hee B KOHKPETHOM CHTyaIlnu.

e Hynesot mHozouaer Ha g3bIKe (DOPMAJIBHBIX BHIPAYKEHUN — 9TO MHOTOUJIEH, BCe KOID-
dunueHTs KOTOporo paBHbl HyM0. Ha sa3bike YHKIUH — 3TO TOXKIECTBEHHO PABHAS HYJIIO
dbyunums, o ecrb takas dynknua f(z) € K[z, uro f(A\) = 0 gas moboro A € K. Tlos-
JKe, B pasnesie MbI yOeIUMCsI, 9TO TOXKIECTBEHHO pPaBHasl HYJII0 (DYHKITHA MOYXKeT ObITh
pean30BaHa TOJTHKO MHOTOYJIEHOM, BCe KOI(DMUIMEHTH KOTOPOTO PABHBI HYJTIO.

e Kaxoe craraemoe BUIa a,x", Bojdiee B MHOTOWIEH, IIPU HEHYJIEBOM @), HA3LIBAETCS
00HOUAEHOM WITH MOHOMOM. HHUCTO k HA3BIBAETCA cmenervlo MOHOMA.

o Cmenenvro mnozouaena f(x) € Klx] naspiBaercs MakcuMaibHas U3 CTeNeHeH BXO/sl-
IUX B HErO OAHOWIeHOB. CTeneHb HYJIEBOTO MHOTOUIEHA HE ONpPedeneHd.

e Crenenn muorounena f(xz) obosnavaercs deg f(x).

IIpumep 6.1. Muorousen 3z° 4 8z + 1 umeer crement 5, a Muorouaen 2 — 2z + 1 nmeer
CTeneHb 2.

VYupaxkuenue 6.1. Jokasrcume, wmo deg(f(x) - g(z)) = deg f(x) + deg g(x) daa arobvx
nenyaeenx f(x), g(x) € Kz

Yupaxkuenune 6.2. Joxaorcume, wmo deg(f(x) + g(x)) < max(deg f(z), deg g(z)) daa aro-
owx nenyaeswn f(x), g(x) € Klz| (cymmy moostce cuumaem nenyresot,).
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Yupaxxuaenue 6.3. /loxaorcume, wmo ecau f(x)-g(x) = 0, mo aubo f(x) =0, aubo g(x) = 0.
ITo0 pasencmeom nyso 30ect NOHUMAEMCA PAGEHCMBO HYACGOMY MHO20YNEHY!

Cnenyer ormeruts, uro K C K[z], a uMeHHO, MOIMHOKECTBO MHOTOYJIEHOB HYJIEBOIl
crerleHn — 3T0 Kak pa3 u ecrb K (¢ ecrecTBeHHONH OrOBOPKOi, 4TO HYJIEBOH MHOIOYJICH
COOTBETCTBYeT HYJII0). [eficTBuTenbHO, 11060 MHOTOUWIeH HyneBoil crenenn f(z) € K umeer
Bun f(z) = a, rae a € K, Bce ocranbhbe ero KoabGUIHeHTs paBHBI HYJTIO.

e Yucsio A nasbiBaercst koprem muorodsena f(x) € Klz|, ecoin f(A) = 0. Boobie rosops,
A MoxkeT He JiexkaTh B K.

IIpumep 6.2. Kopenb muorounena (z2 — 2) € Q[z] ne exur B Q.

e Toopsar, uro muorowien f(z) € K[z| deaumesa uwa muorownen ¢g(z) € K[z], u numyr
f(z):g(x), ecmm cymecrByer muorouten h(x) € Klz] Takoii, aro f(z) = g(x) - h(z). Ilpo
MHOTOUJIEH () B TAKOM CJIydae TOBOPST, 9To o desum f(x), m mumyt g(x) | f(x).
IMpumep 6.3. (2% — 1) € Q[z] nenures na (x — 1). U npasaa, 23 — 1 = (z — 1)(z? + 2 + 1).

e Muorouwnen f(x) crenenu n > 0 HA3BIBAETCH NPUSOOUMDBLM, €CIIU OH MUMEET JEJUTEb
crenern k, rie 0 < k < n. B nporuBHOM ciiydae f(x) HA3bIBAETCS HENPUBOOUMBLM.

6.2. JIEJJEHUE C OCTATKOM

ToBopsrt, uro muorounen f(x) € Klz| deaumes ¢ ocmamrom uwa muorownen g(z) € K[z,
ecm cymecTBytor Maorowiensl ¢(x),r(x) € Klx| rakue, aro

flx)=q(z) - g(x) +r(z) upudém r(x) =0 wm degr(z) < degg(z).

Muorounen ¢(x) HA3BIBACTCS HENOAHBIM HACTMHLM, & MHOTOWIEH r(T) — ocmamkom Tph
neqennn f(z) na g(z).

IIpumep 6.4. Muorounen z° + x + 1 genutea na ogHowIeH x2 ¢ ocTaTkoM o + 1. eficTBu-
Tenbio, 20 +x+ 1=z 22+ (z + 1) mw deg(z + 1) = 1 < 2 = deg(z?).

Teopema 6.1. IIycmo f(x) u g(z) # 0 — mruozourenv ¢ xoafpuyuenmamu ¢ K. Tozda
cywecmeyem eduncmeennas napa muozousernos q(x),r(x) € Klz] maxas, wmo

f(z) =q(z) - g(x) + r(x), 2de r(z) =0 wau degr(x) < degg(x).

HoxkazarenbcTBo. Havnem ¢ npoBepkH eJIMHCTBEHHOCTH. [lOIyCcTHM, CyNecTBYeT JBe ma-
pbl MuOrOwWIeHoB (¢ (), r1(x)) u (g2(x), r2(x)) ¢ koadbdunuentamu B K, yrosaerBopsiontnx
YCJIOBUSIM TE€OPEMBI, TO €CTh

f(@) = aq(z)-glx)+ri(z),  r(e) =0 wm degri(z) < degg(z).

f(@) = q(z) - g(z) +rao(z),  r2(2) =0 nmm degry(z) < degg(x).
Torna

0(2)g(2) +m(r) = @(r)g(x) +ra(z) = (@) = @(2)g(z) = ra2(z) — 11 (2).
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SaMerum, 410, ¢ OAHO| CTOPOHBI
(ra(a) —11(2)) fg(2),
a C Apyroi CTOPOHDI,
ro(x) —ri(z) =0 W deg(ra(z) — r(x)) < deg g(z).

CortacHO yuparKHEeHUSAM u BTOPast BO3MOXKHOCTH HE PeaJn3yercd. Takum obpa3om,
ro(x) — r(x) = 0, a 3maunt, u g(z)(q1(x) — ¢2(z)) = 0. Hockomsky g(z) # 0, cormacuo
ypazxKHeHuo [6.3| umeeM ¢; () = go(x), 9T0 U XOTEJIOCH JOKA3ATh.

[Tepeiiém K CyIIECTBOBAHMIO HENOJHOTO YACTHOTO M OcTarka. JloKazKkeM ero uHyKiued
o crenenu Muorowrena f(x). Beeaém obosmnauemnus:

f(2) = apz™ + an_12" ' + .. ag u g(x) = bpx™ 4 bpy_12™ by £ 0.

Mox#o caurarh, uro deg g(z) > 0, MOCKOJIBKY Ha J0OBIe MHOrOWIEHbI cTerneHn () MOYKHO
JIeJIUTH ¢ HYJIEBBIM OCTATKOM. Ba3za WHIYKIMK TOTa OYeBUIHA: JJIs JIIOOTO MHOTOUYIeHA f (1)
crenenu 0, To ectb m1st f(x) = a, tae a € K, nMeer MecTO paBeHCTBO

f@)=0-g(z)+ f(x),  degf(z)=0<degg(x).
DTo Ke PaBeHCTBO CIPABeIINBO U B Oosee obmem caydae degg(xz) = m > n = deg f(x),
HO3TOMY B JlajbHelineM Oy/JeM cauTarhb, uro m < n. [llar uagykiuu: mpeanosoKuM, 4To
OO0 MHOTOYJIEH CTEIIeHN MEHBIE 7. MOYKHO Pa3/IeIuTh Ha MPOU3BOILHBINA HEHYJIE€BOH MHO-
rouned g(x) ¢ octarkoM. PaccMOTpUM MHOTOYJIeH

f(z) — Z—;x”_mg(@.

OH umMeeT CTeleHb, CTpOro MEHbIIYIO 7, TaK 9YTO II0 IPEAIOJIOKCHUIO UHAYKITUN
a _

f(x) — b_nxn "g9(z) = q(x)g(z) +ri(z), rme ri(r) =0 mwm degri(v) < degg(r).
m

Orciofa mosydaeM pas/iozkKeHne

f(x) = (Z—chnm + Ch(x)) g(x) +ri(z) rje ri(z) =0 nm degri(x) < degg(x),

4TO U TpeboBaJoCh. [
Sameuanme. Jlng nowcka HEMOJHONO YACTHOI'O W OCTATKA HCIOJB3YETCS KJAACCHIECKU
METOJT JIeJICHUST MHOTOU/IEHOB «CTOJTOMKOM».
Yuapaxxaenune 6.4. [lodeaume ¢ ocmamxom
a) v* —4x + 3 na v — 3;
6) x> —4 na v —5;
6) 2t — 20 +5 na * +1,
PACCMAMPUBAA 6CE MHO20UAEHVL Kak saemenmo, Qlx].
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6.3. HO/l 1 ETrO JIMHENHOE NPEACTABJ/IEHUE

e Muorounen h(z) € Klz| nazsBaercs obujum desumesem IBYX TAHHBIX MHOTOUICHOB
f(z), g(z) € K[z], ecmu h(x) | f(x) u h(x) | g(z). Acro, aro At06BIE 1BA MHOTOUIEHA HMEIOT
X0Tsi Gbl OJIUH OOIIKI JIeIUTeNIb — MOCTOSHHBIA MHOrOUJIeH 1.

o Hauborvwum obugum deaumenem (HO) muorounenos f(z), g(x) € K[z] nazviBaercs
uX OOMIHil e TUTeNb, IMeoIHil Hanborbinyio crenenb. s HOJl MHOrOWIEHOB MPUMEHSIIOT
Te yKe 0003HAUYEHHs], YTO U JIJIS [EJIbIX YUCeL:

d(x) = HOJI(f(x), g(x))  mamnpocto  d(x) = (f(z), g(x).

e Ecin (f(x),g(x)) =1, 10 f(x) n g(x) HABBIBAIOTCS 63GUMHO NPOCTIBLMU.

3ameuanme. B orimune ot neasix unces, HOJ MHOrO4WIeHOB Olpe/IesIéH HEOAHO3HAYHO.
HeiictBurensno, mycts d(x) = (f(x), g(x)). Torma maa moboro wenymesoro A € K\ {0} mmo-
rouner Ad(x) — Toxe HanboObIHA 00MMil Jeauress MEOrOwIeHOB f(z) 1 g(x), MOCKOJbKY
JAOMHOZKEHNE Ha KOHCTAHTY (MHOFOLIJIGH HyﬂeBOﬁ CTeHeHI/I) HE MEeHAEeT CTCIICHb.

Yupaxxnenue 6.5. Jlokaorcume, wmo ecau f(x),g(r) € K — dea muozousena, ne pasHoix
HYA10 00HOBPEMENHO, MO UL HauboAvwul obuwut desumenv onpedeaén Koppexmmo (Toms
U He 00HOZHAYHO ).

e Muorouien f(x) = a 2"+ ap_12" 1 + -+ - + ag Ha3bIBACTCH NPUCELOEHHDBIM, €CIT A, = 1.
IIpumep 6.5. 23 + 62 + 1 — npuBeaéHHBIT MHOTOUYIEH, a Hr® + 62 — 1 — HerT.

[Tycrs d(x) = (f(z), g(x)), tme f(z), g(z) € K[z]. Torna cymecrByer Takoe 9ucIo o, 9TO
ad(z) — npuBeaéHHbLl MEOrOWICH. B najbHeiiiem, ecii He OPOBOPEHO MPOTHBHOE, MbL /s
onpezesnénroctn Oyaem caurars HOJl npuseséaHbIM.

OkasbiBaeTcst, 9T0O, KaK U B CJIydae IeJblX quces, Hanbosbimuit obmuil geaurens d(x)
muorowienos (f(z) u g(r)) mpeacrapisercs B Buje

d(x) = a(x) f(x) + b(x)g(x)

st nekoropsix a(x), b(x) € K[z]. Obbacuenue storo dbakTta GymeT MpoBeIeHO B IyXe pas-
nera [4.4 dna nagana, BBeAEM ciaeayionue 0003HAMCHHUS:

K(d(z)) = {a(x)d(z) | a(x) € K[z]}
K(f(2), 9(x)) = {a(x)f(x) + b(z)g(2) | a(z),b(x) € K[z]}.

Uubimu croBavu, K(d(x)) — 970 MHOKECTBO BCEX MHOTOWICHOB, KOTOPbIE Jeaarcs Ha d(x),

a K(f(x),g(z)) — MHOXKeCTBO MHOI'OWJIEHOB, [IPEJCTABUMBIX B BHJE AUHEUHOT KOMOUHALULY
muoro4utenos f(x) n g(x).

Yupaxkuenune 6.6. [lycmov f(x),g(x) € Klz|. Hoxasncume, wmo

a) 0, f(x), 9(x) € K(f(x), g(x)),
6) ecau, u(x),v(z) € K(f(z),9(z)), mo (u(z) £ g(z)) € 9(x));
6) ecau h(x) € K(f(z), g(z)), mo s(x)h(z) € K(f(x ,g(x )) (9./Lﬂ moﬁoeo s(x) € Klz].

\_/\/
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Teopema 6.2. IIycmov f(x),g(x) € K — dea mmozounera, e pasHux HYyA0 00H0BPEMEHHO,
a d(x) uz Hauborvwud obuud deaumenn. Toeda K(f(z), g(x)) = K(d(x)).
HoxazarenbcrBo. Kak n mig nenbix gucen, odesuano, uro K(f(z), g(x)) C K(d(z)), mo-
9TOMY HYZKHO JI0Ka3aTh JIHIIb 00paTHOe BKJIOYeHne. s storo B muoxkectse K(f(x), g(x))
pPacCMOTPHUM MPUBEIEHHBIN MHOTOWIeH ¢(x) MuHHMAIBHON cTemenn. [lokarkem, aro moboit
muorounen h(z) € K(f(z), g(x)) nenurcs ua t(z). JeiicTBUTEIbHO, B IPOTUBHOM CJIydae MpH
nejennn h(x) Ha t(x) BOSHHKHET HEHYJIEBOH OCTATOK:

h(z) = q(z)t(z) + r(x), degr(x) < degt(x).

Ho rorga r(z) = h(z) — q(z)t(x), a 3maumt, cormacuo yupaxuenuwo 6.6 r(z) ssisercsa
sstemenToM muOKecTBa K(f(2), g(2)). TTockonbky t(z) — MHOTOUYIEH MUHUMAJIBHON CTeleHn
B K(f(z),g(x)), orcioga mbl 3akimiodaeM, ato r(x) = 0. B wacTaocru, nogcrasus BMecto h(z)
MHOTOWIeHB! f(2) u g(2), MOXKHO CIIeJaTh BBIBOJ, ITO t(x) ABIAETCS UX OOIINM JIEJTUTETEM.

Uz srmovenns K(f(z), g(z)) C K(d(x)) caenyer, arto t(z): d(z), OTKyna BHITEKAaeT Hepa-
sercTBo degt(x) > degd(z). C apyroii cropoust, t(z) — obuuii Jejuresib MHOro4IeHoB f (1)
u g(z), a d(z) — ux manbosapummit obmuii nenurenn, nosromy deg d(z) > degt(z). Kak cien-
creue, nmeeM deg d(z) = deg t(z). 3naunt, muorowrens! d(z) u t(z) COBIAAAIOT ¢ TOTHOCTHIO
10 Koaddurmenta (OHU OJMHAKOBON CTEIEHW W OJUH JeauT apyroii). Ho oba MHOrOWIEHA
BBIOMPAJIACH MPUBEIEHHBIMHA, TI09TOMY OHU COBIAIAIOT. [

CaeancrBue 6.3. /1060l obwui deaumenv mruozousernos f(x) u g(x) ¢ woadduyuernmanu
6 K deaum uz nauboavwuti obuut deaumens d(x) = (f(z), g(x)).

HokazarenbcTrBo. OUeBHIHO U3 CYIIECTBOBAHUS MpejcTaBienus d(x) B BUje JUHEHHOM
koMOuHanun Muorowienos f(z) u g(x). O

CuencrBue HO3BOJIIeT JATh aJbTepHATUBHYIO Xapakrepusanuio HO/a: sTo Tor u3
o0mmux Jiesiuresieil JaHHbIX MHOI'OYJIEHOB, KOTOPBI Je/iuTcst Ha JII0O0H ux oOIuil JleIuTesb.

6.4. AIrOPUTM EBKJIUIA

AuropurMm EBKIHIa MEPEHOCHUTCS ¢ IEJIBIX YHCeJ Ha MHOTOWIEHBI ¢ KO3MDUIMEeHTaMK
B K nmouru 6e3 usMmenenui.

Jlemma 6.4. Iycmo f(x), g(x) € Klz|, npuuém g(z) # 0. Tozda (f(x),g(x)) = (9(x),r(x)),
ede r(x) — ocmamox om deaenua f(x) na g(x).
HoxazarenscrBo. [lomoxnm d(x) = (f(z),g9(z)) udi(x) = (g(z),r(z)). C oauoit CTOPOHDI,

d(x) [ (f(z) —q(x)g(x)) = r(z),

nosromy d(x) — obuwit gemrens g(x) u r(x). 3uaunt, d(x) | di(z) cormacHo caeacTBUIO
C apyroit cTOpOHbI,
dy(x) | f(x) = q(x)g(x) + r(z),

(
nosromy di(x) — obmmii genurens f(x) u g(x), Tak aro dqi(z) | d(z) 1o Tem ke coobpazke-
ausim. Takum obpaszom, dy(z) = d(z). O
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Buarogapst siemme [6.4 MozkHO yTBEpK AaTH, 4TO HAUbGOIbIINIT OOIIMIi e uTea b MHOrO /16~
1o f(x) u g(x) Moxker OBITH HARJCH IPH MOMOIIH anzopumma Eexauda, 3axmogaomerocs
B BBIIOJIHCHIH CJIC/IYIOMIEHT TOC/Ie/I0BATEILHOCTH HIAT0B:

f(z) = qo(x)g(x) + ro(x) HYJI€BOi 1mrar

g(x) = qr(x)ro(z) + ri(2) IIePBLIi Tar
Tn_2(x) = qn(x)rn_1(z) + ro(z) n-it mar

Tn1(2) = gni1(2)ra(2) (n + 1)-it mar

31ech 1, () — mocsreiHII HEHYJIEBOH OCTATOK, CYIIECTBOBAHIE KOTOPOTO TApAHTHPYETCS TeM
dakToM, 4TO cTeneHb OCTaTKa HA KAyKJIOM Iare MOHUZKAETCS.

Yupaxkuenue 6.7. Yoedumecv 6 mom, wmo (f(x), g(x)) = r.(z).

YrBepxkaenue 6.5. [lycmo f(x),g(x), h(z) € K[z] — mnozousenv, das xomopux evnoa-
nerno (f(x),h(z)) =1 u f(z)g(z): h(x). Toeda g(x): h(z).

Yupaxkuenue 6.8. Joxascume npedaoorcenue [6.5

YrBepxkaenue 6.6. [Iycmo f(z),g(x), h(z) € K, npuuém h(x) nenpusodum. Tozda usz
yeaosus f(x)g(x):h(x) caedyem, wmo f(x) ' h(x) uau g(x):h(zx).

HoxazarenscTBo. Tak kak h(z) menpusoxum, To au6o f(z):h(x), 6o (f(z),h(z)) = 1.
B nepsom ciyuae BCE 10Ka3aHO, a BO BTOPOM 10 YTBEPKICHUIO mveeM g(z)h(x). O
Vupaxkuenue 6.9. [Tycmo fi(x),..., fu(x), h(z) € K[z], npuuém h(zx) nenpusodum. Tozda
us (fi(z) - folz) - ...« fulz)) Ph(z) caedyem, wmo fi(x):h(z) das nexomopozo k.

6.5. KOPHU MHOTOYJIEHOB I OCHOBHASI TEOPEMA AJITEBPHI

DTOT pasjies MOCBANIEH T0KA3ATEIbCTBY HECKOJBKUX (PYHIAMEHTAIBHBIX Pe3YIbTATOB.
Kpome Toro, Mbel 06e3 mokaszareabcTBa A UM OIMACAHNE HEMPHBOIAMMBIX MHOIOYJIEHOB C KO-
apbunmenravu B R n C.

Teopema 6.7. [Teopema Besy| Jucio A € K asaaemes xoprem muozounena f(x) € Klz],
ecau u moavko ecau f(x):(x —N).
HoxkazarenabcrBo. Ecau f(z):(x — \), o f(z) = q(z)(x — \) mag mekoroporo ¢q(z) € K,
otkyaa f(\) =0.

O6patruo, ycrs f(A) = 0. Tlogesus f(z) ¢ ocrarkom Ha (z — \), nojydnm

f(z) =q(z)(x — \) + r(z), e r(z) =0 nm degr(xz) < deg(z — A).

[Mockosbky deg(x—A) = 1, crenenb ocrarka JI0JIZKHA PABHATHCA HYJIIO, TO ecThb 1'(1) = a € K.
[Tosromy 0 = f(A) = ¢(A) - 0+ r(X) = a, orkyza r(z) = 0, aro u TpeboBazoch. [
VYreepxkaenune 6.8. [Popmynw Buera] ITycmo mnozousen x° + bx + ¢ € Klx] umeem
kopenv A € K. Tozda cywecmsyem maroe wucao p € K, das xomopozo

2 rbr+c=(x—N(xr—p),
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npuwém, A+ = —b u A\p = c.
Yupaxuenue 6.10. Jokxaorcume ymseporcdenue [6.8
Yreepkaenue 6.9. Koauuecmeo KopHed MHOZOMACHA He NPESOCTOOUM €20 CMmeneny.

Vupaxkuenue 6.11. a) Joxascume, ymeeporcdenue .
6) Ybedumecn, wmo ecau MHO20MAEH MONCIECTBEHHO PABEH HYAO KAK PYHKUUA, MO 6Ce
€20 KoahPuUUEHMBL PABHDL HYAW.

Teopema 6.10. Muozousen ¢ kosfpuyuenmamu ¢ K edunemeernvm obpazom (¢ mouno-
cmwvio 0o nepecmanosku u domuodcenua Ha aaemenmos ud K) npedecmasasemes 6 eude npo-
uaeedenua HenpuUeoIUMbBLL COMHONCUMENET.
JokazarenbcrBo. CHadana yOeauMcsi B CYNIECTBOBAHUHN PA3JIOyKeHUsA. ByreMm BecTn nH-
JYKIIMIO 10 crenenn MHorodwteHa n = deg f(x). Basa unaykiun cupasejiusa: J0O0H MHO-
rouien crermenn 0 win 1 menpuBoaum. lar unayknun: ecn muorownen f(x) € K[z| nenpu-
BOJIUM, TO JIOKa3biBaTh Hedero. B mporusaoMm ciaydae f(z) = u(x)v(x), npuuém cremenu
mHOrOWwIeHOB u(x) 1 v(x) cTporo MeHbie crenenn f(x), a 3Haqdut, u(x) u v(r) packaaabBa-
I0TCsI HA HEIIPUBOIUMBIE.

st moKazaTebCTBa € IMHCTBEHHOCTH TPEIIIONI0KAM, YTO CYIIECTBYET JBA PAa3/I0KEHHUS

pi() - pa(x) - pr(@) = @u(2) - qa(z) - (),

rzie Bee p;(x), ¢;(z) nenpusoanMel. bes orpanndenust OOMIHOCTH MOXKHO CUHTATH, ITO HHKA-
kue p;(z) He coBmamaior ¢ ¢j(x) (B MPOTHBHOM CiIydae IMPOCTO COKparnM Ha HuX). Torma
COIJIACHO YIIPAYKHEHUIO KaKJIbIil p;(2) AeauT HeKOTOPbIA ¢j(X), OTKyna B CHJIYy HEIpH-
BOJIMMOCTH MOCJIEHUX CJe/yer, 9TO OHM OTJHYAITCS APYT OT JApyra yMHOXKEHHeM Ha KOH-
crauty. Teopema nokazana. []

Konkperubiii Bux HenpuBouMbix Muaorowienos B K|z] cymecrsenno 3apucur ot K.

IIpumep 6.6. Muorounen (z? — 2) HENPUBOJAMM, €C/H PACCMATPUBATH €r0 KaK IJEMEHT
muoxkecTBa Q[x]. leifcTBuTebHO, ecin 661 OH OBLT MPUBOAUM, TO PACKIAIBIBAICS OBl B TPO-
M3BEJIEHNe JIBYX MHOTOYJIEHOB TIE€PBOil cTeneHn (BO3MOKHO, OJMHAKOBBIX ), TO €CTh COIJIACHO
Teopeme Besy mmen 661 kopenb. OnHaKO, ypaBHeHue r2 = 2 He HMeeT PAIMOHAILHLIX Pele-
HHUil, TOCKOJIBKY /2 — HPPAINHOHAIBHOE YHCIIO.

Tor ke caMblil MHOIOWJIEH, PACCMATPUBAEMBII KaK 371eMeHT MHO)KecTBa R[x|, mpuBouM:
22— 2= (z—V2)(z +V?2).
IIpumep 6.7. Muorowren (z° + 1) € R[z| menpuBoauM, HO OH CTAHOBHTCS MPUBOIEMBIM,
eCJM PACCMATPUBATH ero Kak tement Clz]: umenno, 22 + 1 = (z — i) (z + 1).

VYupaxkuenune 6.12. Hatidume pasaosicenue mnozourena f(x) = (x*—4) na nenpusodumvie
commootcumenu, pacemampusas f(x)

a) Kax anemenm muoocecmea Qlx);

6) xax sremenm mmoscecmea R[z);
8) kax aremenm muoocecmea Clz].

o

Ipuseném popMyInpOBKY BakHelilell TeopeMbl, HAOPOCOK JIOKA3aTeIbCTBa KOTOPOii Oy-
JeT npuBeaeH B pasfese [10.6]
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Teopema 6.11. [OcHoBHasi Teopema anreGpsi|
Jo6ot mnozounen f(x) € Clx] npedcmasasaemes 6 eude

flz)=alx —X)-...-(x = \p),

ede n = deg f(x), a € C, a cpedu xopueds \,..., N\, € C moeym 6wmsb cosnadaroujue.
B wacmnocmu, nenpusodumuvie mrozousenv ¢ kospduyuernmamu 6 C umerom cmenenw 1.

[Ipuseném Takzxke 06e3 JI0KA3aTEJHLCTBA TEOPEMY O KJIACCU(PUKAIUN HEIPUBOJIUMbIX MHO-
rO4/IEHOB C JIeHCTBUTEIbHBIMA KOI(DDUITTEHTAMHY.

Teopema 6.12. /1060t mrozouaen f(x) € Rlz] npedemasasemea 6 sude
fr)=a(@*+bx+c) ... (@ +br+c) (x—=N) ... (2= ),

ede a,b;,c;, \j € R, a duckpumunanmot 6cex K6a0pamuuHvls MHO20MAEH0E OMPUYGATNEALHYL.
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3agaun ceMUHAPOB

Bamaua 6.1. [lycrs f(z) € Rlz], deg f(z) = 3.
a) Mozxker u f(x) He umerh KopHeii B R?
6) Moxker qu f(x) umers poBHO OjuH KOpeHb B R?
B) Moxer jin f(z) umers poBrO gBa KopHsS B R?

Bamaga 6.2. O6ob6muTe dopmyasl Buera na caygait muorowrenos f(x) € Klz|, obnamaio-
MUX KOPHAMHI A1, Ao, A3 € K u ynosaerBopstromux yeaosuio deg f(x) = 3.

Bagada 6.3. /{okaxkure, 9TO KOPHH KBajapaTHoro Tpéxuiena (az? + bx + ¢) € R[z| npm
a# 0 u b® > 4ac MOryT OLITH HailIeHEI TI0 XOPOIIO U3BECTHBIM U3 MIKOJEI (bOPMY/IaM

_ —b+ Vb —dac 3 —b—Vb? — 4dac
- 2a ’ 2 2a '

A

Yrazanue: BolaeauTe NOJHBIA KBaJpar.

Bamaua 6.4. [Tycts \; u \y — KopHU KBajipaTHOro Tpéxuaena r2+bx+c € K[z]. lokaxure,
4TO ero JUCKPUMHEHAHT paBeH (A — Ap)2.

3amaua 6.5. Haiijiure 3nauenne napamerpa ¢, €CJii U3BECTHO, YTO
a) KOpHHU Ai, Ay MHOTOUWIeHa o2 — 6 + ¢ YOBJIeTBOPAIOT COOTHONICHUIO 3A; + 2o = 4;
6) MHOTOWIEH 2% + qv + 25 IMeeT KpaTHLIH KOpeHb.

3agaua 6.6. a) Yuco (1 + 1/2) — Kopenb HEKOTOPOro MPHBEICHHOI0 MHOTOUYIEHA BTOPO#
cTerenu ¢ neabiMu Koddduimentamu. Haiinre 3T0T MHOTOYJIEH U €r0 BTOPO KOPEHb.

6) Yucio (3 + v/5) — KOpeHb HEKOTOPOrO IIPHBEICHHOIO MHOIOWIEHA BTOPOH CTeleHn
¢ neabiMu Kodddurmentamu. Haftiiure 3T0T MHOTOUJIEH U €10 BTOPOil KOPeHb.

B) Yucro (2 — v/3) — KopeHb HEKOTOPOTO MPHBEICHHOTO MHOTOWIEHA BTOPOH CTeIeH:n
¢ nesabivMu Kodddunuentamu. Haiftiure 370T MHOTOY/IEH U €r0 BTOPOl KOPEHbD.

r) Yncao (1 + +/7) — Kopemb HEKOTOPOro TIPHBEJEHHOTO MHOTOUJIEHA BTOPOH CTereHn
¢ neabiMu Kodddurmentamu. Hafiiure 3T0T MHOTOUJIEH U €70 BTOPOil KOPeHb.

1) Yucno (4 — v/3) — KOpeHb HEKOTOPOro HPUBEICHHOrO MHOIOUJICHA BTOPOil CTeleHnu
¢ neabiMu Kodddurmentamu. Haiiiure 3T0T MHOTOUWIEH U €10 BTOPOil KOPEHb.

Bamaua 6.7. Ilycrs f(z) € Z[z] C Qx| — npuBenénustii Muorowren. /lokakure, 9T0 ecan
A € Q aBasgerca kopueM f(z) xkax Muorowiena u3 Q[x], To A € Z.

3amada 6.8. [Ipu kakom 3Hauennu a muorousner x'0% + aqz? + 9 neanrcs ma x + 17
Bamaua 6.9. Tokaxutre, uro muorousen (23 — 2) € Q[z] nenpusoaum.

Bagaga 6.10. Ilycts a(z) = 2° + 223 + 2? + v+ 1w b(z) = 2° + 2* + 22° + 222 + 22 + 1.
Haitaure HO/I a(z) u b(z) xak snementoB Q[x] u ero smneiinoe npeacrapieHue.

Bamaua 6.11. Jlokaxkure, aro maorowren (z + 1)® — 2% — 2z — 1 nesmrcea ma muOrOWIEH

x(r+1)(2z +1).



CPABHEHUNSI

Teopernueckuii MmarepuaJi

7.1. $I3BIK CPABHEHUN

Ilycte n mHaTypasbHOe 4mcyO. BBenéM OTHOIIEeHWe SKBUBAJEHTHOCTH = HA MHOYKECTBe
HaTyPaJbHBIX duced N coriacHo cJie/IyioneMy MpaBuIy:

a=b(mod n) & (a—b)in

B Tom ciayuae, Korma sJ1eMeHTH @ ¥ b SKBUBAJIEHTHBI APYT JAPYTY, TOBOPAT, YTO (4 CPAGHUMO
¢ b no modyao n.

3ameuanme. KoOppeKTHOCTH ITOrO ONPEJIEJCHUS, TO €CTh TOT (PAKT, YTO OTHOIICHUE =
Ha MHOXKECTBE IIeJIBIX YucCeJI B CaMOM JeJie ABJAeTCA OTHOMICHNEM 3KBHBaJICHTHOCTH, ObLIa
IIpOBepeHa B ynpakHeHUH [2.9]

O6o3HaveHne. MHOKECTBO KJIACCOB YKBUBAJICHTHOCTH 0003HAYAETCS KAk Z/nZ.

Sameuanume. YUToOBI ONpegeIuTh KJIACC SKBUBAJIEHTHOCTH YHCJIa @ HAM JOCTATOYHO 3HATH
ero oCTaToK 1, (a) upu Jgeaenun Ha n. [losromy MHOKeCTBO Z /N7 MOXKHO IPEJICTABATH B BUIE
{0,1,2,...,n — 1}.

IIpumep 7.1. Tlpu n = 2 B Z/nZ cymecTByeT BCEro JIBa KJIacCa SKBUBAJIEHTHOCTH: YETHBIE
U HeYETHbIe YUCJIA.

Ha muoxkectBe Z/nZ cpaBHEHUI O MOIYIIIO 1 €CTECTBEHHBIM 00PAa30M BBOJSTCS OMEpa-
[UU CJIOYKEHUSI, BBITUTAHUSI U YMHOMKEHHUs. JTO CJEAYeT U3 TOro pakra, 4ro pe3ysbTar He
3aBUCHUT OT BbI60pa IpeacraBuTe/]id B KJIaCCEe 9KBUBAJCHTHOCTH.

Vupaxkuenue 7.1. ITyems a = b (mod n) u ¢ = d (mod n). Jokascume, wmo:

a) a+c=b+d (modn);

6)a—c=b-—d(modn);

6)a-c=b-d(modn);

2) das mo0bozo namypasvrozo m € N ewnoaneno a™ = b™ (mod n).
PaCCManI/IBaH B Ka4dYeCTBE eCTeCTBEHHBIX Hpe,ZLCTaBI/ITeJIeﬁ OeJbIX YHCeJI a ’ b UX OCTaTKH,
MbI MOZKEM 3aJIaTh OIEPAIUK CJIOKEHUs] U YMHOXKEHHUs CJIe/[YIOIUM 00pa3oM:

r(a+0b) =r(r(a) + r(b)) u r(a-b) =r(r(a)-r)).

IIpumep 7.2. 726 =11-11-6=(-2)-(-2)-6=2-12=2-(—1) = 11 (mod 13).
Sameuanme. YUToOOBI CJI0KUTH WK TEPEMHOXKHUTD JIBa YUCJIA IO MOIYJIIO JIeCITH, T0CTaTOY-

HO IIPOCTO CJIOZKUTDb UJIK II€PEMHO2KHUTDL IIOCJIeIHUE HI/ICl)pr HCXOOHDbIX YHCeJI U B3ATb IIOCJICI-
HIOIO TPy pe3y/abrara;

146 + 8677 =6+ 7 = 13 = 3 (mod 10) u 476 x 335 =6 x 5 =30 =0 (mod 10).
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Yupaxkaenue 7.2. Kax onucamv caoocerue u ymmoscenue no modymo 2, 3, 5 uau 97

Bameuanwue. Ha BolumTaHHe MOXKHO CMOTDETH KaK Ha YACTHBIA CJydail cI0kKeHus. DTO
03HAYAEeT, YTO BHIUATAHUE OCTATKA @, ITO TO YK€ CaMoe, 4TO NPUOABJIeHUe OCTaTKa (n — a).
[Tockosbky wncsa (n — a) u (—a) JeKUT B OJHOM KJIACCE IKBUBAJEHTHOCTH, TOT OCTATOK
4acTo 0003HAYAIOT KaK (—a) U HA3BIBAIOT NPOMUEONOA0HCHUM K a. Pe3toMupys, mpoTuBo-
TOJIOYKHBIN K @ OCTATOK XapakTepusyercst TeM, 910 a + (—a) = 0 (mod n).

ITpumep 7.3. B muoxkecrse Z /57 npoTHBOIOJIOKHBIM K OCTATKY 2 SIBJISETCsI OCTATOK 3.

C gmenenueM Bcé obCTOUT ciioxkHee. PaccMoTpenHne HECI0KHBIX NMPUMEPOB MOKA3LIBACT,
4TO OGE3yMHOE COKpaIlleHue CpaBHEHUN MOXKET MPUBOJUTH K MeYaIbHBIM Pe3yIbTaTaM.

IIpumep 7.4. Nmeer mecto cpasuerue 6 = 36 (mod 10), onnako 1 # 6 (mod 10).

C y‘{éTOM YKa3aHHOTI'O BblII€ 3aMeYaHud, OBLJI0 OB JIOTHYHO 3aMEHUTH JeJICHHe Ha a4 YMHO-
JKeHHeM Ha OCTaToOK a ', obpamuwid x a. To ecth Taxoii, uro a-a~' = 1 (mod n). K coxa-

JIEHHUIO, 9TO BO3MO2KHO He€ BCer/a.

Yupaxkuaenune 7.3. [oxasicume, wmo ecau n = 4, mo He cyulecmeyem maro20 “Uucaa «,
umo 2a = 1 (mod 4). Taxum o6pazom, Heavas desumsd Ha 2 no ModYA0 4.

Jlemma 7.1. Ilycmo nwamypaavhole wucaa n u a 63aumno npocmo. Tozda cyuecmeyem
ocmamox  maxod, wmo ax = b (mod n).

JdokazareabcTBO. 3amMernm, 9TO Tak Kak (n,a) = 1, To coracHO Teopeme Huocan-
TOBO ypaBHEeHHE ar + ny = b WMeeT pelreHue T, Yo. A CONTACHO YIPAXKHEHHIO MOKHO
3aMEHHUTDH IEeJI0e TUCI0 T HA ero OCTaToK x = r(xg). O

CrnenctBue 7.2. I[Tycmov namypasvhoe wucaa n u a 63aummo npocmul. Tozda cywecmsyem
ocmamox a”t, obpammsiti K a no modyaro n. Hnvimu cAosamu, Ha a no MoOYA0 T MOHCHO Je-
AuMb. B wacmmocmu, mostcno desums na a10600 HenyAe80T 0CMAMOK N0 MOOYAIO NPOCMO20
YUCAQ.

Bameuanme. Teopema[d.10]oMOraeT HaM IIOHATH TAKZKE U TO, YTO IPOUCXOJUT, €CIIN TUCIIA
N W a He sBJISIOTCA B3aHMHO MPOCTBIME. B 3TOM caydae cpaBenue axr = b (mod n) nmeer
pelieHre TorJa U TOJbKO Torjaa, Korga b (n,a). B wacraocru, ecau b = 1, peuienuit 1o
CPABHEHHE HE MMEET, TO €CTh 00PATHOTO OCTATKA K (. 1O MOJYJIIO 7 HE CYIIECTBYET.

IIpumep 7.5. Ecmm n = 10, To cpean OCTAaTKOB B3aUMHO TTPOCTBIMHU € 1. IBJASIOTCS TOJBKO
1,3, 7u 9. Ocrarku 3 u 7 obparubl Apyr Apyry, a ocrarku 1 u 9 obparubr camu cebe.

Yupaxkuenue 7.4. Kaxue ocmamxu moocem damsv keadpam no modymo 3, 8, 247

Vnpaxkuenue 7.5. Yemy paser, ocmamor 32°2° no modyato 57

7.2. OCTATKHU IO TIPOCTOMY MOJIV/IIO
I/IS JIEMMBI MOZKHO YBUIETH, 9TO OCTATKH IO MOAYJIO HIPOCTBIX YHCEJI IMOXOXKH Ha

panuOHaJIbHbIE NN BEIIECTBEHHDBIC YHUCJIa B TOM CMBICJIE, 9YTO UX MOXKHO H€ TOJILKO CKJIaJbI-
BaTb, BbIYMTaTh U YMHO2KaTb, HO U J€JIUTb APYI Ha ApYyra. STy AHaJIOTHIO MO2KHO Pa3BHUBaTb
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u JaJibiie. Tak, uMeeT CMbIC/I TOBOPUTH O PENIEHUU KBAaIPATHBIX YPAaBHEHUI WJIM Ollepaluu
MN3BJEYEHUA KBAJPATHOTO KOPHA.

Onpeaenenune 7.3. Ilyctb p — npocroe duciao. Hazoém ocTtaTok a keadpamuyunvim Guie-
MoM 10 MOJLYJIIO P, €CJI CYLIeCTBYeT 4uc/io ¢ Takoe, 4To ¢° = a (mod p). nbiMu ciosamu
KBaJ[PATUIHBII BBIYET — 3TO OCTATOK, U3 KOTOPOTO MOYKHO W3BJIEYb KOPEHb.

YrBepxkaeuue 7.4. [lycmo p — neuémmoe npocmoe wucao. Tozda posHo nososura Hery-
AEBHLT OCMAMKOS ABAALNCA KEAIPAMUYHDIMY GbINEMAMU 1O MOOYAI0 D.
JlokazaTeabCcTBO. Bbinumem Kpajaparhl Beex octatkos 12,22 ... (p — 1)% Bamerum, uro
JIBA PA3JUYHBIX OCTATKa @ U b JAIOT OJIMH M TOT YKe KBa/JIpaT, €CJAU U TOJHKO €CJIH UX CyMMa
paBHO HYTI0. /leficTBUTETBHO,

a® = b* (mod p) & (a—0b)(a+b) =0 (mod p).

Tak xak (a — b) # 0, TO COrTACHO JIeMMe Ha 9TOT COMHOXKUTENb MOYKHO COKDATUTD
(OTMETHM, YTO TYT BasKHO, 4TO MBI paboOTaeM 110 MOJYJTIO TIPocToro uuca). CiesoBaTelbHo,
B crpoke 12,22 ... (p — 1)? xax/iplil 0cTaTOK BHIIMCAH POBHO JBa pasza. [

CaenctBue 7.5. llycmv p — neuémmuoe npocmoe wucro. B zasucumocmu om napamempa
a # 0 cpasnenue x* = a (mod p) aubo umeem dea pewenud, Aubo He umeem pewenut cosce.

Yupaxuenue 7.6. Kaxue ocmamxu A8AA0MCA K6AOPAMUSHOLMU GOI%ENaAMU 10 MOOYA10 77
Ilo modyaro 137

7.3. MAJIAST TEOPEMA @PEPMA

Teopema 7.6. [Masag reopema @epmal [Tycmv p — npocmoe wucao. Tozda das a0bozo
Uen020 ucaa a eunoanero cpasrerue a’? = a (mod p).

HoxazareabcTBo. /I1s a = 0 yTBepxKjaeHe 09EBU/IHO, IOITOMY HUKE MbI OyJIeM CUUTATD,
910 a # 0. MBI IpuBeIéM ABa pa3IMIHBIX JOKA3aTEIbCTBA TOH 3aMedaTe/ IbHONR TeOPEMHL.
DuemenTapHoe. PaceMorpum Konednsii nabop 4ucern a, 2a,3a, . . ., (p— 1)a. 3amernm, 410
OCTaTKK I3TUX YUCeJI IIPpU JeJIEeHUU Ha P IIOIIapHO Pa3J/IMYHDbI. B CaMOM JeJie, B IPDOTUBHOM
ciaydae Jyuist Hekotopbix k[ € {1,2,...,p — 1} Bemmonnsierca (k — l)a:p. B cuny B3anmuoi
MPOCTOTHI @ U P TI0 JIEMMe Ha a4 MOYKHO COKPATUTh, YTO BIEYET 33 cobOit papeHCTBO k = [.
TaxkumM 06pa3oM, HAIA TMOCTIEI0BATEILHOCTh COJEPKUT BCé Te ke octarku 1,2,...,(p — 1),
HO 3aIlMCaHHbIe B JIPYroM mopsjke. [lepemuoxkas ux, moaydaem

a”(p—1)!=(p—1)! (mod p).

JJ1st 3aBepIeHnst JOKa3aTeIbCTBA OCTAIOCH PA3IeJUuTh 0be JacTu paBeHcTBa Ha (p— 1), aro
JIOLLYCTUMO, 1IOCKOJIbKY duc/a p u (p — 1)! B3aUMHO 1IPOCTHI.

KombunaTopHuoe. 3a1a1uMcs CIeIYIONIIM BOIIPOCOM: CKOJbKHMHE CIIOCODAMH MOYXKHO Pac-
KPaCHTb KPYT, Pa30UTHIN HA P OAUHAKOBBIX CEKTOPOB, @ pa3aIuIHbIME Kpackamu?! [ToCKOIbKY
KazKJIbII CeKTOP MOYKHO IMMOKPACUTH @ CIIOCODAMH, IO IPABIIY IIPOU3BEICHUS BCETO CIIOCOOOB
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packpacku kpyra a’. [Ipu 9T1oM eciim 0TOXKJIECTBIIATH PACKPACKH, [TOJLYYAIONIHecs JApyr u3
JIpyra MOBOPOTOM, TO KayK/1as PACKPacKa, KPOME ¢ OJHOIBETHBIX, Oy/eT MOCUYUTAHA P Pas.
DT0 3HAYNT, YTO HEOJHOIBETHBIX PACKPACOK B TOUHOCTH (P —a) /p. OHAKO 3TO 1e10€e YnCIIo0,
otkyaa (a? —a)p. O

Yupaxkaenue 7.7. ['de 6 xomburamoprom doxazamensvemee maroti meopemv, Depma Ovin
UCN0AL308aH Mom dakrm, wmo p — npocmoe wucao? Ilovwemy das cocmasnvx p dokasamens-
cmeo we pabomaem?

Teopema 7.7. [Teopema Buabcoua] Yucao p asasemes npocmoim moz20a U moasbko mo-
2da, xozda ((p — 1)! + 1) deaumea na p.

Jloka3zaTeabcTBO. IlycTh p — mpocroe. PasobbéM octaTknm Ha maphl a,a” . TlocmoTpnm
HA OCTATKH, KOTOPHIE OCTAJHUCh 03 Mapbl — 3TO T€ OCTATKHU, KOTOpble 00paTHbl camu cebe.
OcraTok a cam cebe oOpaTeH B TOM CJydae, KOrjaa

a®> =1 (mod p) — (a—1)(a+1):p.
CaenoBarenbHo, uiib octatku 1 u (p — 1) obparabr camum cebe. 3HAUMT,

p—Dl=1-2-27Y-...-(p—1) (mod p)

W MPOU3BE/IeHNE BCEX OCTATKOB CpaBHUMO ¢ (p — 1).
ObpatHno, gomycTtum, p — cocraBHoe. Torma cymecrtByer d < p, genstee p. [Tosromy
(p — 1)! genmres vHa d, a (p— 1)! + 1 — we geaurca. A 3uaqur, He geautcs u Ha p. [

IMpumep 7.6. Eciu n = 17, To ocrarku B uucse 16! pazduBaiorcs Ha mapbl 0OPATHBIX APYT
K JPYTY CJIEAYIONIM 00pa30M:

171 =1-(2-9)-(3-6)-(4-13)-(5-7) - (8-15) - (10-12) - (11 -14) - 16 = 16 (mod 17).

Yupaxkuenue 7.8. [lycmv p npocmoe wucao.

a) Iokascume, wmo ecau 1 < k < p, mo C’I’f deaumcs Ha p.

6) Jokasrcume, umo dan aobwx a,b € 7 cnpasedauso (a + b)? = a? + b (mod p).

8) Hcnoavays memod mamemamureckoll uHOYKuuy U npedvdyuiue nyHkmos, npudymati-
me ewé 00Ho dokasamensvbemseo manroti meopemv, Depma.

7.4. KUTAVICKASI TEOPEMA OB OCTATKAX

IIpumep 7.7. PaccMoTpum cuctemMy cpaBHEHUIA:

r = 2 (mod 3)
x 3 (mod 5)
r = 2 (mod7)

Hetpyuno npoBeputsb, uro & = 23 sBjgercd pemenueM. BoJiee Toro, okazpiBaeTcs, 4To odimee
pemrerune uMeeT BuA x = 23 + 105¢, rie t € Z.
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PaccMorpennbiii Bblie HpuMep sBJIsI€TCsS YaCTHBIM CJydaeMm OoJiee 001eit curyaiuu.

Teopema 7.8. [Kuraiickas Teopema 06 ocraTkax]|

ITyemv ny,na, ..., Ny, — NONAPHO B3GUMHO NPOCTNBIE HAMYPAALHBLE YUCA. To20a das KOOV
UEABLT YUCeA Q1, Az, . . ., 0, € L cyujecmeyem T € 7 maxoe, 4mo

xr = a; (modny)

r = ay (modn,,)
Boaee moeo, ono eduncmeerto no modyato N =mnq -ng - ... Ny,.
JokazareabcTtBo. CHadaJia MPOBEPUM CYIIEeCTBOBaHHE perteHns. s KaxKaI0ro WHIEKCa
k€ {1,2,...,m} nonoxxum Ny = N/ny u b, = N;/' (mod ny). Torna okaspiBaercs, 4To

penienne MOXKHO 3alliCaTh B BHAE
xr = a1N1b1 + agNng + ...+ CLmNmbm.

Yoeaumcs, 9T0 X, 3aJaHHBIH Takoi (bopMmysoi, aBasercs pemenuneMm. B camom nerte, Ecian
k # 1, to Ni:iny. lpn stom a3 N1by = a; (mod ay). Takum obpazom, x = a; (mod ay)
u nmepBoe CpaBHEHHE CIIpaBeIJINBO. AHaﬂOFI/IqHO IIpOBEPAIOTCA U OCTaJIbHBIEC CPABHCHHA.
TeHepb YAIOCTOBEPpUMCA B ¢ IMHCTBEHHOCTH. OT OPOTUBHOTO, MIYCTh UMECTCA ABa PEIIeHUA:
x u z'. Torpa s moboro k cipaseamuso (z—x') : ny. [octeanee B cuity monapHoil B3auMHOM
IIPOCTOTHI TUCET Ty, Mg, . . . , Ny, BICIET 32 coboit (x — 2') i N. Tpebyemoe mokazamno. [

Bameuanume. 1) Jloka3arh eJIMHCTBEHHOCTH MOXKHO OBLIO Obl U M3 KOJUYIECTBEHHBIX CO0D-
pazkeHmil. B camMoM Jese, 9UCIO Pa3NHIHBIX HEIKBUBAJIEHTHBIX HAOOPOB BUAA A1, A2, - . . , Gy
PaBHO M *Ng * ... Ny = N, N KazKJOMy TaKOMy HaDOPY COOTBETCTBYeT KaKOe-TO DelleHue.
C npyroii CTOPOHBI, PA3JIMYHBIX OCTATKOB 110 MOy 10 [N poBHO [N. SHAYHUT, KaxK10My HAOOPY
COOTBETCTBYET POBHO OJHO PeIleHue.

2) Kuraiickyio Teopemy 06 ocTaTKaxX MOXKHO mepebOpMyIHpOBATh B TEPMUHAX TEOPUH
MHOKecTB. VImenno, ecan 4ncia ny, ng, . . . N, — HOMAPHO B3aUMHO IpOCTHIe uucaa, N — ux
IPOU3BEJCHHE, A Ty, (a) 0603HATACT OCTATOK MPH JEJACHHN @ HA Nk, TO OTOOPAYKEHUE

FiZINZ — Z)mZ x Z/noZ X ... X T)n7Z

ar (rp,(a),rp,(a). .. ry,, (a))

apisgercs ouexnueii. Ha camom siesie yrBepzkaercs gazxke OoJibiiee: 3Ta OMEKIUS COXPAHAET
CTPYKTYDY, TO €CTh OTePAIIH CJIOKEeHHsI U YMHOKeHUsI (TTOHNMaeMble B TPABOM MHOZKeCTRe
KaK MOKOMIIOHEHTHBIE ). DTa KOHCTPYKIIUsT UMeeT Liybokue 06001IeHust B «00IbIION HAYKe>.

ITpumep 7.8. YcioBue mnonapHoil B3auMHON IIPOCTOTHI dABJsSIETCS HeOOXOauMbIM. B camom
JieJie, pacCMOTPUM CJIEIVIONLYIO CUCTEMY:

{x = 1 (mod 3)
x = 3 (mod 6)

13 Broporo cpaBHeHus BuaHO, uTo (x — 3):6, To ectb x mesmrtces Ha 3. Ho m3 mepBoro
cpaBHenus (x — 1):3. CieoBaTeibHO, HCKOMasl CHCTEMa CPaBHEHUIT PeIeHuii He nMeer.
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CPABHEHUNSI

3agaun ceMUHAPOB

Bamaua 7.1. (T) Kakue octarku or jiejieHust Ha 7 U Ha 9 MOYKeT JaBaTh
a) MOJIHBIH KBAJIPAT;
0) nosnHblil Ky6?
Bamaua 7.2. (T) Permure B 1eJbIX 9UCAaX YPABHEHHE
a) 7o + 2 = y3;
6) x? +y? = 32%
B) 8z — 13y = 17.
Bamaua 7.3. (T) Haiinure perenus caeayonux cpaBHeHWI:
a) 7x =3 (mod 15);
6) 62 =5 (mod 9);
B) 4 =2 (mod 18).
Bamaua 7.4. Cxkonbko pemtennit umeer cpasuenne 21z = 14 (mod 91)7?

Bamaua 7.5. (T) Ucnoab3ys cBoiicTBA CpaBHEHUil, HARAUTE OCTATOK OT JIEJICHHUSI
a) 1219 na 13;
6) 21991 ya 11;
B) 4510000 ya 101;
r) 14" ma 17.

Bagaua 7.6. [Tycre n — Heuéruoe uucio. Haiiaure ocrarok or jejieHust Ha N CJiejyromei
cymmbr: 13 +23 4+ ... 4 (n — 1)3.

n? nll

9In
Bamaua 7.7. [lokaxkure, 9TO YUCJIO — + —— + —— SBJISCTCS LEJIBIM.

7 11 7

Bamaua 7.8. (C) IlycTh m u n — B3aMMHO IPOCTHIE HATYPAJbHBIE YHCIA, a U b — OPOU3-
BOJIbHBIE IIEJIBIE THCIIA.

a) Jlokazkure, 9T0 9ncaa a, a +m, a+2m, ..., a+ (n — 1)m JaioT pasHble OCTATKH IPU
JIeJICHUH HA, N.

6) JdokazkuTe, 9T0 Tepecederre apudMeTHIECKON TPOTPECCUH @, a+m, a+2m, a+3m, . ..
¢ apudmerndeckoit nporpeccueit b,b+n,b+ 2n,b+ 3n, ... apasgercsa apudMeTHIECKON Ipo-
rpeccueil ¢ pa3HoCTbIO M.

Bamaua 7.9. (T) Pemmure cienyolme cucTeMbl CpABHEHWI:
x

a) :

3

)
od 7)
mod 6)
mod 7) ;
mod 9)
)
)
)

QO T A0 N W -

od 9
od 4

, TJe a,b, c — MpOn3BOJIbHBIE HATYPAJIbHBIE YNCTA.
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Bamaga 7.10. (T) Haitsure naumenbiiee HATYPAJILHOE YHCJIO, JAIOIIEE MPH JICJCHUH Ha 2,
3, 5, 7Tocrarku 1, 2, 4, 6 cOOTBETCTBEHHO.

Bagaga 7.11. [Ipu kakux meapx n anciao n? + 3n + 1 neanresa ma 557

7.1. /lonmosHuUTEIbHBIE 3a0a9N

Bamaua 7.12. ITo anajioruu ¢ npusHakamu JeJUMOCTH Ha 3 U HA 9 MOYKHO HPEIJI0KUTH
HNpU3HAK JEJTUMOCTH Ha 27: «ecjiu cymMMa Iudp 9Ucaa JeJUTCd Ha 27, TO U YUCJIO JETUTCH
Ha 27». Bepen jim sToT mpusHak?

3amaua 7.13. /lokaxkure, 4TO CyIecTByeT HECKOHEYHO MHOI'O HATYPAIbHBIX YUCE], KOTOPbIE
He TPEeJICTAaBUMBI B BHJIe CYMMBI JIBYX KBaJIPaTOB.

Bamaua 7.14. Haiiaure ocTaToKk oT AedeHns 9UCIA, cocTosdmero u3 19 gesarok, na 19.

Ounpepenienne 7.9. Ilycts n € N. Qyukyusa Jiaepa ¢(n) — 310 KOJIAIECTBO duces or 1
JIO N BKJIIOYUTEIBHO, B3AUMHO MPOCTHIX € 1.

Bagaua 7.15. Jlokaxkure ciegaymommue cBOicTBA DyHKINN Ditaepa.

a) ¢(p¥) = p*1(p — 1), rme p — mpocroe, k — HATypaIbHOE;

6) [ycrh a w b B3auMHO mpocThl. [lokaxute, uto ¢(ab) = ¢(a)p(b);

B) PazjiokuM 4HCI0 n KaK OPOU3BEIEHUE CTeNeHeil MPOCTHIX YHuceT: n = p*l - ... - p
Beipasure ¢(n) gepes3 py,...,p 1 aq,...,q.

&%)

Bamaua 7.16. [Teopema Diisepa] IlycTs HaTypaibHBle YHCAA @ U 7 B3AUMHO HPOCTHI.
Hoxazure, uro a®™ =1 (mod n).

Onpeaenenune 7.10. Byaem ropopuTh, 9T0 OCTATOK @ 1O MOIYJIIO 71 SIBJISIETCA 00PAMUMBLM
GHLMEMOM, €CITH JIJIsl Hero HaligeTcs Takoi octatok b, uro ab =1 (mod n).

Bagaua 7.17. CKOJBKO CyIIecTByeT 0OPATUMBIX BHIYETOR
a) Mo MOJYJII0 p%, TIe p — MPOCTOe, (v —HATYPAJIbHOE;
) mo MomyIIo Pyl ps?, Tae pr — pasJudHbIe TPOCTHIE, (fp — HATYDAJbHBIE;
B) 110 MO0 P ... Py, e P — PA3JIMUHBIE IPOCTHIE, () — HATYDPAJIbHbIET
r) ITo KakuM MOZYJIsSIM HeT 06paTHMBIX BBIYETOB Kpome £17
Bamaua 7.18. llycts p — npoctoe ducio, a, b, ¢ € Z. CKOIbKO peniennii MoXKeT UMeTh
a) cpasuenue 2 =1 (mod p);
6) cpasuenue 2 = a (mod p);
B) cpasienue azr® + br + ¢ =0 (mod p)?

3amaua 7.19. Ilyctb p — npocroe uucio. /lokazxkure, 410 cpaBHEHUE
>+ 9y’ +22=0 (mod p)

MMEET HETPHBHAILHOE DEIICHHE B LEIbIX YHCJIAX (MPUusuaivhoe peulenue — ITO PerieHne
r=y=2z=0 (mod p)).
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Teopernueckuii MmaTepuaJ

8.1. BBEAEHUE

DTOT paszies MOCBAIIEH JeHCTBHTENIbHBIM (BEIECTBEHHBIM) YHCIaM. V13 MKOJIBHON mpo-
paMMBbl XOPOIIO H3BE€CTHLI IIOHATHA HATYPaJIbHBIX, IMEJbIX W DalUuOHaJBbHBIX YHCEJI. ﬂeﬁ—
CTBUTCIbHBIE YHCIa R — caemyromuil, emé 6osee IMUPOKUI KIacC JHCe.

IIpeapaymye pacnmpeHus ObLIH HYXKHBI JJI TOTO, 9TOOBI KAKHE-TO OIEPAIdH ObLIN
BO3MOYKHBI JI/IsT GOJIBIIEr0 MHOXKECTBA apryMeHToB. Hamnpumep: B IeJIbIX 9ACIaX, B OTIXIHE
OT HaTypaJIbHbIX, BCeI'/la MOZKHO BblYUTAaTh U3 OJHOI'O YHCJIa APYIoe (I/IHaqe I'0BOp#, peliaTb
ypaBHeHUe T + a = b npu J00bIX a u b), & B PaNIHOHAJBHBIX — JEJUTh OJHO HA JPYroe
HeHyJieBoe (perniarh ypasHeHue ax = b npu a # 0).

IIpu 5TOM MBI XOTHM, Y9TOOBI IIpH PACIHIHPEHHH <«CTapble» CBOMCTBA IO BO3MOXKHOCTH
COXPAHSINCHL U B HOBOM MHOZKECTBe uucel. llepedncinM HeKOTOphIe U3 9THX CBOHCTB.

a+b="0b+a, ab = ba (KOMMYTATHBHOCTB ),
(a+b)+c=a+ (b+c), (ab)c=a(bc) (accorMaTuBHOCTS ),
a(b+c) =ab+ ac (ucTpuby THBHOCTD ),
(a<b)A(b<e) = a<c,
(a <b)A(c<d) = a+c<b+d,

0<a<bAN(O0<c<d) = 0<ac<bd.

Boobme rosops, Ipu paclIupeHud MHOKECTBA YUCeJ 3TH CBOUCTBA [ HOBOTO MHOYKECTBA
(Z wmn Q) aBASIIOTCS TEOPEMaMH, KOTOPBIE MOYKHO JIOKA3aTh, UCIOIb3Ysl CBOWCTBA HCXOJI-
roro muoxkectsa unces (N u Z coorBercrBenno). Mbl, ojHaKO, GyleM UX HCIOJL30BATH 0€3
JIOKa3aTeIbCTBA.

CJ’IO}KHOCTB C ﬂeﬁCTBI/ITeJIbeIMI/I YUCJIaMH BO3HHKaET B ABYX BellaX. ]30—1'IepBbIX7 €CTb
HECKOJIbKO BO3MOXKHBIX KOHCprKHI/Iﬁ, KaXJad M3 HUX JOCTATOYHO CJIO?KHAA, U allpuoOpu
U3HAYaIbHO HEHOHATHO,

(a) moyeMy OHHM 3aJ1a10T KAKON-TO MHTEDPECHBIH OOBEKT,

(6) Oyaer s STOT OOBEKT OJMH U TOT ZKe.

B nocjgaeaneM dBHO MPOABJILAETCA OTJIMYHMEe OT IEJIbIX MJIN PallMOHAJIBHBIX YHCEJ, II/Ie €CThb
eJIMHCTBEHHAs TTPOCTast KOHCTPYKIUs. BO-BTOPHIX, TPYIHO 3a/1aTh TO CBONCTBO, pajiln KOTO-
POro HY?KHO PACHIMPATH MHOXKECTBO PAallMOHAJIBHBIX 4HceT. UTOObI MOJOUTH K ONHCAHUIO
3TOTrO CBOHCTBA, IPHUBEAEM JBa IIPHMepa YucesI, KOTOPLIX HeT B MHOXKecTBe Q.

[Tepsrrit mpuMep mponcTekaeT n3 Toro daxTa, uTo B Q Jameko me Bcerga MOYKHO M3BJIe-
KaTh KOpeHb. HampuMep, Kak OBLIO T0Ka3aHO B pa3zelie ypaBHenne z2 = 2 (a HMEHHO ero
TOJIOKUTEIBLHBIH KOPEHDb ¥ 0003HAYACTCS \/2) He HMeeT pellenuii B PAIMOHAIBHLIX YHCIAX.
To ecrb HAM HYZKHO J0GABUTDH K UCXOAHOMY MHOXKECTBY HHCJIa /2, V/3 U TaK jajee, a TakKe



JleiicTBuTebHBIE YHUCJIA Mardak: npeaucioBue

3
GoJIee CII0XKHBIE BbIpazkeHns THIA v/ /2 + /3. Brech, mpaBia, BOSHIKAET OHA CJIOZKHOCTD:
HEITOHATHO, KaK ONpeIeUTh paBeHCTBO duces. Hanpumep, oka3piBaeTcs, ITO

V2+vV5+12—v5=1,

XOTd 3TO U HEOYEBHUIHO. B JaHHOM CJIy4dae€ JIET'KO IIPpOBEPHUTL, 9YTO

1+ /5\3
(—‘/_) =245,
2
IIO9TOMY JieBasd 9aCThb IPEAblAYITEro paBECHCTBa paBHA

1+v5 1-+5
5 T3

=1

Kpome kopreil U3 MOJTOKUTEIBHBIX YUCET MOXKHO TBITATHCA M00ABUTHL U KOPHHU U3 OT-
pUIATEILHBIX YHCes, HAIpUMeD, pellienne ypasHenus 2 = —1 (ero Tpajunuonno 06o3Ha-
qafor 7). K coxaleHuio, ecau JIONYCTUTh CYNIECTBOBAHUE KODHs y STOTO YPABHEHUs, HAM
HpUAETCA KOe OT 4ero oTrkasarbes. [leficTBuTeibHO, MOIpoOyeM HMOHSATH, ABASETCS YHCJIO ©
MOJOXKUTETLHBIM WX OTpUTATeIbHBIM. Ecan ¢ > 0, To —1 = 7.7 > 0. Eciom xe ¢ < 0, TO
—i >0, arorma —1 = (=) - (—i) > 0. Tak 470 3a cymecrBoBanue KOpHst 13 —1 IPUXOAUTCSI
IJIATATH HEBO3MOYKHOCTBIO CDABHEHUS YHUCE.

Tem He MeHee, TaKOe MHOXKECTBO YHCEJ JACTO MOJE3HO; OHO HA3BIBACTCH MHOHCECTNEOM
KOMNAEKCHBLT wucen, 1 K HeEMY MbI elé BepHéMcs B miase |[Kominiekcuble yncsal Iloka xe
MBI XOTUM COXPAHUTh BO3MOXKHOCTH CPaBHEHUS YHUCEI, TOITOMY KOPHHW YETHON CTEIeHU W3
OTPUILIATE/IbHBIX YHCE PACCMATPUBATDL HE OYIeM.

Kak u3zBecTHO, eciin MBI HMeeM BO3MOXKHOCTh M3BJIEKATh KBA/IPATHBIN KOPeHb, TO H JIIO-
Doe KBaJIpaTHOE YpPaBHEHUE MBI MOYKEM PElIUTh O XOPOIIO M3BECTHON €O MKOJILI (hopmyie
(M. 3ajgady . BoJsiee Toro, umerorcs 1o106ube (popMysibl U Jjid ypaBHEeHUI TpeTbeit
1 9eTBEPTOH CTEIEeHN.

OHako OBIBAIOT YpaBHEHUS MATOU CTENeHU, KOTOPhle HeTb3s PENIUTh C MOMOMIBI0 hop-
MYJI, COfIepKaIuX apudMeTHIecKne Onepalui U B3sATHe KOpHH Jo0oil ctenenn. Hampuwmep,
TakoBO ypasHenue z° + x + 1 = 0. B To ke BpeMs g9CHO, YTO OHO JOJKHO MMETh KOPCHb:
JIOCTATOYHO 3aMETHUTh, 4TO IIPU & = —1 JieBad 4acrb oTpunaresbHa, a nupu r = (0 1oJjio-
KUTeIbHA. ECTeCTBEHHO CYMTATh, 9TO B KAKOW-TO NMPOMEXKYTOYHON TOYKE OHA OOpaTUTCHd
B HOJIb.

Vapaxkuenue 8.1. Ioxasicume, wmo xopens y amozo ypasrenus x°+x+1 = 0 ecezo odun.

Ilo Toit ke mpuYHHE MBI MOYKEM CUHTATH, 9TO Besgkoe ypasaenue P(x) = 0, B KOTOpoM
MHOTOUJIEH P NpUHUMAaET 3HAUYEeHUS PA3HBIX 3HAKOB, JIOKEH UMETh KOpeHb. COOTBeTCTBEH-
HO, K YHCJIy PAacCMaTPUBAEMbIX ONepaluii, Hapsay ¢ apudMeTHYEeCKUMU U Y/, MBI MOXKeM
JI00aBUTH TAKYIO: €CJIU JJAH MHOTOYJIeH PP, IpUHUMAIONIUI 3HAYEHU PA3HBIX 3HAKOB, TO MOXK-
HO TOJIYIUTh €ro KOpHU. Yucia, nosydaronuecs U3 IeJbIX Yuces ¢ MOMOIIBI0 9TOT0 Habopa
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oliepaluii, HA3bIBAIOTCH aﬂee6paunec7€UMu.E]

Jlpyroe 4mc/io, KOTOpOTO HaM He XBaTaeT Cpead PAlHOHAIBHBIX, — 9TO 7, OTHOIIEHHE
JUIMHBI OKPYZKHOCTH K €€ mumamMerpy. MOXKHO J0Ka3aTh, UTO T He FBJISIETCS PAITOHAIBLHBIM
YUCIOM, U JIazKe aJreOparmvdecKuM 9uCJIOM, HO COOTBETCTBYIOIIHME JIOKA3ATEJbCTBA CJIOKHBI,
U Mbl UX 0OCY2KJaTh 371eCh He Oy/ieM.

Hanmomuum ompenenenne auncia w. PaccMoTpuM BIUCaHHBIE B €IUHUYHYIO OKPY’KHOCTD
IPABUJIbHBIE N-YTOJBHAKK JJIsI BCE GOJIBIINX 3HAUYEHMI HATYpPAJbHOrO duciaa n. lTorma oka-
3BIBAETCS, YTO UX HMEPUMETPHI CTPEMSTCS K HUHCJIY, KOTOPOe W HA3bIBAETCH JIIHHON ITOMH
OKPY2KHOCTH ¥ 0003HAYALTCs 27.

Hawm 6ymer yaobuee paccMOTpeTh HE BCE N-YIOJbHUKH, 8 TOJLKO T€, YUCI0 CTOPOH KOTO-
PBIX ABJSETCS CTeleHbio aBoiiku. Tak, mycth P, — mepuMerp npaBuabHOro 2"-yroJabHHUKA,
BIIMCAHHOI'O B €IMHUYHYIO OKpy:KkHOCTL. Torna P, > P,. [lelicrBuTe/bHO, €C/IM K BepII-
HaM 2"-yroJIbHUKA JT0OABUTH CEPEIUHBI YT, HA KOTOPBIE OMUPAIOTCS €0 CTOPOHBI, IOy YaTCsI
BepIINHLI TpaBmIbHoro 2" -yroapauka. IlyeTs 118 Kakoit-HEOYIL CTOPOHB AB HCXOTHOTO
2"-yroapauKa TouKa C' — 310 cepemuHa coorBercrByomeil ayru. Torma cymma AC + C'B
JJIAH IBYX ¢TOpoH 2" l-yrospHuKa Mo HepaBeHCTBY TpeyToabHuKa Ooabie qauasr AB. Cio-
JKIB TaKHe HePaBeHCTBA JIJId BCEX CTOPOH 2"-yroJibHUKA, MbL 1 moayduM B, 1 > P,.

Kaxk mMozkeT cebst BeCTH BO3PACTAIOIIAS OCIeI0BATENLHOCTD Ynces (2, )7 Bo-mepBbix, oHA
MOXKET «YXOIUTh B OECKOHEUHOCTD»: s J00oro yucaa C' Bee WIeHbI MOCIeI0BATeIbHOCTH,
HaYMHAas ¢ HEKOTOpOoro k-ro, cranosstcs Gosbine C. g wameil nocaenosaresbuocru (P,)
9TO He Tak: mokaxkem, 4ro P, < 8 npu Bcex n. Paccmorpum gacth 2"-yroabHUKA, MOMaIa-
ONIYI0 B TEpBhIil KBaapaHnT: 510 jgomanast AgAj ... Agn—2, Tae Ag = (1,0), Agn—z2 = (0,1).
muHa a1oii tomanoit paBua L, = P, /4. Eciau ob6o3naunth Ay = (I, ys), TO TOCTET0BATE b
HOCTHI (:1:5)5152 u (ys)giff — yOBIBAIOIAs ¥ BO3PACTAIOIIAsA cOOTBeTCTBeHHO. Clie10BaTe/IbHO,

ASAS+1 - \/(ZES - x5+1)2 + (ys - y5+1)2 <
<oy — Togr| 4 [Ys = Yst1] = (T — Tog1) + (Y1 — ¥s)

(HepaBeHCTBO Ha BTOPOM IlMare BBITEKaeT U3 TOI'0, 4YTO JJIWHa TUIIOTEHY3bl KOpOY€ CYMMDbI
Juian Kareros). CyMMUpys HOTyUYeHHble HepaBeHCTBa IpH Beex s = 0, ..., (272 — 1), noy-
auM L, < (zg — Tan-2) + (Yon—2 — Yp) = 2, 9TO U TpeOOBATIOCH.

Taxum obpasom, mocaenoBaTeIbHOCTh P, = 4L, He MOXKeT YXOIUTh Ha OECKOHEUHOCTb.
[TosTromy ecTecTBEHHO CUMTATh, YTO OHA IMOCTEIIEHHO HPUOJIMKAETCS K HEKOTOPOMY YHCJLY,
KOTOPO€ W Ha3bIBACTCA JJIMHON OKPYKHOCTH.

KrodeBoe cBOHCTBO AEHCTBUTE/IBLHBIX UHCE], NOAHOMA, KAK PAa3 U COCTOUT B TOM, UTO
BO3pACTAIONINE MOCIE0BATEILHOCTH, KOTOPbIE He YXOAAT Ha 6€CKOHEUHOCTD, IeHCTBHTEILHO

! Tounee, sewecmsenmo-anzebpauveckumu. OTMETHM, ITO HA CAMOM Jejle BMECTO MHOTOKPATHOTO IpH-
MEHEHUsI OMepAINi HAXOXKIEHWs KOPHeH ypaBHEHH! MOXKHO 00oiiTuch omHOKparHbiM. Hampuwmep, eciau y
ABJIAETCA OJHMM M3 KOpHeil ypasuenus y?> = 2, a £ — KopeHb ypasnenud x> + 2yx + 1 = 0, To 2 gpigerca
kopueM ypasuenus x* — 622 + 1 = 0. JleficrBUTENbHO, & — KOPEHb OJHOIO U3 ypashenuii 2 + 2v/2z +1 = 0,
TO €CTh 3TO KOPEHb yPABHEHUSA (:c2 + 2v/2z + 1)(91:2 —2V2z + 1) = 0, u ocTaércs TOTHKO PACKPHITH 37€Ch
ckOOKM. B 0b1iem ciryuae moka3areibCTBO OCHOBAHO HA TOM Ke uaee, HO 00Jiee CJIOXKHO.

81



JleiicTBuTebHBIE YHUCJIA Mardak: npeaucioBue

HPUOJINZKAIOTCH K HEKOTOPOMY 4uciy. To4uno#t (pOpMyJIMPOBKE 3TOI0 CBOUCTBA IOCBSIIEHA
CIeYIONAas YacTh.

8.2. TToaHoTA

DTOT MOJApa3aes] MOCBAMIEH aAKCUOME NOAHOMB, — TOMY CBOHCTBY, KOTOPOE U BBIIEJSIET
MHOKECTBO JEHCTBUTE/ILHBIX YHCEI.

[Tpexkie yem nepexouTh K aKCHOME TOJIHOTHI, 0OCY UM eIl OTHO YTBEP:K/IeHne, Ha Iep-
BBIfl B3IVIsIJI HACTOJILKO OYEBHUHOE, UTO He Tpebyer ocoboit hopmyaupopku. Peub uaér oo
axcuoma Aprumeda. Cam Apxumen dhopmyaupoBa eé (B mepeBojie Ha COBPEMEHHBbIN MaTe-
MATHYECKHUI S3BIK) TaK: €CJU eCTh JIBA OTPE3Ka, TO IMEPBbIil MOKHO OTJIOKUTH CTOJIBKO pas,
YTO TMOJYUEHHBIH OTPE30K CTaHeT JnHee BTOporo. Ecan nepeiiT oT oTpe3KoB K UX JIRHAM
a u b, TO 3TO 03HAYAET, YTO CYIHIECTBYET TAKOEe HATYPAJIbHOE M, YTO

a+a+---+a=na>b.

Vv
n pa3

[To/iesinB 9TO HEPABEHCTBO HA @ U 0BO3HAYUB ¢ = b/a, NOJIYYIUM COBPEMEHHYIO (DOPMYIUPOB-
KY: JIJIsl JTIOOOTO YHCJIA ¢ CYMECTBYET HATYPATbHOE YUCTIO N TAKOe, 94TO N > C.

JIist MHOYKECTBa paIlMOHAJIBLHBIX YHCE/I 3TO CBOMCTBO OYEBUJIHO: HAIPUMEDP, MOXKHO IIPH
¢ < 0B3arb n = 1, anpu ¢c = p/qg > 0 B3arb n = p + 1. Ho, BooGmie rosopsi, GuiBatOT
MHOKECTBA, C OLEPAIUSIME CJIOKEHUsI U YMHOXKEHUSI, B KOTOPBIX aKCHOMa ApXuMe/ia HeBepHa.
[Tosromy A1t MHOMKECTBA JAEHCTBUTEILHBIX THCET MBI TTOTpeOyeM eé BLITOTHeHHS.

[Tepeiiém Temeph K moJsiHOTE. ECTH HECKOJIBKO SKBHBAJIEHTHBIX (DOPMYJIMPOBOK STOTO
MOHSITHSI, O KOTOPBIX BaM DACCKayKyT B Kypce MaTeMaTHYecKoro aHajnm3a (TOYHee TOBOD,
OHF 9KBHBAJIEHTHBI, €CJIH MIPE/N0IAraTh BEpHOH akcHoMy ApXmMena; nHade K HEKOTOPBIM U3
TUX (POPMYIUPOBOK HYKHO €€ mo0aBUTh, a K JAPYTUM €€ 100aBJIaTh He HY:KHO, IIOCKOJIBKY
OHA M3 HUX BBIBOJMTCs). Mbl orpanuanmcs Juinb 0gHO# (GOPMYTHPOBKON — TOil, KOTOpasi
yzKe 00CY:K/IaJach BhIIe, KOIJIa pedb ILIa O JJINHE OKPYKHOCTH. MBI paccMaTpuBaeM IMo-
CJIEJIOBATENIBHOCTD (), Heybusatouyio (X, < Tpi1 UPH BCEX N) U 02DAHUMEHHYN CEEPTY
(cymectByer C, miasg Koroporo z, < C upu Bcex n). Ham HYKHO OIpeIeJuTh, 9TO O3HAYA-
eT, YTO TaKas MMOCJIeJ0BATEILHOCTD MPUOJINKAETCS CKOJIb YITOJHO OJU3KO (OOBIYHO TOBOPSIT
«CTPEMUTCST» ) K HEKOTOPOMY dncIy A (ero Ha3bIBawOT npedenom MocIe 0BaTeIbHOCTH (Xy,)).

Bo-niepeoix, A 10/KHO OBITH HE MeEHbINE JIOO0TO TWIeHA IMOC/IeI0BATEILHOCTH, MHAUE
KaKOIi-TO WIeH ) MOCJe0BaTeIbHOCTH cTaneT OoJibiine A, a Torma Bee MoC/ae/ Iy olne 1IeHbl
IOCTIeI0BATELHOCTH OYIyT yaaieHbl 0T A Ha pACCTOSHUE He MeHblie (T — A).

Ho 4mces1, He MeHBIINX BCeX YIEHOB IOC/IEI0BATEIHHOCTH MHOIO: €CJIH Mbl HAIILJIA OIHO
TaKoe YHCJIO @, TO U JII000e Ynucao a’ > a ToxkKe TakKoBO. I103TOMY ecTecTBeHHO paccMOTPeTh
HaMMeHbIIee YhCI0 ¢ TakuM coiictBom: A = min{a | z, < a Vn € N}.

Boob1iie roBopst, He BO BCIKOM MHOYKECTBE €CTh HaWMMEHbINHi 3jemedT. Hanpumep, MHO-
xkectBo Z = {x | x > 1} Takoro snementa me umeer. leHCTBUTENBHO, €CJIH B3ATh MPOU3-
BOJIBHBIN JeMeHT a € Z, 10 1ig b = (a + 1)/2 BepHo, ut0 b € Z u b < a, a HOTOMY a He
MOKeT ObITh MHHUMAJIBHBIM 3JIEMEHTOM MHOYKECTBA, Z .
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Yupaxkuenune 8.2. [Iposepvme, umo muosicecmeo {x > 0 | 22 > 2} ne umeem naumenn-
WE20 INEMENMA, HE UCTIOALIYA CYULCEOEAHUA \/ 2.

CDOpMyJH/IpOBKa AKCHMOMBI ITIOJTHOTBI YTBEPZKIa€T, 9TO B HallleM CJIy4dae HAaUMEHBIINHA 3J1e-
MCHT €CTb.

Axkcuoma 8.1. [Akcmoma nosnuoTsI| [lycms nocaedosamenvrocmo (x,)

® HEYOLIBAIOULAA, MO eCTNb Tpi1 = Ty NPU 6cex N € N;

® oepanunena ceepry, mo ecmsv cyujecmsyem maxoe C, wmo x, < C npu ecex n € N.
Toz0a mmoocecmeo wucea S = {a | , < a Yn} umeem naumenvwud sanemenm A = min S.
Smom anemenm Ha3u6a10Mm TPEIEIOM NOCALIOAMEALHOCU (Ty).

O6o3nauenue. Ob6oznauenne: A = lim x,,.
n—o0

IIpenynpexkgeume. B kypce marananm3a BaMm OyJIeT JaHO APYToe ONpeeseHne mpeaea
HI0CJIe/IOBATEJILHOCTH, KOTOPOE PAbOTAeT HE TOJIHKO Jijisi MOHOTOHHBIX M1OCJIE/0BATEIbHOCTEN.
OaHako 718 MOHOTOHHBIX TI0C/IIOBATEILHOCTEH Hallle onpejeaeHne OymaeT dKBUBAIEHTHO
sTomy Gosiee obIIIEeMy.

3ameuanume. 3amMeruM, KCTaTH, 9TO MHOMKECTBO S HEIYCTO TOIJA U TOJBKO TOIA, KOIJA
(x,) orpaHmYeHa CBEpXY, TAK YTO ITO YCJIOBHE OTOPOCHTH HEJb3I.

N3 akcwmoMbl TTOTHOTBI MPSAMO CJIEAYET, YTO CYIIEeCTBYeT JAIUHA OKpYyKHOCTH. [leiicTBu-
TEJIHO, MOCJIEI0BATEbHOCTD (P,) nepuMerpoB 2"-yroJbHUKOB, BIUCAHHBIX B €JIUHUYHYTO
OKPY?KHOCTH, BO3PACTAET W OTPAHWYEHA CBEPXY YUCJIOM 8. 3HAYHT, IO AKCHOME MOJTHOTHI
OHA UMeeT Tpejies, KOTOPBIil MOXKHO 0003HAUNTH 27. B 9acTHOCTH, OTCIOJa BBHITEKAET, UTO
7 < 4. [deiticrBurenbho, qucyo 8 gexuT B MHokectse {c | Vn : P, < ¢}, a aucio 2w — 910
MUHUMAJIBHBIN 3JIEMEHT B 3TOM MHOXKECTBe, ToIToMy 27 < 8.

Yr0o0bI JI0Ka3aTh CYNIECTBOBAHUE KOPHA M3 JBYX, HAM OyJeT yJA00HO PaccMOTpPETh YObI-
BAIOIIYIO, & HE BO3PACTAIOIILYIO MOCJIEI0BATETLHOCTh. AHAIOr AaKCHOMBI ITOJIHOTBI JIJIs HEBO3-
PACTAIOIINX TOCIEIOBATEILHOCTEN 3BYUUT TAK: €CJIU MOCTIeI0BATETHHOCTD (),

® HEBO3PACTAIONIAs, TO €CTh Ly i1 < Tp UPH Beex n € N;

e orpaHUYeHa CHU3Y, TO ecTh cyiectsyer Takoe C, ¥ro x,, > C upu Bcex n € N,

To cymecrByer A = max{c |z, > ¢ Vn}.
Yupakuenue 8.3. Bugedume amo ymeepiiclenue u3 axcuombv nosHOMbL.

PaceMorpuM Temnephb mocse10BaTeTbHOCTD, CTPOSIIYIOCS M0 TTPaBUIY

1 2
T =2, Tpyl = 3 T, + — upu n € N.

JI0Ka3aTeIbCTBO TOTO, YTO OHA CTPEMHTCS K /2, MOy IaeTcs 03 CJIeAyIONeii CepHn 3a1ad.

Yupaxxkaeaune 8.4. [Iposepvme, umo
a) x> 2;
6) (x,) — HeB03pPACMAOUWAA NOCALIOBAMEALHOCTIID.

[MockonbKy z,, = 0, OCTIeI0BATEIBLHOCTD (X,) OrPAHHYeHA CHHU3Y, & MOTOMY HMeeT HEeKO-
TOPBI NIpejie)T, KOTOPBIl Mbl 0O03HAYNM 34 .
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Yupaxaenune 8.5. Jlokascume, uwmo

Buwisedume omeroda, wmo x? > 2.

Yupaykaenue 8.6. Jlokascume, uwmo

Buwisedume omeroda, wmo x° = 2.

Ecyim 311 33/1a91 BBI3BIBAIOT y BAC 3aTPY/IHEHUS, TPOIUTANTE CJACTYIONIUE T/IABBI — TaM
€CTb IPHUEMBI, KOTOPbIe IIOMOI'YT U 3/1€Ch.

8.3. IECATUYHALA 3AIIUCH (HAIIOMUHAHUE)

B pazgene MBI y7Ke 00CYZKIaJM, 9TO TaKOe AECATUIHAS 3aUCh HATYPaJhHOTO YHCIIA.
31ech MBI Ja1uM (OpMaIbHOE U3JI0KEHHE 9TOr0 BOIIPOoca B DoJiee MIMPOKOM KJII0Ye, 3aTpo-
HYB He TOJbKO IeCATUYIHYIO, HO U d-HIHYIO 3aluch g npoussBosbHOro d € N. Ono Ham
MOHAIOOUTCS Jajee, KOraa MBI OyIeM TOBOPUTH O OECKOHEUHBIX JECATUUHBIX IPOOSX.

Badukcupyem HaTypaabHOe d > 2 — 0cHOBAHUE CUCMeMb, CuucieHus. Toraa s duce
a;j €{0,1,...,d — 1} (koTopsre MOKHO ObIJIO OBl HA3BATH Yudpamu), e a, # 0, TOI0KIM

Ay - .- Q100 = Z ajdj = a,d" + ap_1d" P+ ...+ ard + ao.
§=0

Jamee MbI OysieMm cauTaTh d PUKCHPOBAHHBIM U OIIYCKATD €0 B 9TOM 0D03HAUEHUH: Oy, - - - (1 0Q-

JlaHHOE BBILIE OLIPEC/ICHIE IO3BO/ISCT HaM CKa3aTh, K IPUMepy, 9To 7525 = 7-824+5-8+2,
HO M3 HEro HesgCHO, JIF000e JIn HATY paJbHOE YHC/I0 00/1a/1aeT d-nIHOi 3aMChI0 U e TMHCTBEHHA
JIN OHA.

Teopema 8.2. [lycmov d > 2. Tozda dasa awbozo namypasvrozo N cywecmsyrom u edun-
emeennot n >0 uwa; € {0,1,...,d—1}, 7 =0,...,n, 2de a, # 0, 0aa KOMOPUT ELNOAHEHO
pasencmeo N =@, ...ajagq = N.

DTO yTBepXKIeHHEe MOXKeT MOKa3aThCs TaBTOJIOTHei, HO To He Tak. Jleqo B ToMm, UTO
HATYPAJIbHOE YHCJIO 0003HAYAET KOJTUIECTBO JIEMEHTOB B HEIIYCTOM KOHETHOM MHOYKECTBE,
a JlecaTHYHAS 3AMNCh ykKe BropuuHa. [IpemcraBbre cebe, 910 BbI OOBSICHUIN Ty TEOPEMY
JIpEBHEMY PUMJISHUHY, KOTOPBIA HU O KaKOil JiecaTHYHOM 3amucu He 3uaeT. Toria oH MOxKeT
3aMmCaTh, HApEMep, 970’

gncao pueit B HepucokocHoM rogy = (III)(VI)(V)y = (I)(IV)(0)(V)yy-

206meyIoTpebuTeILHOTO CHMBOJIA, /IS Hy/Id B aHTHIHOCTH He ObL10. VI3BeCTHBI OTAe bHbIe IpIMeHeHNs
HECKOJIbKUX 3HAKOB, HAIpuMep, «°» uau «N».

84



JleiicTBuTebHBIE YHUCJIA Mardak: npeaucioBue

1 11t HErO COBCEM HEOUYEBHMJIHO, YTO TAKOE NPEACTABICHUE Yy JIOOOIO YUCJIa €CTh M OHO
e JUHCTBECHHO.

Mpb1 gajum gBa J0Ka3aTeIbCTBA STOW TEOPEMBI.
HoxkazarenbcTrBo. [[IepBoe.] Hauném ¢ e IMHCTBEHHOCTH. 3aMETHM, YTO

N=> ad =ag+d» ajd™".
j=0 J=1

[Toaromy mocieansis nudpa ag ONpe/ie/IeHa OJHO3HAYHO — ITO OCTATOK OT jejenus N na d,
a HemostHoe JacTHoe paBHO N; = a,d" '+ a,_1d" 2 +...4a;. [logeaus N; ¢ ocTaTKoM Ha d,
MBI TIOJTY9HM, 9TO OCTATOK paBeH a;, a HemosaHoe JacTHoe No = a,d™ 24 ap_1d" 3 +. .. +as,
1 TaK JaJjiee.

Taxum 06pa3oM, ecau y Ynucia ecTh d-mIHasd 3allUCh, TO Bee €6 Mudphl HAXOAITCI OTHO-
SHAQYHO: OHU IIOJIY4alOTCA KaK II0CJeJ0BaTe/IbHbIC OCTAaTKH IIPpU MHOI'OKPATHOM J€JICHUU N
Ha d. Yncsto n mpu 3TOM TOXKE HAXOANTCH OTHO3HAYHO: 3TO MEPBOE TaKoe k, 9TO HEMOJTHOEe
qacTHoe Ngy1 paBuo Hyso. eiictBurenbuo, npu k < n

Nist = apd™ " Va1 d" "2 4 apy = apd > AR >0,

TaK KaK @, = 1. EAUHCTBEHHOCTHL JTOKa3aHA.
OTHU Ke BBIYUCICHUS HMOACKA3BIBAIOT AJTOPUTM JJIsd TIOUCKA d-UIHOM 3aluCch: HYKHO I0-
caeoBaTeIbHO JeauTh N Ha d ¢ 0CTaTKOM, MOKa HEIOJHOe YacTHOe He CTaHeT PaBHO HYJIIO:

N:dN1+CLO, ledN2+a1, ceey Nn:d(H—an

Torma a; € {0,1,...,d — 1}, HOCKOIBKY 9TO OCTATKH OT jeseHus Ha d, a a, = N, > 0.
[Tocre0BaTEIBLHO TOACTABIAS STH (DOPMYJILL APYT B APYyTa, IOJydaeM

N =ayg+d(a; +d(ag +d(--- + (ap—1 + d(a, +d-0))...))) :iajdj,

49TO U TPeDOBAJIOCH.
O 1HaKO, ITOKA B 9TOM JIOKA3aTeJIbCTBE €CTh IIPO0eI: moueMy 06s3aTeTbHO HACTYIIUT TaKOh
MOMEHT N, 9T0 N, 11 = 07 D710 caenyer u3 Takoro coobpazkenus: ecau Ni 1 > 0, TO

Ny = dNyy1 + ap = dNgg1 > N

(Ha moCsIeHEM TITare Mbl BOCIOJIB30BATHCH TeM, 4To d > 1). Ilosromy Ni = N1 + 1 (310
BeJIb Tesble uncia), a rorjga ecaum Ny > 0, to N = Ny > Ny + N > N. Takum o6pazom,
Ny 3aBeoM0 paBHO HYyJTO. [

HoxkazarenbcTBo. [Bropoe.| Hauném ¢ Toro, 4ro onennM, Ha KAKOM HHTEPBAJE MOKET
JIeXKaTh d-u4Has 3alUCh Oy, ... ag. C OJHON CTOPOHBHI,

n

> a;d > a,d" > d"

J=0
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a C APYyrowu,

3
3

n
Y ad <> (d—-1)d =) (& —dl) =d" -1 (3)
=0 =0 j=0
[Tocemree paBeHCTBO TPOIE YBUAETD, €CIH PACIHCATH 3HAK » | ¢ MOMOIIHI0 MHOTOTOUHSI:
KazKJIblil ueH d¥ BCTpeTHTCS B CyMMe JBa Pas3a, OJMH pa3 C IUIIOCOM, OJMH Pa3 ¢ MHHYCOM.
DTO 3HAYNT, YTO YUCIO PA3PAIOB B d-WIHOI 3AMNUCH HAXOAUTCS OTHO3HATHO: HYYKHO Pac-
CMOTPETB CTPOTO BO3PACTAIONLYIO HOCTIeA0BATeIbHOCTD d°, d', . .., dF, ... U BBIACHUTD, MEKITY
KaKUMH eé wienaMn JexxuT N: ecan d” < N < d"!, To d-u4nasg 3anmch JOI2KHA UMeTh BHT
Qy, - - . Q. 37eCh, KCTATH, OISTH HY?KHO 000CHOBATDH TOYEeMY He MOXKeT ObITh Tak, 9To d" < N
npu ao6oM n. Jeiictsureasno, d¥ > d*~! + 1, mosromy d¥ > k + 1, Tax uro d¥ > N.
Ntak, nycts d” < N < d"*!. Tlokaxkem, uto sanmuch N = @, ... Gy equHCcTBenHa. Jlis aTo-
ro 3ameruM, uto N = a,d"+K,,tne K| = a,_1d" ' +...+a;d+ay < d*—1. CienosaTesnbHo,
K, — ocTaToK, a a, — HemoJHoe JacTHoe oT nesienud N na d". Hamnee, K| = a,_1d" ' + Ko,
rie Ko = ap_od” 2+ ... +a1d+ a9 <d" ! —1, Tak 4r0 a,_; 1 Ky — OCTATOK U HEMOJHOE
gacTHoe oT geiennd Ha d" 1. Tlpomoaxkasg, noitném 10 K, = ag - 1, rie jesenne Ha e uHUAILY
JTaéT HyJeBOH OCTATOK. JHAUUT, W JJTUHA 3AIUCH, H BCE IMUQPBI HAXOASITCS OJHO3ZHATHO.
[TokazkeM TeTieph, 9TO 3alUCh Gy, ... 0y ducaa N, rae d* < N < d", cymecrsyer. s
3TOro GyJieM JleJUTh UCXOHOe Ynucjo Ha d™, II0ToM ocTaToK Ha d"~! u Tak jnajee:

N:and”+K1, Klzan_ld”_l—l—KQ, ceey Kn_1:a1d+Kn, Kn:(l01+0

Torma N < d"™', K; < d"*'7J (nmockonbky K; — ocrarok ot jenenus na d"t177). [Tosromy
npu genaennn K; Ha d"/ HemosHOe YacTHOE a,_; MeHbIe d, To ecth a; € {0,1,...,d — 1}.
Kpowme Toro, N > d", no31oMy 1pu HEPBOM JIEJIEHUU HEMOJHOE YACTHOE @y, TOJIOKHUTEIBHO.
3HA4UUT, BCe YCJIOBHS JJIS @ BBIIIOJIHEHBI, & HOCIeI0BaTeIbHA TOACTaHOBKa (popMya ais K
JaET HAM

N =a,d" + (ap_1d" "+ (- + (axd + ag - 1)) ...).

Yro u TpeboBajioch n1oKazaTh. [

Tenepb TO, 9TO U3BECTHBIE N3 HAYAIBHON IMTKOJIBI AJITOPUTMBI JJIsT CJA0YKEHUST, YMHOYKEHHS
U [POYUX ONEPAIUil 1al0T BEPHBIH 0TBET — 3T0 TeopeMbl. CTporo onu (popMyTHpYyIOTCS TaK:
eciim a = Ay - .- g, b = by ... by U TPUMEHEHHE ANTOPUTMA CIOKEHUsI B CTOJIOUK (MK IPYTroro
asropur™Ma) K (ag...ag) u (by...bo) maér (Cpy ... Co), TO G ... Co = @ + b. Mbl 911 Teopembl

JIOKa3bIBaTh HE OyjieM.

HaHOMHI/IM emé, KaK OIIpeJe IdloTCda JeCATHYIHBIC 3alliCH IeJIbIX YuceJl U HEKOTOPBIX pa-
OHUOHAJIbHDbIX. ZLHH OEeJbIX YHCeJI d—I/ILIHaH 3alliCh olipeaesdercd 1NpoCTo: AJid HaTypPaJibHbIX
MBI €€ yzKe OIpeaeuau, i uyjad 3ro 0, a Jjd 1MeJ0ro OTpUIaTeIbHOro Ynciaa —/N HyzKHO
nepeJ1 3alnchio HATYPaIbHOTO Yncjia N MOCTaBUTh 3HAK «—».

B MHOZKeCTBE€ palllOHaJIbHBIX YHCEJI OIIPEACJdI0TCaA KOHEYHDLE d—wmue dp06u — 3allu-
ch BUIa *£a,...Qy, A—1...0_y. EJUHCTBEHHOCTD 3/1eCh UMEeT MECTO, €CJH OTOXKIEeCTBUTD
3amucu ¢ gobaBiaeHneM HyJseil B KoHell umciaa: Hampumep, 0,47 = 0,470 = 0,4700. Oxnako
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HE KazKJ/I0€ 4YUCJIO MO2KHO HPEJACTaBUTb B TAKOM BHUIE: HY2KHO, LITO6bI OHO 61)1,7[0 upeiacra-
BuMO B Buje p/d™ (p,m € Z). Takne uncia Ha3pIBAOT d-u4HO-PDAYUOHAALHOLMY (IBOXTHO-
pannOHaJIBHBIMU, TPONYIHO-PAIIUOHAJIBbHBIMHA U TaK ;Laﬂee).

Hawm 6yner najee yio6Ho0, 0IHAKO, HCIIOJIB30BATH HEMHOI'O HEITPUBBIYHBINA BAaPHAHT TAKOM
BAIUCH: JIJIsT OTPHIATETHHBIX YUCEJ MBI OY/IeM CYMTATh, 9TO «MHHYC» OTHOCHUTCS TOJBKO
K TeI0i JacTh, Tak 910 9ucao —273, 15 Mbr 6yaeM 3amuceiBaTh Kak (—274), 85.@

Urak, naxum dopmansaoe onpenenenne. llyers A € Z, a; € {0,...,d — 1}. Toraa

m
A,al...am:A+Zajd_j:A+%+%+...+Z—Z.
j=1
CooTBeTcTBYOIAsT TeOpeMa 3ByYUT Tak: ecin £ = p/d™, TO CyIIECTBYeT eJMHCTBEHHOE
OpeJcTaBIeHle & B BUJE d-WYHOM Ipobu ¢ m paspsajaMu Iocje 3anaToi. /loka3aTebcTBo
9TUX CYIIECTBOBAHUSI U € IMHCTBEHHOCTH MOYKHO IPOBECTH, HOBTOPSS PACCYKICHUS U3 TOKa-
3aTeJIbCTB TEOPEMBI JJIsi HATYPAJIbHBIX dncesI. JIpyroit BApHaHT — MOKA3aTh, Y4TO 110 d-U9IHOR
3aMUCH HATYPAJBHOTO YHCIA P CTPOUTCS d-MdaHAas 3aMuch qucya ¢ (Kak?) u HaobopoT, H BOC-
MOJTH30BATHCSA TEOPEMOI CYITeCTBOBAHNUS W €IWHCTBEHHOCTH JIJIsI HATYPAJbHBIX UHCEl.

Yupaxkuaenue 8.7. [lposedume onucartoe 8 nocaednem NPedioHCEHUY PaccyrHcierue 0
@) NOAOHCUMEALHIT T;
6) ompuyamesvHuT .

Heepuucrsennocrb, cBg3annas ¢ JobaBjieHrneM HyJieil B KOHEIl 3allUCu, B Takoil hopmy-
JMPOBKE CNpsiTAaHA B HEeJMHCTBEHHOCTDH TIPENICTABIeHNs Yucaa B Buae p/d™:

_p _ pd _ pd?
x_d_m_dm+1_dm+2

Ha camom mene moboe parnuoHaabHOE YHCJIO 00JIa1aeT OECKOHEIHON JIeCATUIHON 3allu-
cpio: Hanpumep, 1/6 = 0,166666666 . . . . DTa 3amuch COCTOUT U3 HEKOTOPOI HAYATBHON YacTn
(mpejmeprosa) u 3aTeM HOBTOPSIIONEro DECKOHETHO MHOTO pa3 nepuoga. OHAKO onpejese-
HUE TOTO, 9TO O3HAYAET TaKas 3allNCh, JOJYKHO HCIOAb30BATH CYMMY OECKOHEYHOTO UHCJIA,
CJaraeMbIX, a 9Ta olepalusd TpedyeT pacCMOTPEHHS IIPeIesa M0C/IeI0BATeIbHOCTH CyMM IIep-
BBIX 7 cJIaraeMbIX. Mbl 0OCYIUM 3TOT BOILIPOC JIajiee.

3Taxolt BADHAHT 3aIlMCH IIPEXKIE HCIONB30BAICA IIPH BLMHCACHASX ¢ JOrapudMHYeCKHME TaOJHIAMA.
Hampuwmep, aroder ymuoxkute ¢ = 0,02021 x 1147 x 1,520, moxuO Haiitm B Tabiwurme jorapudmMoB, 4TO
logy0,02021 = (—2) + logy( 2,021 = (—2),3056, log,, 1147 = 3 + logy 1,147 = 3,0596, log,, 1,520 = 0,1818.
Teneps jorapudMbl HYKHO CJIOXKUTh: IIEIbIEe YACTHA CKJIAIBIBAIOTCS B yMe, a BCE TPU APOOHBIE YACTH CKJIa-
JBIBAIOTCA B CTOJIOUK BMeCTe 3a ofHy omeparuio: log;,x = 1,5470, u u3 Tabiaunpl aHTUIOrapudMoB HOTy-
qaeM z = 35,23. Ecam 01 MbI ucnosib3oBain «0ObI9HOE» IpeicrasieHue log;q0,02021 = —1,6944, To mam
Obl TIOHAIOOMIIOCH JIBE JIOMOJHUTEIBHBIX OMEPAIMI: BIYUTAHUE [IPU MOy YeHUH U3 TabJIUIHOro Jjorapudma,
log,( 2,021 Tpebyemoro log,, 0,02021, a 3aTeM BMECTO OIHOTO CIIOYKEHNST B CTOIONK TTOHATOOMINCH OBI CIOMKe-
Hue u Bbrantanue. Ceifyac, KOHEYHO, ITH MPUEMBI PYUIHBIX BBIYUCIEHUN HUKAKOTO MPAKTUIECKOTO 3HAYEHS
HE MMEIOT.
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8.4. BECKOHEYHASI d-UYHAS 3ANNCH U JENCTBUTE/IbHBIE YMCJIA

Onpenesienus HATYPAJIbHBIX, IEJIBIX W PAIMOHAJBLHBIX YHCEJT HHKAK He ONUPAIUCH HA
HOHSATHE d-UYHBIX 3amuceii. /1 neiicTBUTEIbHBIX UNCET CUTYallls ABosKasd. Ecam 310 MHO-
JKECTBO Yo#ce TOCTPOEHO, TO MbI MOYKEM CKa3aTb, YTO KAKOE-TO YHCJIO 00JIaJaeT TaKOW-TO
d-W9IHOM 3amuChio (KaK Mbl, HAIPUMeD, TOBOPHM, ITO YHCJIO MOJIEil Ha MaxXMaTHOR JT0CKe 00-
JaJIaeT JecATHYHOM 3anuchio 64 win Tpoudnoil 3amuchio 2101). C apyroii ¢TOpOHbI, MOKHO
UCII0Ib30BATh CaMy O€CKOHEUYHbIe d-UIHbIe 3alIHCH KaK CIIOCOO MOCTPOEeHUS AeHCTBUTEILHBIX
IUCET.

B s1o0it wacTu Mbl 00Cy/ MM EPBYIO CUTYAIUIO, KOIJ[a MHOYKECTBO JIefICTBUTEIbHBIX YH-
ces yxe ecTb. Beckoneunas d-munas 3amuce A, aiay ..., tme A € Zua; € {0,...,d — 1},
obo3HavYaeT OECKOHEUHYIO CYyMMY

- o . ai as
A7a1a2...:A+Zajd ]:A—{—E—i_ﬁ_'_

Jj=1

YT00bI ONpene/nTh, 9TO O3HavUaeT OeCKOHeUYHasd CyMMa B IpPaBOil YacTH 9TOr0 paBEeHCTBA,
PacCMOTPUM YACTUUIHBIE CyMMBbI

n
T, =A+ E a;d7 = A, aas ... ay.
Jj=1

DT0 HeyOBIBAIOIIAA MOCEI0BATEILHOCTD, KOTOpas OrpaHuvYeHa CBEpPXY.
VYupaxkuenune 8.8. [Iposepome no aranro2uu ¢ 8ukAGIKOU , wmo x, < A+ 1.

SHa‘{I/IT, II0 aKCHOMeE IIOJTHOTHI 9Ta II0OCJIC J0BATECJIbHOCTD IMEeT HeKOTOprfI mnpeaea r, u 1o
omnnpeJae/JieHno nMeeT MeCTO paBeHCTBO

o0

T = Z ajd_j.

j=1

Kakus cJIydae 3alnmcein HaTypaJbHbIX 9UCEJI, BOSHUKaET BOIIPOC CYIIECTBOBaHUA U € IWH-
CTBEHHOCTHU d-UYHON 3aINCH. BBIHCHHGTCH, YTO € IJUHCTBEHHOCTH UMeeT MECTO He BCera.

Ajay...ap(d—1)(d—1)...=Aay...ax-1(ar+1)00.. .. (4)

Hampumep, nua mecarudnsix 3anuceit 2,49999 ... = 2,50000. . . wan 0,99999 - -- = 1,00000. ..
(B mocsresnem ciaygae k = 0, Tak 9410 «+1» yXOAuT K 1eJI0ii 4acTu).

[IpoBepum paBeHCTBO . J1s aToro onpesies M YacTHIHbIE CyMMBI (KOHEYHbIE J1POGH)
Jist obenx yacreit 3Toro pasencrtra. [Ipu n > k nonydaem

T, =Aa;...a5(d—1)...(d—1), Yn=A,a1...a5-1(a +1)0...0

(3;(er B KazKJ10# Apobu n 3HAKOB ITIOCJIE 3aHHT0171). CrenoBaTebHO, IPH N > k BBIIOJTHEHO
PaBEHCTBO ¥, = &, + d~". [Ipu 3Tom Bce ¥y, ipu n > k paBHBI MeXKy CODOIi:

Yp =Y = A7a1 .. .ak_l(ak’ + ]‘)
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[Tosromy lim y, = y.
n—oo
Borauncaum mpeen
. ) 1
lim z, = lim - —
n—00 n—00 dr

Bo-nepBoix, x, < y, T0 ecThb (I,) OrpaHHYeHa CBEpPXY, a 3HAYHUT, HMeeT mpejes. bosee Toro,

ecim x = lim x,, 1o x < y. [Ipeamonoxus, 410 & < Y, MBI OBl TOJYIUIN T = Y — O JJIsI
n—oo

HeKoToporo § > 0, u 4ro0bl HPUATH K HPOTHBOPEYUIO, HAM HY2KHO JOKA3aTh, 4TO CYLIECTBYET
takoe n € N, st KOTOpOro ,, > &, TO ecTh Jjsi Koroporo 1/d" < §. D10 5KBHBAJIEHTHO
HepapeHcTBY d" > (1/0), Jy1si MPOBEPKH KOTOPOTO MbI BOCIOJIBb3YeMCsl JTOKA3aHHON BbITITe
onenkoit d” > n + 1. Teneps joctatodno ybeauthbes, 9ro cymectsyer n > (1/5) — 1, a aro
BEPHO II0 aKCHOMe ApXHMeIa.

[Mepeiiiém K JOKA3aTEABCTBY CYNIECTBOBAHUSI W eIMHCTBEHHOCTH d-WYIHOM 3aicH (¢ TOY-
HOCTBIO JI0 3aMEHBI «XBOCTA JEBSITOK» HA <«XBOCT HyJeii»). [Ipexime 4eM IuTaTh JAJbIIe,
HA MUHYTY OCTAHOBHTECH 3/IeCh W IOMPOOYiiTE MOHATH, KAKOE U3 JBYX JTOKA3ATEIbCTB Cy-
mecrsoBaniud U € AMHCTBEHHOCTHU JJi1d HATYPaJIbHbIX YUCEJI (TeopeMa MOZKHO IIBITaTbCHd
0000IUTL HA ITOT CJyUail.

OtTBer Ha 3TOT BOIIPpOC TaKOB. Hy)KHO BOCIIOJIB30BaTbhCA TeM, KOTOPO€ HaXOAUT 3HAYCHHUA
Pa3p4aa0B CJieBa HallpaBO: «HaUMECHbIIEI'O» pa3dpdlla y HaC Telepb HET.

Jlemma 8.3. Ilycmv m > n — namypasvhoe wucaa. Tozda

Aay...a, < Aar...aq, <Aar...a, +d".

dokazareabcTBo. llckoMoe HEpaBeHCTBO IKBUBAJIEHTHO CJIEAYIONEMY:

n m n
A+ ad7 <A+Y ad T <A+ ad 7 +d
j=1 =1 =1
WUJIn, 1OoCJIe COKpallleHnd OJMHAKOBBIX CJIaraeMbIX,

0< zm: a;d” <d

j=n+1

JleBoe HepaBeHCTBO 0YEBHIHO, a B IpaBoM a; < d — 1:

Y ad? <Y (d-D)dV =d"—d"<d
j=n+1 j=n+1

Tpedbyemoe jokazano. []

W3 nemmbl caemayer, 9To npegen r = A,aias ... IONAIaeT Ha TOT »Ke 0Tpe30oK. l'eomeTpu-
YEeCKU 9TO O3HAYAET, UTO €CJIH Pa3OUTh OCh HA OTPE3KH JTHHBL d " ToYKaMu Buga p/d", To
BCE 3allMCH C OJMHAKOBBIM HadajoM A, aj ...a, HOmaayT B OXMH TAKON OTPE30K.
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[Ipeaosnoxum reuepb, yro r = A,a1as... = B,bibsy. ... Ilycrb 311 3anmcu coBHAAIOT
10 (k — 1)-ro paspsina, a ap # b. Torma 4ucao o MOMKHO JI€KATh OJHOBDEMEHHO B JBYX
orpeskax: [z + apd ", 2z + (ap + 1)d ¥ u [z + bpd ™%, 2 + (b + 1)d™*], rne 2 = Aja1 ... a1
DTr aBa OTpe3Ka MOIYT II€PeCeKaThCd TOJBKO €CIN ay = by =1, 1 B 9TOM C/Iyd4ae OHU UMEIOT
o0IINi KOHeII.

[Iycts by = a + 1 (umade MOXKHO MOMEHSITH MecTaMu a; <> b;). Torma stm orpeskn
nepecexkaloTcs 10 oHol Touke: ¥ = z + (ax + 1)d~*. Ocradrest nposeputs, uro a; = d — 1,
bj = 0 npu j > k. JleficrBurebHo, ecau ectb by > 0, To

.%:B,blbg...>B,b1b2...bs>B,ble...bk+dis:l’+d78>CE.

AnasormaasiM obpazom, ecim ag < d — 1, TO

r=Aaay... <Aaay...a,+d°<

< Aaias...a,+ Z d—1)d*+d*° = Aaray...ap +dF =

j=k+1

Takum 006pa3oM, MbI JOKA3aJd, YTO HECIUHCTBEHHOCTD d-WIHOI 3alUCH BO3MOYKHA TOJIHKO
B cIyvae, ykazanuoMm B dopmyse (4.

[Tepeitném K JOKa3aTeIbCTBY CYIIEeCTBOBaHU. BymeM moceoBaTe/ IbHO OIpeae aTh M-
PBI @; TaK, YTOOBI OTPE30K B JIeMMe COIEePZKAT TOUKY T.

Bo-nepsbix, Boibepem A rak, urobbr A < x < A + 1. HeiicrBure/ibho, 110 akcuome Ap-
XHMe€/Ia, CyIIeCTBYIOT HarypaabHbie uncaa C' > x u D > —zx. [lokaxkem, aro Takoe A ecThb
cpequ ancen —D,—D +1,...,C —1,C. Ilycts 310 HE Tak. Paz A = —D He yaoBaeTBOpsieT
HepapeHcTBY A < o < A+ 1, vo mpu srom —D < x, MBI moaydaeMm, 9ro —D + 1 < .
PaccmarpuBass A = —D + 1, aHajornaao 3akjaodaeM, aro —D + 2 < x. [lpomomxkas mo
UHIYKIHH, MBI IPpUIEM K ToMy, 4To C' < x, 9T0 mpoTtuBopednt BeiOopy C.

Ha kazxgoMm caeayromeM mare OyaeM MOCTyHaTh TaK: MyCTh YHCI0 Y, = A, aq ... a; yxe
nocrpoeno. Toraa oTpe3oK u3 JeMMbl ;LJIH 510l 3ammcy nveet BU [y, yp +dF]. C apyroit
CTOPOHBI, paccMoTpuM d 3amuceir A, aq...apr, toe r =0,1,...,d—1: 11g HAX AaHAJTOTUIHbBIE
orpesku umeoT B, [yr + rd 7Ly, + (r + 1)d %], 31 orpesku o6pasyoT HOKpBHITHE
oTpesKa [y, Yx +d*], a 3HAUNT, MO:KHO BHIOPATH UGPY 7 TAKEM 00PA30M, YTO CHPABEIIUBO
x € [yp +rd "Ly, + (r + 1)d=*"1]. CoorsercrBytomee r Mbl 1 0003HAUUM (1.

Ocraércs mpoBepUTh, UYTO TaK MOCTPOEHHAs d-wdHast 3amuch A, aias ... 1eiiCTBUTEIBHO
paBHa x. 151 5TOTO 1O0CTATOYHO 3aMETHUTh, 9TO YY), — €€ JaCTUIHBIE CYMMBI, U TI0 TIOCTPOEHUIO
x—d % <y < . Paccyxaas Tak xKe, KaK IpH JoKasarescrse pasencrsa ({]), sakiodaen,

gro lim y = .
n—oo
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8.5. IIOCTPOEHUE AENCTBUTEJJbHBIX YMCE/] KAK d-UYHBIX 3ATIMCEI

B »To0it, 3aKII09UTE/NBHOM, YaCTH MBI IONPOOYeM pa300paTh KOHCTPYKIIMIO MHOXKECTBA
JIeCTBUTENLHBIX YHCE], OCHOBAHHYIO HA d-HYHBIX APOOSX. DTO HE CaAMbIfi €CTeCTBEHHBIH
croco0: pejcrapbre cede, 4T0 MHOYKECTBO HATYPAJIbHBIX YUCEJ OLPEIE/IsieTcs KaK MHOXKe-
CTBO KOHEYHBIX mocjenoBaresbrocTeir u3 saementos {0,1,...,d — 1} npn kakoM-HEOYIH
dpuKcupoBaHHOM d, TPUUEM JIBE MOCJIEI0BATEIHPHOCTH CKJIAIBIBAIOTCA WM YMHOYKAIOTCA 10
U3BECTHBIM aJITOPUTMaM «B cTOJIOMK». Torja cpa3y BO3HMKAIOT BOIIPOCHI:

(1) moyemy Takoe CTpaHHOE ONpeJeJIeHne Ta6T WHTePEeCHbIH 00 beKT;

(2) moyemy ompejie/ieHUsT IPH PA3HBIX d JAIOT B KAKOM-TO CMBICJE «OJHO U TO JKe».

Te ke npobeMbl BOBHUKAIOT U JIJI TAKOT'O ONpejiesieHns AefiCTBUTEIbHBIX dnces. Mbl 37ech
Ha THUX BOMPOCAX HE OCTAHABINBAEMCs, OHH OYAyT M3y4aThCsd B KypCax MaTeMaTHYeCKOIrO
aHAJIN3a U TOIOJIOTHH.

rak, paccMOTPIM MHOKeCTBO 3anuceit Buna A,a1ay ..., tne A € Z, a; € {0,1,...,d—1}.
[Ipu 3TOM MOXKHO 3alPETUTh XBOCTBI JIEBATOK, HO Jjd JaJjibHeiiniero Oyaer yao0Hee 00b-
SIBUThH, 4TO IIapbl 3aluceil U3 pOPMYJIbI SKBHUBAJIEHTHBI IPYT Apyry. MHOXKeCTBO KJIaccoB
SKBHBAJIEHTHOCTH U OYIET HAIIMM MHOXKecTBOM R.

Cremytonuii mar — HaI0 O0bICHUTH, KaK ONPEIEJIAIOTCS OMEePAINN CJOKEHUST U yMHO-
JKeHUsI, a TaKyKe OTHOIeHNe «MeHbIey. C MoCJIeIHIM MPOIIE BCEro: 9T00bl YCTAHOBUTH, UTO
x < Yy, HAJIO, BO-IIEPBBIX, IIPOBEPUTD, ITO T # Y, & BO-BTOPBIX, B34Th 3amucu r = Aa; ...
vy = B,b; ... n cpaBHUBATH WX CJeBa HANPaBo (cHayasta A u B, notom a; u by U T.71.), HOKa
He HallJIEM IepBBIil pazandaloniuiica paspai: B HEM JOJZKHO ObIT a; < b;.

Hy»HO TOJIBKO HPOBEPUTDH, 9TO Pe3yJibTaT He 3aBUCUT OT TOT'O, KAKHE UMEHHO 3aIIHCHU
MBI BBIOMpaeM u3 Kjacca T wian Y. IlycTh MBI cpaBHUBAEM OIHY M TY »Ke 3amuch © = A,aq . ..
¢ samucamu y = Bby ... 099... = Bby...bg_1(bx +1)00.... Ecau neppoe paznndne Ha-
osrojtaeTcsd npu J < k, To pa3Hunbl HeT. [locMorpuM Tenepb Ha k-it pa3psi. 3ech ecThb JIBa
caydas, TPeOYIOIHUX paccMOTpenust: a, = by u ap = by + 1. Ilycth ap = bg. Torma aas Bropoit
3anucd (a Mbl IPEJANoJIaraeM, 9To T # ) BEePJAMKT OJHO3HAYCH: T < Y, a JJIs IePBOil HAJO
MPOJIOJIZKATH CPABHUBATD ki1 C 9, Akyo ¢ 9 U Tak jasiee. Pano min mo3Ho HaM BCTPETUTCH
aprs < 9 (vHAUE x = y), a Torda x < Yy W JJIs 9TOi 3anucu. Bropoii cayvaii ar = by + 1
MOJTHOCTHIO aHAJIOTHYECH.

Onpeeum Tereps OMePaNnio CA0YKEHHU. DTO JEIAETCs C TOMOIBIO CJI0YKEHNST KOHETHBIX
HpuOIMKeHn. A IMeHHO, 114

xr=Aaay... uy= B,biby...
OLpEIEIUM KOHEYHBIE NPUOINKEHN
Tpn=Aa...a,uy, =Bb...b,.

9T0 d-WIHO-PANTUOHATIBHBIE YHCJIA, TOITOMY X CYMMa CHOBa OyJeT d-WYHO PallOHAJIbHBIM

GUCTIOM: 2, = Ty, + Yy = C’(”),cgn)cgn) ... Tlokazken, TT0 ¢ pocToM N MHbPH B 3ATACAX 2,

(n)

i

CTaOUIM3UPYIOTCS, TO €CTh 4TO cyIecTByeT Takoe N;, uTo npu Becex n > N; mudpa c
(n)

)

OJIHA

n Ta 2Ke: C = C;, TOT'Ja MBI CMOXKEM IIO OIIpedeJICHUIO ITOJIO?KUTDL T + Yy = 070102 Cee
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3amMeTuM, 4TO IOCJIE0BATEIBLHOCTD 2, HEyObIBAIOIast 1 OrPaHHYeHHAsl CBepXY (Haupu-
mep, gnciaom A + B + 2). Torga nenoducieHHasi mocaeI0BaTeIbHOCTD c = [2,] TOXxRE
HeyOBIBaoIIast 1 OrpaHnYeHHast CBEpPXY, a MOTOMY OHa crabmaunsupyercs: C' ) =C IpU BCEX
n = Ny. PaccmoTpuM Tenephb MOCJ€I0BATEIbHOCTD c§”> npu n = Ny. HeTpynno 3aMeTHuTh,

qTOo c&") = [d(z, — C)], mosromy npu n > Ny 3Ta MOCTEI0BATEIBLHOCTh TaKkKe HEyObIBAeT
U OTpaHWYeHa cBepxy 4ducjioMm d — 1. 3Ha4uuT, OHA CTAOWIM3UDYETCS: c&") =cupun = Ny
(mbt cunraem Ny > Np). Torga npu n > N; umeem cén) = [d*(z, — C, c1)], 310 cHOBa HEBO3-

pacTaroIas mocae10BaTeIbHOCTD U@ P, KOTOPasT TaKKe cTabuIn3npyercs npu n = Ny 1 Tak
naJee.

Ha camom sesie B 9TOM olipejesieHUH eCTh eIlé OJIMH HesSICHbII MOMEHT: HEKOTOPhIe 3a-
MACH MBI CIYUTAEM SKBUBAJEHTHBIMU, TTOITOMY €CJN Obl BHIOOD PA3HBIX 3ammnceil MPUBOINII
K Pa3HBIM pe3yJIbTaTaM, CJOKEeHHe He ObLIO Obl KOPPEKTHO OIPE/Ie/ICHO.

Hrak, paccMOTpUM JiBa CIOKEHHST:

A,(ll .. .CLk_l(CLk + 1)00 .ot B,blbg e — 0,0102 o ey
Ay ...ap—rag(d—1)(d—1)...+ Bbiby... =C"c\c. . .,

U JIOKAyKeM, 9TO Pe3y/IbTATHI OYAyT IKBUBAJEHTHBIMHU 3AMUCSIMUI.

Ob6o3HaynM KOHeUYHbIe JpOoOH JI/id CJaraeMbiX B IepBoit hopmysie x, U Yp, a JJId cjarae-
MBIX BO BTODOi#i popmyste — !, u y,. Torna x,, = 2/, +d~" u noromy z, = 2/, +d". Sadukcu-
pyem k € N u 6yaem cMoTpeTh Ha nepBbie k mudp mociie 3angaToii. Kak Mbl 00cy K 1211 BHIIIIE,
UX 3HAYEHHs OIPEIEJAI0TCI TeM, B KaKOii HOJIyI/IHTepBa suga [p/d*, (p + 1)/d*) nonanyr
zn 1 z),. IlockobKy mepBbIe k Pa3psyioB B 3aIUCAX 2, U 2z, CTAOMIM3UPYIOTCS, MBI MOYKEM
B3SATH N > Kk HACTOIBKO OOJIBINIOE, 9TO TEpBBIe k paspsaos z, — 310 Ccy ... ¢k, a 1 2,
sro C',¢} ... ¢}. Tak Kax |z, — z,,| MeHbIIE UIMHBL MOIYyHHTEPBAIA, TUCIA 2, U Z,, MONATAIOT
aub0 B OJWH U TOT XKe MHTepBas, jmbo B cocegune. Urak, mu6o Cici...c, = C'c) ... ¢,
6o Ciey...cp =C'cy ... +d7

[TocMoTpuM Tenepb, KaKoil U3 3TUX JABYX CJAY4YaeB UMEET MECTO I Pa3judHbiX k. fcmHo,
9TO eCJIU JIJI KaKOro-T0 k = kg mMeeT MecTo mepBbIit CIydail, TO OH yKe UMeeT MeCTO W TPHU
Bcex k < kp. 3HAUUT, eCTh JBE BO3MOXKHOCTH: JINOO IEPBBIH caydail uMeeT MecTo IpHu Beex k
(1 TOrIA 3aMUCH PE3YJIBTATOB COBIAJAIOT), JUOO I HEKOTOPOIO N MepBBIi cIydaii mveer
Mecto pu k < n, a propoit upu k = n. Urak, C =C', ¢; =¢),...,ch1 =04, cn =, + 1.
Yemy MOTYT DABHATLCH Cppq U €, 7 3aMeTHM, 4TO

—(n+1 / /

A" =Cley e —CL L =
— / —(n+1 / _
=Cici...ca—C ¢ ey +d " (e — o) =

=d "(d + cpir — Chri1)s

MOITOMY €, | — Cpy1 = d — 1, & MOCKOIBKY 3T0 THPPHL, ¢, = d — 1, ¢,y = 0. Ilpogomkas
;o B .
Te JKe PACCYKJeHNUs, MoaydnM, 4To ¢; = d — 1, ¢; = 0 npu Beex j > n, TO ecTh 3alucH

C,cicy...m C' cicy. .. 9KBUBAJIEHTHBI JPYT JIPYTY.

4Kax BHIHO U3 I0KA3ATE/IHCTBA J'IeMMbI paBOe HEPABEHCTBO B (DOPMYIUPOBKE HA CAMOM JeJie CTPOTOe.
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OrMeTuM, 9TO [PU CJAOKEHUU JPOOE CJI0KEHIST MOZKET HOJIYYUTHCHA KAK PE3yJIbTaT ¢ XBO-
CTOM HyJe#l, TaK U C XBOCTOM JEBITOK. 3amper OaHO# m3 3Tux Japobeil 3acTaBuy Obl HAC
YCJIOXKHUTD OIPeIeeHue CJIOKEHUsS: HYZKHO ObLIO Obl JI0OABUTD, YTO TPU TMOJYUYCHUUN <«3a-
HpeNEHHoil» 1podu B cyMMe OHa 3aMeHseTcs Ha YKBUBAJEHTHYIO <«MPAaBHJIBHYIO». CoOT-
BETCTBEHHO, MIPU JIOKA3aTEIbCTBE CBOUCTB CJIOXKEHUs] MPHUILIOCH OBl 0c000 paccMaTpPUBATH
CIydYau, KOTJA JeIaeTcs TaKas KOPPEKTUPOBKA.

Onpenenenne yMHOKEHUs JTAETCS aHAJOTHIHO, €CJIM COMHOMKHUTEIN HEOTPHUIATE/IHHBI:
paccMaTpuBaeTCsd MOCTAETOBATEIBHOCTD 2, = TpYn, KOTOPasd HEYOLIBAECT, a IOTOMY Pa3psiibl
B 3AIUCAX 2, CTAOWIM3UPYIOTCdA. KOPPeKTHOCTH OlpefiefieHns TaKyKe JOKAa3bIBAeTCS MOXO-
JKEM 00pas3oM.

Ecnu xe oqun mam o6a COMHOYKUTEST OTPUTATETBHBI, YMHOXKEHHE Onpejesercs Oomee
CJIOYKHBIM 00pPa30M: HYKHO HAWTH 3amucu abCOJIOTHBIX BEIUYUH, UX MEPEMHOXKHUTD, IO~
caThb K Pe3yJIbTATy MPaBUIbLHBII 3HAK, ITOC/IE YeT0 NPU HeOOXOAUMOCTH 0OPATHO 3aHECTH ITOT
3HaK B MEJIYI0 9aCTh, HAIIPAMED:

(—3),4336...-2,1083... = (—2,5663...) - 2,1083 ... =
= —(2,5663...-2,1083...) = —(5,410...) = (—6),589.. .. .

Yuopaxuenune 8.9. Ifyemv a = A, aiay.... Pewwume ypasuenue v + o = 0 (mo ecmo
natidume 3anuco 0as —a).

Urak, Mbl HOCTPORIA MHOXKECTBO JeHCTBUTEIBHBIX YHCEN: CAMO MHOXKECTBO (MHOXKECTBO
KJIACCOB 9KBHBAJIEHTHOCTH GECKOHEUHBIX d-UYHBIX JIPOGEil), ONepanun CJIOKeHHs] 1 YMHOKE-
HHMS ¥ OTHOLIEHUE CPABHEHUSI HA ITOM MHOXKECTBE.

Jlasnpine npu moJIHONEHHOM MOCTPOCHUH HAM TIPUIILIOCH ObI IOKA3bIBATH Pa3HbIe CBOHCTBA
9TUX Olepanuii: KOMMYTaTHBHOCTH (OYEBHJIHO), ACCOMUATHBHOCTDL (Tpebyer paboThl) U JIpy-
rue. Vinu, HanpuMep, cylecTBoBanue yncaa 1/x (emé cioxuee). Mbl OCTAHOBAMCS JIHIID HA
akcuoMe ApXHUMea M aKCHOME IIOJHOTHI.

Axkcumoma Apxumesa 371eCh OUCBUIHA:

Aay...<A+1=(A+1),000....
[Tposepum akcuomy nonotwl. [lycts x, = A(”>,a§")a§n) ... — HeyObIBAIOIIAas OC/Ie/I0BATE Th-
HOCTh, OTPAHIMIEHHAS CBEPXY KaKUM-TO ducjoM. [lo akcmome Apxumena MOKHO BMECTO HETO

B34Tb HaTypajgbnoe M. ByneMm Takxke cUuTaTh, 9YTO T, 3alHCAHbI 6€3 XBOCTOB jIeBATOK. To-
rna AM™ — HeyGbIBAIOMIAS TOCJIEI0BATEILHOCTD IIEJIBIX YHCE, OIPAHIUEHHAS CBEPXY HEJIBIM
aucsiom M. Ho Takasi mocJieIoBaTeIbHOCTD JOJKHA CTAOUTU3UPOBATHCS (BO3MOXKHO He 60-

tee M —AM wecr, rae ona mensiercs). Ilycrpb A() = B crabuin3npoBaBieecs 3HAYCHHE.

[TocmoTpum Tenepb Ha CJeAYIONUi pa3psi/i a§”) opu n = ng. DTO CHOBA HEYOLIBAIOIIAS 110~

CJeI0BATEIbHOCTD, He ITpeBocxoadmas d — 1, a MoToMy OHa CTAOUIU3UPYETCs Ha a(lm) = b;.

T (n) > Ocraé , — Bb
erlepb CMOTPUM Ha Gy HPH N > Ny U T. . OcTaércs noka3arb, 4TO IUCa0 © = B, by ...
IpeJICTaBIsIeT COGOI Mpeies MoCTIe0BATeTbHOCTH (1Ty,).

Bo-nepBoix, x > x,. JJe#cTBUTENBbHO, ¥ BCEX X, € N < ng IeJas 4acTh MeHbie B (1 mpo

HUX BCE JIOKA3AHO), a Y BCEX € N = Ng oHa pasHa B. Tenepb npu ng < n < ny uMeem agn) < b
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(1 BCE J10KA3aHO), a JIAJIbIe OHU PABHBI U Mbl CMOTPUM Ha by u T.J. Takum obpazom, npu
CPaBHEHUU T U X, HUKAKOW pa3psj He MOXKET ObITh IEPBBIM, IJi¢ cpaBHeHue 1mudp 1ajao oot
«HE TOT» PE3yJIbTAT.

Tenepb HYKHO JIOKa3aTb, YTO JI000e y < T OyJeT MeHbIlIe KaKoro-to x,. Ho geiicTBu-
TEJBHO, PACCMOTPHUM TOT pa3psii, e 3anuch y = C ¢y ... ommdaercsd oT B, by .. .. ¢, < by.
Torma mpu n > ng BepHO, 9TO X, = B,by...by*, a Torma z, > y. Ocraércsa paccMOTpeTh
caydail , = y (B 9TOM ciydae JUIg Y B3siTa 3alHCh ¢ XBOCTOM JEBSATOK, a JJIsl Ty, ¢ XBOCTOM
HyJIeil), IPUYéM 3TO Tak IPU BCEX N > Ny. SHAYUT, BCE UJIEHBI TOCIEI0BATENLHOCTH X;, OJIH-
HAKOBbI, HAUHHAS C Tp,, & TOLJA U & HMeeT Ty yKe CaMylo 3allUCh, TO ecTh y = . AKcnoma
HOJTHOTBI JIOKA3aHA.

8.6. JINTEPATYPA /i JAJIBHENIIEIO U3YYEHUA

e Kypanm P., Pobunc I., Y10 takoe maremaruka’ (3-e uzganne) — Mocksa, MITHMO,
2001.

e DPomun C.B., Cucrembl cunciaenust| (Boimyck 40 u3 cepun «Ilomyssipabie Jieknuu 1o
maremarnkes) — Mocksa, @uzmarrus, 1987.
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JIENCTBUTEJIbHBIE YMCJIA

3anaun ceMUHAPOB

8.1. OcHoBHBIE 3a/Ja49N

Bamaua 8.1. (T) Haiinure d-uunbie 3amucu ancen 15, 125 u 2749, econ

a) d=2;
6) d=3;
B) d =b;
r)d="T;
) d=11.

Bamaua 8.2. (T) Haiiaure 99-10 mudpy mocste 3amsaToii B gecaTuaHoil 3anucn qucyia 5/7.

Onpegenenune 8.4. Beckoneunas d-udnas JApoOb HA3BIBAETCA NePuoduveckoti, eCJIu CyIe-
cTBytOoT Takue k, [ € N, 970 Ipu BceX HATYPAJBHBIX 1M > k BBIIOJIHAECTCSI YCIOBUE Upyy] = oy
Ecan k — MEUHEMAIBHBINA TAKON HHIEKC, TO MOCAEI0BATEILHOCTD UMD Qv . . . () HA3BIBAECTCS
npednepuodom 0pobu, & gy - .. gy — NEPuodom Ipobu.

O6Gozuauenue. +A,ajay. .. ap(Qgiq .. Qty)-

Bamaua 8.3. a) Jlokaxure, uro d-uanoii 1podu 0, (f . .. B,) COOTBETCTBYET YUCI0 illm—ﬁlm
6) Haitnure uncio, coorsercrByiomee d-uanoit apodu A, oy ... 1(B1 ... Bm)-

Bamaua 8.4. (C) J[oxkaxure, 410:
a) BCsIKasl epHodecKasi d-waHast [podb 3a1aéT paluoHATbHOE THUCIIO;
) BCSIKOE PAIMOHAJBHOE YHCIIO 33a6TCs ePHOANIECKON d-UaHOi ApoBkIo.

Bamaua 8.5. (T) Haitaure d-uausie 3anucu ucen 1/7 u 1/17, ecan

a) d=2;
0) d=3;
B) d = 5;
r)d="T;
) d=11.

Bamaua 8.6. llycts k,n € N. [okaxkure, 9T0 cyMMa JJIMH IIPEIepPHoJa ¥ MUHUMAJIHHOTO
nepuoa jipodu k/n we Gosbie n.
Bagaua 8.7. Munumasibublii iepuos apobu 1/n HadnHaercs «cpasy Hoc/ie 3a1sToiy 1 uMeeT
amuany t. JIokazknuTe, 9To t — MEHEMAJILHOE HeJI0e 9uc/I0, s Kotoporo 108 —1 geaurcs Ha n.
Bamada 8.8. [Ipn Kakux HATYDaJIbHBIX N JeCATHIHAS APOOb 1/n

a) sIBJISIeTCsl KOHEUHOIH;

6) He WMeeT mpenepuoaa’
Samauya 8.9. Ilycth HaTypanabHbIe YHCIa kK © N B3aUMHO IPOCTHI. JloKaxkKuTe, 9TO MHUHU-
MaJibHble epuo/bl ¥ k/n u 1/n uMenT 0JMHAKOBYIO JIJIUHY.
Bamaga 8.10. /lokaxkure, 9TO MHOKECTBO BCeX TO4YeK orpe3ka [0, 1] paBHOMOIIHO MHOKe-
CTBY BCeX GECKOHEYHBIX MOCJeI0BATEIBHOCTEN Hy el W e nHUI (& 3HAYNT, HECUETHO).



JIBUYKEHUS IIJIOCKOCTU U BEKTOPLI

Teopernueckuii MmarepuaJi

9.1. BEKTOPHI KAK KJIACC 9KBUBAJIEHTHOCTH

Pazrosop o BekTOopax Mbl HAUHEM C HAIIOMHHAHUS <ITKOJbHOTO» OIPEIEEHU.

e Bexmop (a TouHee, 3akpenaéHuolll 6eKmMop) — 3TO HATPABIEHHbIH 0Tpe30K. Kaxkaplil
BEKTOP OIpeJe/sIercs YIIOpsaa0ueHHOl napoii Touek A u B — ero Hauaiom 0 KOHUOM COOT-
BETCTBEHHO.

O6Gos3uauenus. BexkTop ¢ HagagoM B TouKe A M KOHIIOM B TOUKe B 0003HaYaeTcs Kak Ag.
C JAHHBIM OTIPEJIEIEHUEM TAKKe ACCOIUUPOBAHHBI TIOHATUST HANPAGACHUA U OAUHDL (MODYAA)
BeKTOpa, 0b6o3HaYaeMoil Kak |AB).

e BekTopbl, uMmeroiue 0JInHAKOBbIE HALIPABJIEHUE, HA3bIBAIOTCH COHANPABAEHHDLMU, & UME-
IOIITHE IIPOTUBOIIOJIOKHOE — NPOMUBONOAOHCHO HATPABACHHBLMU.

e /[Ba OTVIMYHBIX OT HYJsI BEKTOPA, KOTOPbIe HAXOAATCHA HA OJHON MpsAMOl Wn mapaJi-
JIGJIBHBIX MPSAMbBIX, HA3BIBAIOTCA KOAANUHEAPHOLMU BeKTOpaMu. TaxkuM obpa3om, KoJauHeap-
HbI€ BEKTOPBI JIUOO COHANPABJIEHBI, JIMOO MPOTHUBOIOJJIOXKHO HAIPABJICHBI.

Kak m3BecTHO U3 MIKOJBHOTO Kypca MaTeMAaTUKHU, BEKTOPBI, HAUWHAIOIIHECS B PA3HBIX
TOYKAX, HO UMEIOINEe OJMHAKOBBIE HATIPABICHUE U JJINHY, CAUTAIOTCSI PABHBIMU. [T Toro,
9TOOBI 3TO (POPMAIN30BATH, YI00HO BOCIOJIB30BATHCS MOHATUEM OMHOUEHUA IKEUBAAEHIN-
HoCcmuy (CM. pa3gesa . B YipaxKHeHnun MBbI BUAEJIN, YTO BEKTOPbI MO2KHO 3aJaBaTh KaK
KJIaCChl 9KBUBAJIEHTHOCTH HAIIPABJIEHHBIX OTpe3KOB. [IpuBeném 3To onpesenenue 37ecCh.

Onpeaenenune 9.1. BejiéMm oTHOIIeHHe SKBUBAJEHTHOCTH Ha MHOXKECTBE 3aKPEILIEHHBIX

BeKTOPOB: Ha30BéM AB u C'D SKBUBATCHTHBIMH, €CJTH OHH KOJUIMHEAPHBI, HMEIOT OTHHAKO-
Bole Hanpasienud u |AB| = |CD|. Knacchl 9KBUBAJIEHTHOCTH 110 STOMY OTHOIIEHHUIO HA3BI-
BAIOTCS (€60000HbLMU) BEKMOPAMU.

3ameuanme. B pas3roBopnoit peun 60JIbI1I0N PA3HUIBI MEZK/1Y 3aKPEILJIEHHBIMU U CBOOO/IHbI-
MM BEKTOpaMHu O6BILIHO HEe JeJ1aeTCd: U Te, 1 APYyrue Ha3bIBAalOT IIPOCTO BEKTOPpaMH. SaHI/ICb
Buga AB nompasymveBaerT HaJWude Hada’da W KOHI@A, TO €CTh PeYb UAET O 3aKPErIEHHOM
BekTOpe. UT0 Ke KacaeTcs cBOOOAHBIX BEKTOPOB, TO UX Yallle BCero 0603HAYAI0T CTPOTHBIME
JATHHCKUME GyKBaMu: U, U, @ 1 TaK Jajee.

9.2. ONEPALIUU HA/l BEKTOPAMU

BcnomuuMm 6a30BbIie onepanui ¢ BEKTOPAMHU: UX MOXKHO CKJIaJIbIBATh U YMHOXKAThL Ha
gucaa. Ham norpebyercs ciepyroliee onpeaeaeHue:

Onpenenenne 9.2. Eciu Touka A sB/sieTcs Ha9aI0M KaKoro-aubo BeKToOpa, 7, TO TOBOPAT,
YTO BEKTOP U OTJIOXKEH OT TOUKH A.
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3ameuanme. Korja Mbl OTKJIa/IbIBAEM BEKTOD U or TouKH A, ¢ TOUKHU 3peHusi BBEJIEHHOTO
B OIpe/IeICHIT OTHOIIIEHUS SKBUBAJECHTHOCTH TO O3HAYAET, YTO Mbl BEIOMPAEM IPeJICTa-
BUTEJISI B KJIACCE SKBUBAICHTHOCTH U . Ecan Touka A 1js BeKTOpa U sBHO He 3a/aHa, TO
[0 YMOJIYAHUIO MOYKHO CUUTATh, YTO OH OTJIOKEH OT HadaJa KOOPJIWHAT.

Tenepb MbI MOYXKEM OINPEIEJTUTH CYMMY BEKTOPOB:

e UTo0ObI TpubABUTH K BEKTOPY 0 BEKTOD 7, HY2KHO OTJIOXKUTH BEKTOP 7 0T KOHITe-
BOH TOUKH BekTopa U . TOria BEKTOPOM CYMMBI OyJIeT BEKTOD W, IpoBeASHHDI OT HAUAIA
BekTOpa. U K KOHITY BEKTOPa .

y 4 W=U+7

8

e Pesy/brar yMHOKEHHS BEKTOPa, U HA 9HCIO A > () — 9T0 BeKTOP A7, COHAIIPAB/ICHHbIH
BeKTOPY © W paBHblii 1o Moymio |A| - || Beam xe A < 0, To BekTOp AU sABIsIETCS
HPOTHBOLIO/IOAKHO HALIPABICHHBIM 110 OTHOLICHHIO K BEKTODY U, HO BCE TAK 7K€ PABHLIM 10
vomymio |\ - | 7).

e YUT00ObI BBIUECTH U3 BEKTOPA U BEKTOP 7, HYKHO TTPUOABUTH K U BekTop (—1) - .

9.3. BA3UC HA TIJIOCKOCTU

Kaxk MbI yBHiein B IpeIbIIYIIEM Pa3/iese, BEKTOP HA TJI0CKOCTH MOYKeT OBITh MPeICTaB-
JIEH B BHJIE CYMMBI JIBYX JIDYTHX BeKTOPOB. OKa3bIBaeTCs, €CJU Mbl BO3bMEM JIIOOBIE JIBA
HEKOJJIMHEAPHBIX BEKTOPA, TO KarKJIbIii BEKTOP MOYKHO BBIPA3UTH KaK HX CYMMY C HEKOTO-
pBIMI YHCI0BBIME Ko duimentamu. CymMMa BEKTOPOB ¢ HEHYJIEBBIMHU UUCIOBBIMHU K03 Ppu-
[UEeHTAMHU Ha3bIBAETCS UX AUHETHOU KoMbUuHayuer.

Kaxk BbI y3HAETE TIO3HEE W3 KypCa JIMHEHHON aareOpbl, aHAIOT STOTO YTBEPIKIEHUS BbI-
HOJTHAETCS He TOJIBKO Ha IJIOCKOCTH, HO U B TPEXMEPHOM, YeTBIPEXMEPHOM H, OoJiee 0010,
N-MEePHOM IMPOCTPAHCTBE C TOH JIMIIL Pa3HUICH, 9TO HaM HeoOXOJMMO BBIOpATh TaKoe KO-
JINYEeCTBO BEKTOPOB, KAKOBA Pa3MEpHOCTh paccMaTpuBaeMoro npocrpancrsa. Ho ceitvac aia
HPOCTOTHI MbI COCPEIOTOIMMCSH Ha CJIydae JBYMEPHOrO HPOCTPAHCTBA — ILJIOCKOCTH.

e bas3ucom HA3BIBAETCS MHOMKECTBO TAKHX BEKTOPOB, 4TO JIIO00OH BEKTOP MOXKeT ObIThb
eMHCTBEHHBIM 00pPAa30M TpeJCTaBJIeH B BUJE JUHEHHOW KOMOWHAIMN BEKTOPOB U3 3TOTO
MHOKECTBA.
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e Jlomycrum, Mbl 0003Ha4Yn/ M Da3UCHBIE BEKTOPa Y€pe3 7. Torma juist J1ir0601r0 BEK-
TOpa 7 B ero [peACTaBJIeHnN Yepe3 Da3uc W =ad+b0 K03 dunuenTsl a u b HA3LIBAIOTCS
KOPOOUHAMAMU BEKTOpa W B 6asuce {7, 7}

[ToiiMéM Ha mpuMepe OOBIYHONR KOOPJAMHATHON IIOCKOCTH, YTO Ha CAMOM JIeJie Mbl yKe
3HAKOMBI C OJHUM IpHUMepoM Oasuca. delicTBUTEILHO, KOOPAUHATHI ITPOU3BOILHOM Touku M
B JICKAPTOBOi cHCTeMe KOOPAUHAT €CTh HU YTO WHOE, KaK KOOPJIUHATHI BEKTOPA ¢ HAYAJIOM
B rouke (0,0) u kKoHmoM B Touke M B Gasuce u3 eJIUHUYHBIX BEKTOPOB Ha ocsax Oz u Oy.

O6o3nauenne. Ecan 0003HAUNTH eIUHUYIHBIE BeKTOPH Ha ocaX Ox m Oy Kax 7 u 7
COOTBECTBEHHO, TO /s KPATKOCTH BeKTop U = a2 + b7y ¢ koopautaramu a u b Mb1 Gyiem
3AIUCHIBATL KaK U = (a,b).

IIpumep 9.1. IIyeTh MAHBI BEKTOPH © = (1,1), v = (1,—1). Torma BekTOp W = (5,7)
MOXKHO BBIPa3WTh B BUJI€ UX JIMHEHHOW KOMOWHAIIMU: =64 — v. /la n BoOOIIIE, KAKUMHU
Gb1 mu Goim uucaa a,b € R, sextop (a,b) BhIpazkaercs uepes U u U

b )
(a,b):a; T2,

IPHIEM 3TO IPEACTABICHAC ¢IUHCTBEHHO. 3HAYUT, HAOOD {7, 7} SABJISICTCA DA3UCOM.

Yupaxkuenue 9.1. Jokascume, wmo mobvie 064 HEKOANUNEAPHOLL GekMOpa 00pasyrom ba-
3UC A NAOCKOCTU.
Vopaxsenue 9.2. Iyemo na naockocmu 3adans, eexmopu U = (2,3) u ¥ = (1,5).
Buwucaume koopdunamo. éexmopa W 6 basuce { U, U}, ecau:

a) W= (2,10);

6) W= (0,-7);

6) W= (1,1).

9.4. IIPEOBPABOBAHUS IIJIOCKOCTH, ABUXKEHUSI U UX CBOMCTBA

[TycTh (v — WI0CKOCTH. BOCIONB30BABIIMCH TIOHATUAME 0mobpastcernus (pasmen [2.5) u 6u-
exyuy (paszen , MBI MOZKEM OIPEJIEUTD €€ npeobpazosarue CAeYIONUM 00pa3oM.

Onpenenenne 9.3. Buekrusnoe orobpaxkenune f : o — « Ha3bIBaeTCs MPeodpPa3OBAHUEM
ILJIOCKOCTH.

MBpI TakKe MOXKeM OIIpe e INTD deusicerus WIOCKOCTH.

Onpeaenenune 9.4. IIpeobpazoBanue mI0CKOCTH [ @ o — v HA3BIBACTCS JBHKEHHEM, €CJIH
JJist JTI0OBIX ToYeK A m B paccTosHue MexK1y HUME PABHO PACCTOSHHUIO MeXKJIy X 0bpa3aMu
f(A) u f(B).

[IpocTeiirmmm TpuMepoM IBUKEHHS ABISIETCI moscdecmeennoe omobpascenue id, ocTas-
JISIONIee KaXKIyIo TOUKY IJIOCKOCTH Ha MecTe. BoJiee cogepzkaTeIbHbIe TPpUMEPHI OYIyT OCBe-
IIEHBI B CJICYIOMIEM Da3/IeJIe.

Yupaxuenne 9.3. Joxascume, wmo dsusicerue COTPaGHAEM Yeabl.

Yupaxkuenune 9.4. Jloxascume, 4mo npamovie npu 08UNCEHUAT NEPETOOAM 68 NPAMDIE.
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9.5. Buapbl JBUKEHUII: ITAPAJIJIE/IBHBIN NEPEHOC, OCEBASI CUMMETPHSI, IOBOPOT

B namHOM pasjesie MbI IOTOBOPUM O Pa3HBIX BUIAX JIBUKEHUM.
o [lapasnresvroim neperocom T Ha BEKTOD U HA3BIBAETCH JIBUZKEHHWE, TIPH KOTOPOM

Kakgast Touka X orobpazkaercs B Takyio Touky X', uro Bekrop X X' paBeH BeKTOpY .
JlaBaiiTe MpPOBEPUM KOPPEKTHOCTH 3TOTO ONPEJIEJICHUA U MOKAXKEM, YTO TMapasieTbHbIi

HEePEHOC JIeHCTBUTENBHO BJISIETCS JBUXKEeHHeM. PaccMOTpUM JIBe MPOU3BOJIBHBIE TOYKH X
1 Y, oO6pasbl KOTOpbIX MBI 0003HaunM Kak X' u Y’ coorBercrBenno. HyzkHo mokasarb, 4To

B —
XY = X'Y'. Jeiicreurensno, Tak kak XX = o =YY, t0o XX =YY  u XX’ | YY'.
Caenoparensro, XYY’ X' — napajtenorpamM, a 3uaunt, XY = X'Y".

X' Y’
7

X Y

o Ocesan cummempus S; ¢ 0Cblo | — 3TO JBHUKEHHUE, IePeBOjdINee KaxKIyio TOUKy X
B TaKyI0 TOUKY X', 4TO IpsAMasd [ ABJIAETCA CepeIUHHBIM HePIeHIuKYIIpOM K oTpesky X X'

o [losopomom Rp 4 okono Toukn O HA yroJl ¢ HA3bIBAETCS JBUKEHHE, OCTAB/ISIONIee
rouky O Ha MecTe u nepepojgiee Kaxayo Touky X # O B rakyio Touky X', aro OX = OX’
u/X0X' = ¢.

e BayKHBIM YaCTHBIM CJIYYaeM ITOBOPOTA ABJSETCS UeHMPAALbHaA CUMMEMPUA So OTHO-
cuTeabHO TOUYKH (0 — moBOPOT Ha yroa ¢ = 180° okoJsio Touku O.

VYopaxkuenue 9.5. [lokascume, 4wmo 0cecas cCuMMEMPUA U NOGOPOM 0etCMEUMeNvHO AG-
AAIOMCA GUNCEHUAMUY.

9.6. KoMIto3ulinn JABUKEHU

Kak Mbl Bugenn B pasgene 2.7, orobpaxenns (a CJIeJ0BATEIBHO, U JABUIKEHHS) MOXKHO
IPUMEHSITH MTOC/IeI0BATEIBHO. TakuM 00pa30M, MBI PACCMATPUBAEM HUX KOMNOZUYUID.
IMTpumep 9.2. Jlapaiite mokazkem, 9TO KOMIO3UIHA S; © S; 0CEBOI cuMMeTpun S; camoit
c €o0Oft — 3TO TOXKIECTBEHHOE OTOOpazKenue. /leficTBUTENbHO, €CJid MPH eJIUHUIHOM ITPH-
MEHEHHH OCeBOil CUMMeTpUH TOYKa X IMepentia B TOYKy X' Takyio, 9To npsMasi | siBJIsIeTCsI
CepeIMHHBIM MEePIeHIuKYIApoM K oTpe3ky X X', To mpu MOBTOPHOM TpPHUMEHEHUU S) JJIsI
rouku X' Takoii Toukoil cramer Touka X. Takum oOpa3om, Mbl IoKasa/au, 4ro S; o S; = id.
ITpumep 9.3. Tenepnb nokakem, 9T0 KOMIIO3UIKSA JABYX NapaieabHbIX nepenocos 14 u T
ecTb HnapaJsiiebHblit nepeHoc 1+, Ha CyMMY BEKTODOB w+ . [Iycts Touka X mosm jeii-
crBueM 1% orobpasmiack B Touky X', a touka X' moxn neiictBuem T — B Touky X”. Ilo
oupenenenno xemkenns X X' = @ u X'X” = U, HO TODAA 110 ONPE/EIEHIIO CyMMbl BEKTO-
poB W = U + ¥. Taknm obpaszoM, MBI ToKa3aau, 9to Ty o Ty = T3, w.
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® Ba)KHbIM IpUMEpPOM JABUZKEHU I 1IJIOCKOCTH, 110J1YyH€HOI'O KaK KOMIIO3UIIUA APYI'UX, fABJIA-
eTCd CKOAb3AWASA cummempus. CKOIb34IIeH cuMMeTpHell HA3bIBAIOT KOMIIO3UIIUIO CHMMeT-
pPUN OTHOCHTEIHHO HEKOTOPOH TPAMOIt | N TapaJ/uieJbHOTO MepeHoca Ha BEKTOD, Mapasieb-
HbLii [ (€cJi 9TOT BEKTOP HYJIEBOM, TO MbI MOJyYaeM YaCTHbI Caydail 0ceBoil CHMMeTpUN ).

Vupaxkuenue 9.6. a) [Tycmv So — uyenmparvraa cummempua, X uY — npouseosvHoie
mouru naockocmu, X' = So(X) uY' = So(Y) — uz 06pasv npu cummempuu. Kax ceazamoi

meocdy coboti sexkmopv XY u X'Y'?

6) Yoedumecv 6 mom, 4mo KOMNO3ULUA 06YT YEHMPAALHOLT CUMMEMPUT NPEICTNABAAEM
€060l napasreavhoil neperoc. Kax watimu sexmop neperoca?

Yupaxknuenue 9.7. Janv, nosopomu R, o0, v R_,0,, 0aa xomopwx Oy # Os. Hatidume
Komnosuyuto R_, 0, o R, 0, amux nosopomos.
Yupaxkuenue 9.8. Janv, nosopomu Ry, 0, t Ry, 0,, 044 xomopuz o1 + pg # 0.

a) noxastcume, 4mo KomMnosuyus R, 0,0 Ry, 0, ecmb nosopom Ry, 1, 0 Ha y2oa @1+ po
omuocumesvho wexomopolt mouku O;

6) nocmpotime smy mouxy O ¢ nomoupio yupkyas v sunetru no moukam Oy, Oy u ye-
AAGM D1, P2

9.7. JIBUKEHUE KAK OBPA3 TPEX TOYEK OBIIETO MOJOYKEHUA

ITonwsrTaemcs IMOHATD, O6p33b1 CKOJIBKUX TOYEK HaM HYXKHO 3HaTb IJid TOrO, YTOObI O~
HO3HAYHO BOCCTaHOBUTDL IIO HUM HCXOJHOC IBH2KCHUE.

Yupaxxkuenue 9.9. l[lokascume, wmo cywecmsayem Kax MUHUMYM 068G PA3AUNHLET 08UNMCE-
HUA, 08 KOMOPHLT COBNAAGIOM,

a) obpasv. danroti mouru A;

6) obpasvy deyx dannwx movex A u B.

Yupaxkuaeraue 9.10. [Tycmo mouxu A, B u C' ne aescam na 0dnot npamot. Hoxasrcume,
YIMo ecat 00pa3vl IMUL mover npu deusicenuar f u g cosnadarom, mo f=g, mo ecmv dad
060t mouxu D ewnoaneno pasencmso f(D) = g(D).

CJ’IG,ZLCTBI/IGM 9TUX ABYX pra}KHeHI/IIU/I ABJIAEeTCA ClleAyIoliee yTBEep2KAeHue.

Jlemma 9.5. O6pasv. mpéx mouer, He AeHCAUUT Ha 00HOT npamot, 3adarom deusicenue
00HO3HAUHO.

9.8. TEOPEMA ITIAJIs

Pa.CCMOTpeB KOMIIO3UITUK PAa3HLIX TUIIOB ,ZLBI/I)KGHI/II'?'I, MbI IOJYYHJIA JIMIIL OAHO HOBOE
JIBUZKEHUE: CKOJIB34INYI0 CUMMEeTpHIo. BO3HUKaeT ecTecTBEHHBIN BOIPOC: a KaKue BOOOIIE
obIBalOT JBHzKeHHA! OTBeT JaéTcs ciegayionieii TeopeMoii.

Teopema 9.6. [Teopema ITlansa.] Beakoe deusicenue naockocmu ecmo Aubo:
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-mootcdecmeennoe npeobpasosanue id;

-napasaesvhod nepenoc T na nenyaesoti sexmop v ;

-nogopom Ha neny.aesol yeon Ry o, ¢ #0;

-0Ce8aA CuMMempus Sy ¢ 0cvio L;

-cKoAb3AWaAA cummempus T o Sj.

N nesa nokasareabcrBa. PacemorpuM asa paBHbIX Tpeyroabiuka ABC u A’ B'C’, kakuM-
TO 00pa30M PACIIOIOKEHHbIE HA IIOCKOCTH. Kak Mbl 3Haem u3 jemwmbl [9.5] onn ogHO3HATHO
3a/1a10T JBUKeHHe, nepeojsinee Tpeyroibank ABC B A'B'C’. Tlocmorpum, kakoit Habop
JIBUZKEHII, KOMIIO3UIUS KOTOPBIX MEPEBEIET BEPUINHBI OJHOIO TPEYTOJbHUKA B COOTBETCTBY-
IOIIIME BEPIIUHBL IPYTOr0, Mbl MOKEM HOJYIUTh. /1t 3T0ro Ham norpebyercs napaJiebHbIi
neperoc Ha AA’ (touka A nepexomur B A’) u moBopor ¢ nenTpom A Tak, urobbl Touka B
copmecTmiiach ¢ B'. Jlanee Bo3MokKHBI JBa ciaydasi: jubo rouku C' u C' coBuaayr (1 Torma
MBI HOJYYHIN JBHZKEHNE), JUO0 JJisi UX COBMNa/IeHNsT HEOOXOANMO BBIIOJHUTH €€ 0CEeBYIO
CUMMeTPHIO oTHocuTebHO A’B’. B 3aBHCHMOCTH OT TOrO, KaKie HMEHHO JIBUKEHUS HAM I10-
HAJO00MIMCH, MBI [IOJIYYaeM B PE3YJIbTaTe X KOMIIO3UIMKA T€ BAPUAHTHI, UTO OBLIM YKA3aHbBI
B (DOPMYJIIPOBKE TEOPEMBI.
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3agaun ceMUHAPOB

Bagaua 9.1. /lokakure, YTO IBHKEHNE, COXPAHSIOIIee HAIPABICHU JIydeil, — 9TO mapaJi-
JIEJIbHBIH TepeHoc, aub0 TOXKIECTBEHHOe Ipeodpa3oBaHue.

Bagaua 9.2. /lan tpeyronsauk ABC.

a) Haitnure Bce Touku K Ha npsamoit AB takue, uto AK : KB=2:T. .

6) dus kaxkaoit Takoit Touku K Beipasute Bektop C'K dwepes Bektopbl C'A u C@
Bagaua 9.3. B tpeyronsauke ABC u3Bectbl cropous: BC = a, CA = b, AB = ¢; kpome
TOrO, TOYKa | — MEHTp BOHCAHHON OKPYKHOCTH.

a) Hokaxure, aro al A+ bIB + c¢IC = 0.

TA+ B + cJC
6) Hokaxwure, aro ecau aJA+bJB +¢JC =0, 10 J = 1.

B) Jokazkute, 9T0 JJisi MTPOU3BOIBHON TOYKH X CIIpaBeInBO

ﬁ_aﬂerX +cXC
B a+b+c '

Bamaua 9.4. [IpeobpaszoBanueM KaKOTO THIIA MOXKET SIBASTHCSA KOMIIO3UIIHA IBYX CKOJIb35-
mux cummerpuit! Kakoit U3 TUIOB peajin3yercsl IPU KAKUX yCJIOBHUSX HA B3AUMHOE PAaCIO-
JIOZKEHHUE OCell MCXOIHBIX CHMMEeTpPHii?

Bagaua 9.5. [Iycte ABC — paBHOOeIpeHHBIH IPIMOYTOJIBHBI TPEYTOJbHUK ¢ THIOTEHY-
30it BC'. Jaiite TouHOE onmcaHue KOMIIO3UIAN JABUKEHUN Sca 0 Spo © Sap.

Baga4a 9.6. Ha 6okoBbix croporax AB u BC tpeyroabauka A BC mocTpoeHbl BHE ero KBa/I-
parel ABMN u BCPQ. Hokaxure, uro orpesku CM u (QA nmepneHIuKy/IsIpHbI U PABHBI
MeXKy cOo0O0ii.

Samaua 9.7. C noMOmbIO MUPKYJIAd U JUHEHKH TOCTPOHTEe PABHOCTOPOHHHIT TPEYTOJbHUK,
OJIHA BEPIIMMHA KOTOPOTO JEKUT B 3aJaHHONA TOUKe A, a JBe Ipyrue — COOTBETCTBEHHO Ha,
JABYX JIAHHBIX OKPYZKHOCTAX.
Bagaua 9.8. Yepes ase Toukn A m B, Haxomgmupecs IO OZHY CTOPOHY OT HpsSIMOM [, IpH
MOMOIIY MHUPKY/sI U JTUHEHKN TPOBEINTE OKPYKHOCTH, KACAIOIIYIOCS STOH TPSIMOii.
Samauya 9.9. K KaKkoMy U3 THIIOB JBHXKEHHI IJIOCKOCTH, YKa3aHHBIX B TeopeMme [llams, or-
HOCHTCSI KOMITO3HUIUS OCEBBIX CUMMeTpHuii S, 0 S, 0 S; B cIydae, KOIIa

a)n ||, n#1lumll

6) n || I, n # 1 m m wepecekaer .



KOMITJIEKCHBIE YUCJIA

Teopernueckuii MmarepuaJi

10.1. AITEBPAUYECKAS ®OPMA KOMILJIEKCHOTO YUCJIA

B sr1oit rutaBe MBI 3aiiMéMcd MOCTPpOEHHEM aHOHCUPOBAHHOTO PaHee MHOYKEeCTBA KOMILTIEKC-
HBIX YUCEJT W U3YUYEHHEM ero CBOWCTB. Takoe MOCTpoeHHe MOYKHO MPOBECTH KAK MUHUMYM
JIByMsl Criocobamu: ajredpandecKu, 3a/iaB Olepaluy CJI0XKEHUS U YMHOXKEHUS Ha JIeKapTO-
BoM mpomssegennn R? = R x R, m reoMeTpuueckn, HCXOAd W3 HATIAIHBIX COOOPasKeHMi
0 BeKTopax. MpI MOHAEM TeOMeTPUIECKIM ITYTEM.

B xadecTBe OCHOBHOrO 00BeKTa OyIeM PacCMaTHUBATh BEIIECTBEHHYIO IIOCKOCTb, MHO-
JKECTBO TOUYEK KOTOPOH MBI HA30BEM KOMNAEKCHbMU wucaamy 1 odozHaunm 3a C. Eciu 3a-
pukcupoBaTh HA FTOI MIOCKOCTH JIEKAPTOBY cucremy Koopaunatr Oy, To KaxKaas Touka M
Oy/eT UMeTh HEKOTOPble KOOPAUHATH (1, YY), KOTOPbIe Mbl 0O03HATHM OTHUM CHMBOJIOM:

z = (z,y).

Bamucy M (z) OymeT 03HAYATDH, U9TO 2 — KOMILTEKCHAs Koopaunara Toukn M. E€ BemecTsen-
HbIe KOOPJIMHATHI T U Y MbI OyJeM Ha3bIBaATh 0elicmeumenvhotl i MHUMOT TACTIMU TUCJIA 2
u obozuadarh Re (z) u Im (2) coorsercTBenHo.

0 T

——

[Tockosbky BekTOop OM HMeeT Takue Ke KOOPAUHATHI, KaK U TouKa M , IIpo KOMILJIEKCHBIE

quc/Ia ya00HO JyMaTh KaK IIPO BEKTOPbI ¢ HadaaoM B Touke (. Bpeaém obo3nadeHust J1jis
Gasucubix BekTopos (1,0) u (0,1):

1=(1,0) u i=(0,1).
Torna KoMILIeKCHOE YHCI0 2 = (x,y) IPeJCTaBUMO B BHJe UX JHHefHON! KOMOHHAIUN:
z=2z-(1,00+y-(0,1)=x-1+y-i.

Beipazkenue Buja (x + iy), riae =,y € R, Ha3bBaOT aszebpauneckots Gopmoti KOMILIEKCHOTO
qHCTIa 2.

Jaanm etmié oqHo onpeaeaenne, 3HAUINMOCTh KOTOPOTO MPOSICHUTCA B AaabHeitmeM. Ynemno
Z = x — 1y HA3BIBAETCI KOMNAEKCHO CONPANCEHHIM K ducay z = x + 1y. COOTBETCTBEHHO,
npeodpa3oBaHe KOMILIEKCHO MJIOCKOCTH 2 — Z, HA3bIBACTCHA KOMNACKCHOM CONDANCEHUEM.

Yupaxkuenne 10.1. Heasemea au xomnaexcroe conpascenue deuscenuem? Ecau da, mo
ymo amo 3a deusicernue?
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10.2. APUOMETUKA KOMILJIEKCHBIX YUCEJI

B stoMm pazgese Mbl 00Cy MM, KAKIM 00pa3oM Ha MHOXKeCTBe KOMILTeKCHBIX duces C ompe-
pesiaroTest apudmerndeckue onepamnuu. CJIOKeHHe BBOJIUTCS €CTECTBEHHBIM 00PA30M, €CJIH
MBICJIUTH KOMILJIEKCHbIE YHUC/Ia KaK BEKTOPHI, — M0 HPaBUIYy MapaJjuiejorpamma. Merno,
YTOOB!I CJIOKHTDH JIBA KOMILIEKCHBIX YUCIA 21 = Xy + iy U 2o = T + %Yo, HYKHO COOTBET-
CTBEHHO CJIO}KHTH HUX JeHCTBUTEIbHBIE I MHUMBIE YACTH:

21+ 29 = (1'1 -+ .TQ) + Z<y1 + y2)
AHaJIOrHuHBIM 00PA30M OLPEIE/IAeTCA BblUATAHMIE:
2 — 29 = (1 — x2) + (Y1 — Y2)-

Yupaxkuaenune 10.2. [lokaocume, wmo das aobozo z € C cnpasedaiuso
zZ+Zz Z—Z

Re (z) = 5 u Im (2) = 5

YMHOXKEHHEe cHAYAIA ONPEeIeJ UM /10 0a3uCHBIX BeKTOPOB: 1 1 7. [locko/IbKy ecTecTBEHHO
CUUTATDH, YTO YMHOXKEHHE Ha eJUHUILY YHUCJIa HE U3MEHSIET, KJII0YEeBbIM CTAHOBUTCH BBOJUMOE

HAMHI TOK/IeCTBO 12 = —1. B nTore Tabiamia yMHOKEHIS MPUHIMAET CJeLyIOMuil BYI:
1] 1
1117 2
11| —1

J11st OCTAIBHBIX YHCE BOCIOAB3YEMCS ANCTPUOYTHBHOCTHIO YMHOYKEHUST OTHOCHTEIHLHO CJI0-
»Kerns. VIHade roBops, OIpeIe/IuM YMHOXKEHHE, [TOJIb3ysaCh OOBITHBIME IIPABUIAMHI PACKPHI-
THsI CKOOOK U IPUBEIEHUS HOI00HBIX:

21+ 22 = (7179 — Y1ya) + i(T1Y2 + Y172).
IIpumep 10.1. (5 +2i)(3 — i) =5-3 5.7 +2-3 —2i-i=15—5i +6i +2 = 17 — i.
Vapaxkuenue 10.3. Buvucaume: i + 2% + 3i3 + - - - + 1040,

g Toro, 9T00BI BRISICHATH, KaK JeJIUTh Ha HeHyIeBoe uncio z € C, Ham monajgobuTcd
OJTHO HeTpUBHAJbHOE HaboneHne. VMenno, ecn 2z = x + 1y, TO
1 1 T — 1y

. : SN2 2 — —
Z=(z+iy)(w—iy)=a"+y = T aviw 2t

Takum obpa3oM, Jie/leHre CBOIUTCA K YMHOYKEHHUIO.
5+2i (5+2:)(3+1) B +b5i+60—-2 13+ 1L

IIpumep 10.2. - - — 1,3+ 1,1i.
DIMEP 37  (3-90)(3+9) 9+ 1 10 +Lu
Yopaxkueaue 10.4. Januwume xomnaerxcroe wucao w € C 6 opme T + 1y, ecau
B 5
w= 1
141
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10.3. TPUTOHOMETPUYECKAS ®OPMA KOMIIJIEKCHOT'O YUCJIA

Habroierne, KOTOPbIM Mbl BOCIIOJIb30BAJIMCH B HMPEALIIYIIEM Pa3jese Jisd TOro, YTOObI
ONpee/INTh JeJieHrne, MOTUBUPYET HAC OXapaKTepU30BaATh YMHOXKEHHE U JIeJeHHe KOMILIEKC-
HBIX YHCEJT ¢ TOYKU 3PeHHsI BEKTOPOB. Mbl 3HAEM, 4TO KazK bl (CBOOOTHBII) BEKTOD 38, 1a6TCs
JBYMS TTapaMeTpaMu: JJIWHOW U HampaBaeHueM. I [puMeHuTEIBHO K KOMIIJIEKCHOR IJIOCKOCTH
YMECTHO PacCMOTPETh CJAeyIONNe IBe BeTUINHBI.

e Mo0yib KOMILIEKCHOIO YHCIa z = & + 1y — 9TO JJUHA BEKTOPa 2z, TO €CTh AefiCTBH-
TeJIbHAS HEOTPHUIATETbHAS BEJTMINHA

o = VT,

o Apeymenm HEHYJIEBOTO KOMILJIEKCHOTO YHCJIa 2 — ITO yroJ1 6 MeXKIy MOJOKUTETHHBIM
HanpasgeHneM ocu Or U BEKTOPOM Z:

arg(z) = 0.

O4eBH/IHO, UTO APTYMEHT KOMILIEKCHOT'O YHCJI OLPE/IeIeH He OJJHO3HATHO, & C TOYHOCTbIO
710 27 [J| Yno6uo Gpars snatenus 0 € [0; 27).

[IycTs 7 1 6 0603HAYAIOT MOLYJIb U APTYMEHT HEHYJI€BOI'0 KOMILIEKCHOTO YHCIa 2 = T+ 1Y
COOTBETCTBEHHO. TOr/Ia THCI0 2 MOYKHO 3AMHUCATD, UCTIOAB3YS NoaapHbie koopdunamo, (r,0):

z =r(cosf +isind).

Takas ¢popMma 3amucu HAZBIBACTCS MPU20HOMEMPUYECKOT HOPMOT KOMILIEKCHOTO YHCIIA.

Yunpaxkuaenune 10.5. [lycmv z = x + iy # 0. Bupasume modyso v u apeymenm 6 wucaia z
wepes T u Y.

Oxka3zpiBaeTcs, TPUTOHOMETpHYeCKasi (hOpMa KOMILJIEKCHOTO YHCJA TOPAa3/0 JIydIine Moji-
XOJUT JJIS TOTO, 9TOOBI BBIMOJIHATH ONEPAIllN YMHOXKEHU U JesleHnd. B camMoM Jieste, mycThb
JIAHBI JIBA KOMILTEKCHBIX YHCJA

21 =ri(cosag +isinay) " 29 = ra(cos ag + isinay).

5C ¢dopManbHON TOUKE 3peHHd HY:KHO BBECTH Ha MHOXKECTBe R OTHOIIEHHe SKBUBAJICHTHOCTH: @ ~ b,
ecau pasHocrb (a — b) npencraBuma B Buzse 27k, mis Hekoroporo k € Z. Torma aprymeHT — 3TO KJjacc
9KBUBAJIEHTHOCTH 10 TAKOMY OTHOIIEHUIO.
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Boerancinm ux Ipou3BeJCeHNEC:

2] - 29 = (rl(cos 1 + 7sin 041>) (rg(cos Qg + i sin 0@)) =

=77 ((cos (v COS (rg — Sin (v sin ag) + (cos oy sin aig + sin v cos 042)).
Tem cambim, ToJTydaem
2129 =177 rg(cos(oq + ag) +isin(ag + 042)).

Takum ob6pazoMm, Jjisd TOTO, YTOOBI IEPEMHOKUTD JIBA HEHY/JIEBBIX KOMILIEKCHBIX YHCJIA, HYZK-
HO TIePEMHOXKUTh UX MOJIYJIN, & apPIYMEHTHl — CJOXKUTh.

Ipumep 10.3. Paccmorpum npoussesienue w = i(1+7)%. C oauoii cropousl, B anreGpande-

ckoit dopme umeem w = (1 +2i — 1) =i -2i = —2. C apyroii cTOPOHBI,
2
w = (1 (cosg+ising>) <\/§ <cos%+isin%>> =
=1- (\/5)2 (COS <g +2- g) + 2sin (g +2- g)) = 2(cos7r+isin7r) = 2.

B kauectBe CJICACTBUA IIOJIYTIacTCAd (bOpMYJIa JJ1d BO3BEIEeHHUA B CTCIICHD.

Teopema 10.1. [@opmysna Myaspa] ITycmo r u o — M00YAd U GPZYMEHM HEHYALEO20
KOMNAEKCHO20 Yucaa 2 coomsememeentno. Tozda daza awbozo n € 7 umeem mecmo Popmysa:

n

2" = r"(cosna + isinna).

Yupaxkuaenune 10.6. /lokasrcume popmysry Myaepa.

Yupaxkxaenne 10.7. Bupaszume cos 3o u sin 3a uepe3 cosa 4 Sin @ coomeemcmeeHHo.

10.4. I3BJIEYEHUE KOPHSI

Kak Mbl BBISICHHIH B IPE/IBIIYINEM pasJiesie, BO3BEICHNe KOMIICKCHOIO YHC/IA B CTCICHD
B TPHTOHOMETPHYECKOH dopMe yeTpoeHo oueHb mpocto. B aaHHOM pasiere Mbl 3afiMéMcs
0bpaTHOil onepanuneil — u3BJEYEHUEM KOPHS Nn-0if crereHu Jyist npousBosibHOro n € N.

ITycts 2z = r(cosa + isina) u w = p(cos@ + isinf) — HeHyIeBBIE KOMILICKCHBIC YHCIIA.
[TonpoGyeM pemnTs OTHOCHTENBHO 2 ypaBHEHHE

2" = w. (5)
g nagaga, Bocrosb3yemcs dpopmysioit Myaspa:

2" = r"(cosna + isinna).
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CitetoBaTesibHo,
o= p o= p . 1
na — 6+ 2k = 0 0+ 2rk € {0,...n—1}.

n

Takum 06pa3om, cyniecTByer poBHO 1 pentenuii ypasuenust (D)) — xopreti n-ot cmenenu u3
qucya w. [TockobKy OHEH MOTYT OBITH BBIUMCJIEHBI 10 (DOPMY.JIe

0+2rk . 0427k
2p = W(COS——}-ZSIH— , ked{0,...n—1},
n
9TO O3Ha4YaeT, YTO KOPHH JIeZKaT Ha OKPYZKHOCTH PAIHyca {/p U ABIAIOTCS BepPITHHAMH Mpa-
BUJIBHOI'O N-yI'OJbHUKA, BCIKCAHHOIO B 9Ty OKPY?KHOCTb.

Vupaxkuenue 10.8. a) Hycmov wy u wy — kKophu n-ol cmenenu u3 edunuyst. Joxasrcume,
W1 9
YmMo 4ucaa Wy - Wy U — MaxHce AGAANOMCA KOPHAMU N-0U CTMENEHU U3 6(9U,HU’IM)L.
w2
6) Iyecmv w — Purcuposarnvil kopenv n-ol cmenenu u3 wucia w € C, a € — Kopenwv

n-ot cmeneny u3 edunuum. ,ﬂmmwcume? Ymo € -w maxrHce AGAACIMCA KOPHEM n-ot cmener
U3 YucaAa w.

IMpumep 10.4. Kybudeckne KOpHH U3 eAUHAIBI yAOBACTBOPAIOT ypasHernio z° = 1. Onun

1 V3 1 V3

HuUX paBed 1. Ipyrue aBa — KOMILIEKCHO COMPSKEHHBIE YNCIA W = 3 + 27 nw = 5~ 27.
w
1
w

Yupaxxkaenaue 10.9. Jokascume mooscdecmeo

22+ = (v +y)(z + wy)(z + wy).

10.5. KBAJAPATHBIE YPABHEHUSI

ITess aTOTO pas3iesna — BBHIICHUTH, KAK peniaTh KBaApaTHbIE YPABHEHUS ¢ KOMILIEKCHBIMHI
KodpdurmenTaMu U IpUMeHUMa JIM K HUM H3BECTHAas CO MIKOJbI (POPMYJIA, BbIpazKaroliasd
KOPDHHM KBaJIpATHOT'O YPAaBHEHUS Yepe3 TUCKPUMUHAHT.

Nrak, myctsb a, b, c € C, npuuém a # 0. Paccmorpum ypasaenme

az’> +bz+c=0.
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1st Toro, 4rodbl peluTh ero, BblJIeJ UM HOJHBbIN KBa/pat:

2
n b b? — 4ac
alz+—| = ————.
2a 4a?
Kak mbI BuanMm, 3a7ada CBOINTCHA K M3BJACYECHHUIO KBAJIAPATHOIO KOPHSA U3 JUCKPUMUHAHMG
D = b* — 4ac. CoracHo pe3yabTaTaM, HOJYYeHHBIM B IpeabLIyIeM pasiene, upa D # 0

TAKUX KOpHEH POBHO JBA, NPUIEM OHU OTJIMYAIOTCS JIPYT OT Apyra ymMHOXKenueMm Ha (—1).
B camom mene, ecin D = r(cosf + isin @), To KBagpaTHble KOPHA u3 [ UMEIOT BUT

dlzﬁ(cosg—i—ising) u dgzﬁ(cos <g+ﬁ)+isin(g+ﬁ)):—d1.

[TosTromy, obo3HavUas 1t OMPEAeIEHHOCTH TePBbIH N3 HUX 3a v/ D, Mbl MOXKeM HedOpMaIbHO
YTBEPKJIATh, 9TO CIpaBe/IMBa Kaaccudeckad hopMysa Jiis KOpHeil HCXOHOTO ypaBHEHHUs:

~b++D

212 =
2a

Taxum obpazoM, JTI000e KBaJIpaTHOE ypaBHEHHE ¢ KOMILTEKCHBIMU KOd(bdUIneHTaMun nMeeT
JIBa, KOpHsI, coBnajatomnie npu D = 0.

3ameuanne. B BemecrsennoM ciayuae, korga D € Ru D > 0, Mbl 0603Ha1aeM 3a v/ D mosto-
JKUTEeNbHBI KOpeHb ypaBHenud 12 = D. B IpoTHBONOI0KHOCTD €My, B KOMILIEKCHOM CIydae
y HaC HeT KAHOHMYECKOIo CII0c06a ONpeesnTh, KaKoil U3 JIByX KopHeil ypasHenns z2 = D
«riaasuees. [Tosromy cumBosl v/ D TpaIuIuOHHO 0603HAYAET MHOXKECTBO BCEX KODHeH u3
guciaa D v He ucnojab3yercs B apudMeTudeckux JAeficTBUIX.

ITpumep 10.5. PaccmorpuM ypashenne z2 + 2z + 2 = 0. Beraueanm ero JUCKpUMHUHAHT:
D =2?—4-2= —4. VNmeerca aBa KBaJpaTHBIX KOpHs u3 uncaa (—4), a uverno 2i n (—2i).
CiietoBaTeIbHO, PEIeHre NCXOIHOTO YPABHEHUS NMeeT BH]]

-2+

fp= g = —1£i.

Yupaxkaeaue 10.10. Pewume caedyroujue ypasHenu:
a) 22+ 2+ 1=0;
6) 22+ (i—1)z+2—-2i=0;
6) 2t +4=0.

10.6. OCHOBHASI TEOPEMA AJITEBPHI
B npeapiaymem pasjese Mbl YOeIUIUCh, 9TO JIO00H KBaJIPATHBIH TPEXUJIEH ¢ KOMILIEKC-

HBIME KO3bDHUIUEHTAMHI HMeeT KOMILIEKCHBIH Koperb. To #Ke caMmoe, Kak GbLI0 AaHOHCHPOBAHO
B pasgese [6.5 cupasemmuBo u mist mpoussosHOro Muorowrena p(z) € Clz].
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Teopema 10.2. [OcHoBHast Teopema anreGpsi|

Beaxuti mnozounen p(z) = 2"+ a, 12"+ - +ag ¢ KomnaekchuMu Koadduyuenmamu,
cmenend Komopoz2o n = 1, umeem KOMNAEKCHBT KOPEHD.

Ha6pocok mokazarenabcrsa. lomycrum, He cymiectByer Takoro w € C, uro p(w) = 0.
Ha xomiutekcnoit miockoctu C paccMOTpUM OKPYZKHOCTH ¢ IEHTpOM HyJse paguyca R. Eé
obpa3z mpu orobpaxkenuun p : C — C — HekoTOpast KpuBasi, He MPOXOAAIIAs Yepe3 HOMIb, TO
ectb kpuBast B C \ {0}.

(Reot | P»h'nb\} P ((Reast Rh‘nfjl

Korga R = 0, mbl nosiyuaem nocrosiiuyto kpusyio p(0) # 0 — 1o Touka. A korja R oveHb
GosbIioe, p(z) B epBOM TPUOIHKEHNN BeIET cebs MPUMEepHO Kak 2",

Qp— a
p<z):Z”+an—1zn_1+-”+a0:z"(1—1— zl—|-+z_2>7

W BbIpazKeHne B cKOOKax crpemutest K 1 mpu R — oo. Ilosromy Mbl, OpuOIH3UTETBHO, MO-
gaydaeM MHOKecTBO Touek {(R™cosnt, R"sinnt) | t € R} — 910 okpyxRHOCTH pagmyca R",
HAMOTaHHAasi camMa Ha ceds n pas.

h:}a
Pl%]ﬁ 2"

—>

[Toka MBI MeHIEM PAJIUYC OT HYJIS J0 OOJBIIAX 3HAYEHUI, Y HAC TOSABJIAETCS ITPOMEKYTOTHOEe
ceMeficTBO KPUBBIX (KpacHasi U 3ejéHast KpUBble HA PUCYHKe). VHTYUTHBHO OYeBHHO, 4TO
KPUBBIE TIPU U3MEHEHHH [ MEHAI0TCH HENpPEepbIBHO, a MOTOMY /I HEKOTOPOTO 3Hadenus R
OJIHA W3 3TUX KPUBBIX NPOWIET Yepe3 HOJIb, YTO MPOTUBOPEUNT IIPEAITOJIOKEHHIO.

Vupaxkuenue 10.11. Pasaosrcume na aunedinoe muoscumenty muozouser p(z), ecau
a) p(z) = 2° + 1;
6) p(z) =23+ 2—2;
6) p(z) = 2" — 1.
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10.7. IIPSIMBIE U OKPY>KHOCTU

B stom paznesne Mbl HaydInMCs ONHUCHIBATH MPIMble U OKPYZKHOCTH, JerKalllue Ha KOM-
IJIEKCHOM MJIOCKOCTH, €JIUHBIM yPaBHEHUEM.

Paccmorpum cHavagia npousBoibHyo 1psiMyio [. [IycTh oHa 3anuchiBaeTcsi B BEIeCTBEH-
HBIX KOODJMHATAX (T,Yy) Ceayromum obpa3oM:

ar + fy+v =0, a,p,7 € R

Ha KOMILIEKCHOI IIOCKOCTH 3TO MHOMKECTBO TOYEK COOTBETCTBYET TAKMM UHCJIAM Z, JJId
koropbix = Re (2) u y = Im (2). Vcnoab3ysa dbopmynsl u3 ynpaxuenus (10.2] Beipazum
u y depe3 z u z. 'Torga ypaBuenue npamoit [ mpuodperéT Takoit BuI:

z+Zz Z—Z
Oy T =0
WTH
(3-08)en (2408 seam0
« .
Brons oboznavenus b = <§ — - 5) U ¢ = 7y, IOJIy4aeM:

bz +bz+c=0, beC,ceR.

PaccmorpuMm renepb HpOU3BOJIBHYIO OKPY2KHOCTH. [lycTh €€ pajuyc paBen R, a neHrp
HAXOJIUTCA B TOUKE Zg. 1Orga 3Ty OKPYZKHOCTb MOYKHO OIHUCATDH yPaBHEHUEM

|z — 20| = R.

[Tepenuiiiem 310 ypaBeHue B HE3aBUCUMOM OT 3HAKa MO/LYJIsl BU/JIE, BbIpa3uB depes3 2 u z. Jis
9TOTO CHAYAJIa BO3BEAEM 00€ YacTH DaBEHCTBA B KBaJpar: |z — z0\2 = R?. CaemoBarenbHo,
“MeeT MeCTO PaBEHCTBO

(Z - Zo)(g - 50) = R2,

KOTOPOE II0CJIe PACKPBITHS CKOOOK IIPEBPAIAETCS B
ZZ — ZgZ — 202 + 2020 — R2 = 0.
Bpong obosHadennd b = —Z, U ¢ = 29%) — R?, moay9aeM OKOHUATEILHO:

2Z+bz+bz+c=0, beC,ceR.

0606wennol oKpYHCHOCMBIO HA KOMILIEKCHOM 1m1ockocTu C HA3BIBAETCS €ro mOIMHOZKe-
CTBO, SBJLIONIEECH MPAMONl MM OKPY’KHOCTHIO. Kak ciemayer u3 NpuBeIEHHBIX BBIIIE pac-
CYKJIeHnil, 0000IEHHAS OKPYZKHOCTD 33/IAéTC yPaBHEHIEM

azZ+bz+bz+c=0, a,ceR, beC.
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Yupaxxaenne 10.12. M3zo6pazume Ha KOMNAEKCHOT NAOCKOCTIU MHONHCECTBO TMOYEK Z, 30-
0a8aEMOE YCAOBUEM:

a) Re z =3;

6) |z—2+1i| =3;

6) |z—1i|=|z+1|.
Kakue u3 yka3anHols MHONCECE ABAAOMCA 000OUEHHDLMU OKDYHCHOCTAMYU (0N HUT YK~
orcume Kanonuseckud eud)?

10.8. [IPEOBPABOBAHUS KOMIIJIEKCHON IIJIOCKOCTHU

B zakjiounre/ibHOM paz/iesie Mbl 00CYJIMM, KaKUM 00pa30M pa3/inydHble Ppeodpa3oBaHus
IJIOCKOCTH MOTYT OBITH 3alUCAHBI B KOMILJIEKCHBIX KOOP/INHATAX.

Haubosiee ecTecTBenHO HaYaTH HAIIT HEOOJIBLITION 0030p ¢ aBUkenuit. HamomMunwm, 9to 1Bu-
KeHueM (KOMILTEKCHOI ) MJI0CKOCTH HA3BIBETCs MPeoDdpa3oBaHUe, COXPAHSIONIEe PACCTOSTHUE
Mexxay Toukamu. Uusimu cioBamu, ecau f : C — C — nBukenue, TO JJs JIOOBIX TOYEK
z,w € C paccrosinue Mex iy nx 00pa3amu COBIAIAET € MEPBOHAYAIbHBIM:

|z —wl = [f(2) = f(w)].
[Ipumepamu JBUKEHUIT KOMILJIEKCHO IJIOCKOCTU SBJISIOTCS CJIELYIONIMe 1Ppeodpa3oBaHus:

1. Toorcdecmesennoe npeobpasosarue idc:

Z = Z.

2. Iapanrnresvnuti nepenoc Ha BekTop b € C:

z+— z+0b.

3. Ilosopom BOKpYT Havaaa KOODIAMHAT Ha yroJ 6:

Z > az, a = cosf + isinf.

4. Cummempus orHOCHTEIbHO ocu Ox:

Z = Z.

Ut

. O%?O,/lbé’ﬂwaﬂ cumMmempus OTHOCUTEJIBHO OCH Ox co CIBUI'OM Ha BEKTOD C € R:

Z—=Z+c

111



KoMniekcHble yucia Mardak: mpeaucioBue

Yupaxaenne 10.13. Ilycmo z = % + z% H3zobpasume —iz — 1 + 3u.

Jpyrum BaxkHBIM IIpeobpa3oBaHueM IIOCKOCTH SIBJsIeTcs roMoTeTus. I omomemueti ¢ 1eH-
tpoMm A u koabdurnumentom k € R\ {0} maszpiBaior npeobpazoBanue mIOCKOCTH, TEPEBOJISIIEE
Kaxkayto Touky X B Touky X' Takyto, uro AX' =k - AX.

O6o3navenne. HE.

VYaopaxkaeune 10.14. Joxaosrcume, ywmo 2omomemus

a) nepesooum NPAMbLE 6 NPAMBLE, & OKPYHCHOCTNU — 6 OKPYHCHOCINU;

6) corpanaem BEAUNUHBL Y208 MENHCOY AYHAMU;

8) nepesodum mpeyzoibHUKY 68 MPey2osvHUKy, NodoOHbE UCTOOHM ¢ KOIPPuyueHmom
nodobus k.

Ilpu k = 1 romoreruss HY npencrapiser coboit ToxmecTBenHoe Mpeobpa3oBaHue, a IIpH
k = —1 — meHTpaJbHYI0O CUMMETPHIO OTHOCUTETbHO Toukn A. Ecan xe A = O coBmajaer
C Ha4aJIOM KOOpJAHUHAT, TO I'OMOTETUA Hg B KOMIIJICKCHBIX KOODAWHATAX 3allUCbIBaCTCA KaK

z— kz.

Yupaxkuenue 10.15. Kax 6 KomniekcHux K00p0uHamax 3anuco8Gemcs 20 MOMeMUS C UeH-
mpom A(a) u xoadduyuenmom k € R\ {0} ¢

Haunbosnee xurpeiM n3 npeodpa3oBaHnii, KOTOPble Mbl Obl XOTeJH YIOMIHYTb, SBJISIETCS
MHBEPCHUS, TO3TOMY MBI OCTAHOBUMCS Ha Heil mogpobree. Hneepcueli OTHOCUTEIBHO OKPYZKHO-
CTH C TIeHTPOM B Touke A pajumyca R HaspiBaeTcs mpeobpaszoBaHue MI0CKOCTH, TIePEBO/IIIee
TouKy X B Touky X', jexkamyio Ha jyde AX U yI0BIE€TBOPAIONIYI0 COOTHOIIEHUIO

|AX|-|AX'| = R*. (6)

Boiseem (bopMy/ly MHBEPCHU B KOMILIEKCHBIX KOOpjuHarax. [lycrh Touka A umeer Ko-
opaunary a € C, a Touku X u X' — KoopAuHATBEL z U W COOTBETCTBEHHO. TOraa Mbl MOXKEM
sammcarb pasenctso (6) crexyrommm obpasom. Orpesok AX mveer mmuny |a — z|, a or-
pesok |AX'| — mauny |a — w|. [TosToMy, mONB3ysACH paBeHCTBOM |z|? = 2Z, MBI TIOJIydYHM
yDaBHEHHE

(a —2)(a—2)(a —w)(a—w) = R"
Teneps Bocmosb3yemcst TeM, 9ro Touku A, X u X’ jmexkar ma ommoil mpaMoii, TO ecTb

BEKTOPA, B u AX' Ko/THHEeapHBI:
(a—z)(a—w)=(a—w)a—2).
OObeuHsIst 9TO YCJIOBUE € HOJYYCHHBIM BBIIIE YPABHEHHEM, HMEEM
(@—2)(a—w) = R
Ocraércst BRIpa3uTh OTCIOA KOOPAWHATY TOYKH X ':

R2

zZ—a

w = + a, e RER, aeC.
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Takum 06pazoM, Mbl HOJLYYUIU (POPMYJLY UHBEPCUMU.
B ugacTHOCTH, MHBEpPCUS OTHOCHTEIBHO €IMHUYHON OKPYZKHOCTH C IIEHTPOM B HYJIE 33/1a-
eTcsI COBCeM ITPOCTO

ZH=w =

ay
NI

VYupaxkuaeraue 10.16. /Jokascume, wmo unsepcus nepesodum o0006ULEHHYI OKDPYHCHOCTIL
8 0000WEHHYI0 OKPYAHCHOCTILD.

IS

10.9. JIUTEPATYPA /I TAJBHENIIETO U3YVUEHUA

e Kypanm P., Pobunc I., Uro takoe maremarnka? (3-e w3manne) — Mocksa, MITHMO,
2001.
o [lonapun 4.11., Anrebpa KOMILIEKCHBIX YHCEJI B FeOMeTpHUecKuX 3ajgadax — Mocksa,

MITHMO, 2004.
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KOMITJIEKCHBIE YUCJIA

3agaun ceMUHAPOB

10.1. Tpuronomerpuveckasa popma 3armmcu

Banmaqa 10.1. (T) Tlpencrasvre B dopme x + iy:

I—i
) T3
6) (1+1)°.
Bamaua 10.2. (T) Haiigure MHOXKECTBO 3HAYEHUIA:
a) vV—1;
6) vV—i;
B) V1 —i;
r) Vi

Bamaua 10.3. (T) Pemure cieqyionye ypaBHEHHUs:

a) z = 2%
0) 22 =i
1—1
3 _ .
B) =1

3amaua 10.4. Haitqure TpuronoMerpuyeckyio ¢gpopMy 4uce)

a) cos a — isin q;

6) sin o + i cos oy

B) 1+ cosa + isina.
Bamaua 10.5. /Ins marypasbrroro umnciaa k € N Haiigure npejcrabieHns: cos ka u sin ko
B BUJIe MHOTOYJIEHOB OT COS ( H Si (v COOTBETCTBEHHO.

10.2. ITapajienabHOCTh U MEPIEHIUKYJIIPHOCTD

Bamaga 10.6. Jans nse pasauaubie Touku A(a) u B(b), orindnsle ot Havasta koopausat O.
B TepMuHax KOMIUIEKCHBIX YHCEJT ¢ U b HAUIIHATE

a) ycsopue KojumHeapuoctu Touek O, A u B;

6) yciopue neprnenukyssipaocts npsambix OA u OB.
Bagauya 10.7. Hamummure ycaoBue KOUIHMHEAPHOCTH TPEX pasaudHbix Todek A(a), B(b)
u C(c) B TepMHHAX KOMIJIEKCHBIX YUCeT a, b U c.
Bamaga 10.8. [Jaus gersipe pasaunanbie Touku A(a), B(b), C(c) u D(d). Hanumure ycaosue

KOJLTHHeapHOCTH BeKTOpoB AB u C'D.
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10.3. IIpsmbie, OKPY>KHOCTH 1 TPeoOpa30BaHUA

Samaua 10.9. 3anumure B KOMILIEKCHBIX KOOPAMHATAX YpaBHEHHE

a) UPsIMOH, Hpoxojsiedi yepes Touku 2i + 1 u —4 + ;

6) OKPY?KHOCTH, C IIEHTPOM B TOYKe 3 + i U pajauyca 2.
Kyna nanubie npsiMast 1 OKpY>KHOCTH IepeiiyT Tpu WHBEPCHH KOMILIEKCHOM MJIOCKOCTH OT-
HOCHTEJILHO €JIMHUTHON OKPYKHOCTHU C IIEHTPOM B HadaJje KOOpIHHAT?

Bagaya 10.10. 3anumuTte B Buje (PyHKIINNA KOMILIEKCHON TIePeMEeHHOI:
a) OPTOTOHATBHYIO MPOEKIHI0 Ha och O;
6) CUMMeTpHIO0 OTHOCUTEIbHO ocu Oy;
B) MOBOPOT HA YTOJI ( OTHOCHTETHHO TOUKH A(a);
I') CKOJIB3AIILYI0 CUMMETPUIO OTHOCHTEIBHO MPSIMOil § = 3 €O ¢ABATOM Ha 1 BJIEBO;
1) TOBOPOT, nepeBosiuii ocb Ox B UpaMyio y = 2x + 1;
e) CHMMeTPHUIO OTHOCUTEIHHO TpsaMoil y = 2x + 1.

10.4. YpaBHeHnd M OCHOBHAas TeopeMa aJredpbl

Bamaua 10.11. (C) Ilyctb wo,ws, . - . ,Wy_1 — PA3TUIHbIE KOPHU N-0if CTEIIEHN U3 €IUHUIIBL.
a) Yemy paBHa cymMMa wo + wy + ... + wy_17
6) YeMy paBHO TPOU3BEJIEHUE Wy * W] * - .. - Wy 17

B) dokaxkure, 9o ecin wo = 1, 10 (1 —wy)(1 —wa) ... (1 —wp—1) = n.
Bamaua 10.12. (C) [okaxkure, 9T0

a) ecjim ( — KOPEHb MHOIOWIEHA € BEleCTBeHHbIMU KOdDdunmenramu, 10 &
KOPEHb TOTO MHOTOUJIEHA;

TO2Ke

) KarKpIil MHOTOUJIEH € BelecTBeHHBIME KO3(bDMUIHEHTAMI, OTIHIHBIA OT OCTOSTHHOTO,
MOYKHO Pa3JIO2KUTh Ha MHOXKHUTEJH II€PBOH U BTOPOH CTEIleHH.

Bamaga 10.13. Ilycre f(z) — MHOTOUIEH ¢ BemecTBeHHBIMI KO3 DHUIMEHTaAMHI, CTeleHb
KoToporo He npesocxoaut 4. [Tycth, Kpome Toro, MEOTOUIEH f(Z) yIOBIETBOPSIET DABEHCTBY
f(1+14) = f(33 —¢) = 0. Haiiaure Bce BO3ZMOXKHDBIE KOPHH STOTO MHOTOUJICHA.
Bapgaua 10.14. Tlycts «, 5,7,0 — Takne KOMJIEKCHBbIE THCJIA, 9TO 2 SIBJISIETCS KOPHEM ypaB-
HEHUN

azd + B2 +yz+6=0 u B2+t +0z+a=0.

HaiinuTe BO3MOXKHBIE 3HAUECHUS 2.

10.5. CymmupoBaHuUe

3amaua 10.15. Berunciure:
a) sinx + sin 2z + - - - + sin nz;
6) cosx + 2cos 2z + 3cos3x + - - - + ncos nx;
B) sinz + C!sin2z + C%sin3x + ...+ C"sin (n + 1)x.
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OcHoBHBIE 3a0a4U

Bamaua 11.1. [Ing Kakux map gmcea a 1 b u3 paseHcTBa ax’ = 2 + 1 ciregyeT paBeHCTBO
2?2 =1+ b?
Bamaua 11.2. a) /lokaxure, uro dbopmynsl (X — Y) u (-Y — —X) 9KBUBaJEHTHBI.

6) Ucrmob3yst YHKT &), JOKayKUTe, YTO eCJIH KBAIPAT HATYPATBHOTO YUCTIA N SIBJISIETCS
YETHBIM YHUCJIOM, TO U CaMO YHUCJO 71 YETHO.

3amaua 11.3. Brickazbianue X | Y o3zmadaer, yro oba yrBepxkaenusa X,Y Jjoxnbl. Uc-
NOJIB3YS TOJBKO 3HAK <«|» M CKOOKH, 3alUIINTE BBHICKA3BIBAHNS, SKBUBAJECHTHBIC BBHICKA3BI-
BaHuaM X VY u X AY.

Samaua 11.4. B komuaTe naxomdarcs 12 gemoBek. HekoTopble 13 HUX BCETIa JITYT, a OCTAIb-
HbI€ BCEIr'la I'oBOpPIdT IIpaBAy. Ka)K,ZLbIﬁ 3 HUX CcAeJIaJl OAHO yTBEp2KACHUE.

[Tepsbrit ckazar: «3mech HET HU OZHOTO YECTHOTO UETOBEKAY.

Bropoit ckazaj: «31eck He OoJiee OTHOIO Y€CTHOI'O YeI0BEKa».

Tperuit ckazasn: «31ech He Hojee ABYX YeCTHBIX JIOHE».

JIBeHaanmaThiii ckasas: «31ech He DoJiee ONMHHAIIMATH YECTHBIX JIOLE».
CKOJIBKO B KOMHATe YeCTHBIX JIFOACH !

Bamaua 11.5. a) CKOJIBKO 9JIEMEHTOB B CJEIYIONAX MHOXKECTBAX:
{0}, {TTers}, {0,{0}}, {z | 6ykBa = BCTpEUaeTCs B CIOBE «KPOKOIMJI» |7

6) CKOJIBKO B HUX TOMHOKECTB?
Bamaua 11.6. okaxxure, uro ecsim A C Bu BC C, 0 A C C.

Bagauga 11.7. I[lycts A, B, C — muoxkectBa. Oupemgemm MHOKeCTBO X KaK MHOKECTBO
BCEX JIEMEHTOB = € A, TaKuX, 4TO

(xreB) — (xel).

Bripasure MHOXKecTBO X depe3 mHOXKecTBa A, B n C' Ipu HOMOIIK onepanuii 00beInHe s,
[ePeCceYeHnss U Pa3HOCTH.
Bagauya 11.8. Ilycrs A = {b,¢,d, e}, B={c,e,k}, C ={a,b,e,k}, D = {a,c,k,l}. Haiinn-
Te CJIeIYIONHe MHOYKECTBA:

a) (DUA)N(CUB),

0) (AN(BNC))ND,

8) (AUD\(BUC),

r) D\((BUA)\C).
Samaua 11.9. Bepno s, ato (AN B) x (CND) = (AxC)N (B x D)? dokaxure win
IMPHBEJUTE KOHTPIIPUMED.
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Bamaga 11.10. [Tocrpoiire 6unaproe orHomenue C' Ha 3-3/1eMEHTHOM MHOXKeCTBe {Z, Y, 2}
a) takoe, 910 C' pedJIeKCHBHO U CHMMETPHUYIHO, HO HE TPaH3UTHBHO;
6) takoe, aTo C' pedIeKCHBHO U TPAH3UTUBHO, HO HE CHMMETDHYHO.

3amaua 11.11. Ha Bcex croponax u JiuaroHajisix MHOIOYI'OJIbHUKA PACCTABJIEHbI CTPEJIKH.
JlokazKknuTe, 9TO, IOMEHB HAIPaBJeHNe He 0oJiee 9eM OTHOM CTPesIKH, MOXKHO Oy/ieT 100paTh-
cd IO CTpeJIKaM u3 JIIo00#t BEepIUHbI 70 J1I000i JIPyTOil.

3amaua 11.12. BusnecMen 3akK/II04MI C 4EPTOM CHEJKY: OH MOXKET JIIOOYI0 MMEIONLYI0Cs
y HEro Kymopy oOMeHATh y 4épra Ha J11000i HaOOp KyIop J000I0 MEHbIIero JIOCTONHCTBA
(o cBoemy BbIOODY, Ge3 orpanudenust oOIieil cymMbl). BusnecMen TakkKe MOMKeT TPaTHTh
JIEHbI'H, HO He MOYKET MOJIy4YaTh UX B APYTroM MecTe (KpoMe Kak y uépra). [Ipu sToM Kazkapiii
JIeHb Ha ey Hy:KeH pyojab. CMoxKeT Jin OW3HECMEH KUTh TaK OECKOHEYHO J10TO0?

Samaua 11.13. Ha jgocke namucanbl jBa uncia 1, 1. Brnmcas mMexxy umcjiamMu ux Cymmy,
MBI TToJTyauM dnciaa 1,2, 1. [loBTopup 3Ty omepamuto emé pas, MOJyIuM ducaa 1,3,2,3, 1.
KakoBa OyzeT cymMa Beex dmuces Ha Jocke nocye 100 oneparuit?

amaua 11.14. n > 4 CIUIETHHKOB pa3roBapuBaioT 1o Tesjedony. 3a oJuH pasroBoOp JBa
YYIACTBYIOIIMX B HEM CILIETHHKA YCIIEBAIOT PACCKA3aTh APYT APYLY BCe M3BECTHBIE HM CILIET-
HHU. JJOKaKuTe, 9T0 MOXKHO TaK OPraHM30BaTh IEPErOBOPHI, ITO 3a 21 —4 pa3roBoOpa KazKIbIi
CIIJICTHUK 6yﬂ€T 3HaThb BCE CIIJIETHU OCTAaJIbHBIX.

Samaua 11.15. Orobpaxkenue f U3 MHOXKECTBA BCEX IEJBIX YUCET B MHOXKECTBO BCEX IMEJIBIX
qHCeT OIPEeIeHo CeAyomuM o0pasoM. Hucio f(r) paBHO HAMMEHBIIEMY MTPOCTOMY UHC-
7y, Kotopoe npesocxoaut x2. [lpunaigexut gu 19 MHOXKeCTBY 3HadeHnil oTobpaskenns f7
Haiiqure f~1(17). Crporo o6ocHyiiTe OTBeTHI.

Bagaua 11.16. Ilycts f : X — Y — orobpaxkenne, u A, B C X. Bcerna i BepHO, ITO
f(A\B) C f(A\f(B)? f(A\B) D f(A)\ f(B)? HJokazkure uiu IpuBeIHTE KOHTPIPUAMEDHI.
Bamaua 11.17. I[lycts f : X — Y — orobpaxkenne, a C, D C Y. Becerna jiu BepHO, 9TO €CJIH
fHC) c f7YD), To C C D? JlokaskKuTe WIn NPUBEIATE KOHTPIPUMED.

Samaua 11.18. /lokaxkure, 4TO cJeayoiiee cBoiictBo orobpaxkenus f : X — Y sKBuBa-
JIHTHO MHBEKTUBHOCTHU: CYIIeCTBYeT oTobpazxkenue g : Y — X co cBoiictBoM g o f = idy.
[IpuBeuTe aHAJIOTHIHOE CBOHCTBO, 9KBUBAJECHTHOE CIOPHEKTUBHOCTH.

Bagauga 11.19. Jlano maOXKecTBO A 13 30 as1eMmenToB n oroopazkerume [ : A — A. CKOJIbKO
9JIEMEHTOB MOKeT ObITh B oOpase f(A), ecau B obpase f(f(A)) poro 10 ssremenToB?

amaua 11.20. [TocTpoiiTe OMEKINIO MeKJy MHOXKECTBOM BCEX TOCJEI0BATEIbHOCTENH Ha-
TYPAJBbHBIX YHCEJ U MHOYKECTBOM BCEX BO3PACTAIONIMNX OC/IeI0BATEILHOCTEH HATYPAIbHBIX
YHUCEJT.

Samaua 11.21. Haiinérca sm HarypajbHOe YHCJIO, NPOU3BEJCHHE IU(PP KOTOPOTO paB-
HO 5287

Bamauga 11.22. [Tycrs p, — “suHOE” 110 CYéTy NpOCTOE YnCHIo (P = 2, py = 3, p3 = 5 U TaK
nasee). JlokaxkuTe, 9T0 mpu 1 > 12 BBIIOJIHEHO HEPABEHCTBO P, > 3M.

Bagauya 11.23. Ouurure BCe Takue 9UCIA N, 9TO

a) HO/I(n,n + 12) = 6;
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6) HOA(n,n + 12) = 1.
Bamaga 11.24. Ilycrs d(k) obo3nadaer Hanbosbmmili HeYETHBIN geauTenb yncaa k. JToka-
xure, ato d(n+ 1) +d(n+2) + ...+ d(2n) = n?
Bagaua 11.25. [lokaxure, uto ecau a | be, TO ﬁ | c.
Bamauya 11.26. Ha GeckoHeuHOi#l ImaxMaTHOH TOCKE CTOUT CJIOHOIOTAM. 3a OJMH XOI OH
yMeeT MepeMeriaThCs Ha 1M KJAeTOK B OJHOM HAIPAB/IEHUU U HA N KJIETOK B HANPAB/ICHUH,
HePIeHTNKYASPHOM mepBoMy. [Ipn Kakux m W n CJIOHOIOTAM CMOKET MONACTh B KJETKY,

coceHo0 ¢ nexoauoii? (Koub — Toxke ciaoromoram npu m =2 un = 1.)

Samaua 11.27. Ksaapar paszaenén na 16 paBabix KBaapaToB. CKOJILKUMHU CIIOCOOAMHI MOK-
HO PACKpacuUThb UX B OeJIbli, UYepHBIH, KPpACHBIH M KEITHINA I[BeTa TaK, YTOOBI B KayKIOM
FOPU30HTAJIBHOM U KazKJIOM BEPTHKAJIbHOM psily ObLJIH BCe deThipe mBera’
Bagauya 11.28. CkoJbKAMHE CIIOCODAME TPU Y€I0BEKA MOTYT TOETUTH MEXK Ty cOOOi

a) 15 pasiugnbix KoHET;

6) 15 opuHaxkoBbix KoHbeT?
(denar He 0bsI3aTeILHO TOPOBHY, YJOBEKY MOYKET JOCTATHCS HOJIb KOH(DET. )
Bamaga 11.29. [lycrs X = {1,...,42} u Y = {1,...,21}. Ckoubko cymecrByer oTobpa-
kernit u3 X B Y Takmx, 4TO y KarxKIO0ro 3JeMeHTa u3 Y POBHO JBa IpooOpas3a?

Bamaga 11.30. Ha ckoabko Hyseit okamunBaercd dncao 11100 — 17

Samaua 11.31. B oxecrouennom 6010 70 u3 100 nupaToB MOTEPSLIN OJUH IJIa3, 75 — OJHO
yxo, 80 — onHy pyKy um 85 — omHy HOTY. KakoBO MUHHMAaJIbHOE YUCIO MOTEPIBIIAX OTHO-
BPEMEHHO IJ1a3, YX0, PYKY U HOTY?

2019

3amaua 11.32. Haitanre ocraTok ot mesenunst Mmuorowiena (z — 1)*" ma muorowren (z —2).

Bamaua 11.33. Ilycte m,n € N — narypajbHble YHCIa, /IS KOTOPLIX 1 > m. Pa3menure
¢ ocratrkoM Muorowren (z" — 1) ma muorowren (z™ — 1).

3amaua 11.34. [Ipuseaure npumep muorowiena f(x) € Z[z] rakoro, uro f(v/2 +/5) = 0.
Bamaua 11.35. Haiiaure ocratok or mesenns muorodrena x5 + 22" + 2% + 2% + o na 22 — 1.

Bagaua 11.36. [Iycrs f(z) = 2° + 2% — 623 — 142% — 112 — 3. HaiiuTe Bce panuoHa bHbIe
KOpHH MHOTO4YIeHa f(x).

Bamaua 11.37. Ilyctb n € N — narypaabHoe 9ucio, a,b € 7 — 1ejble 9ucaa, YIOBICTBOPSI-
formpe cpaBiernio a = b (mod n). MoxHO Jin yTBEpKIaTh, 9TO JIJIs1 JTF0O0T0 HEJI0ro ducia |
cupageyupo 1% = [° (mod n)?

Samauya 11.38. CKOJIbKO pemiennii, pa3udHbIX 110 MOJYJIIO 777, UMeeT cjeayioliee cpaBHe-
aue: 123z = 321 (mod 777)7

Bagauya 11.39. Haiijgure naumeinee He48THOE HATYPAJIBHOE YUCJIO N Takoe, 4ro (n + 1)
nemunres ua 3, (n + 4) memuresa na 5, a (n+ 7) mennres na 11

Bamaua 11.40. IIycts p — HeuéTHOE TIpocTOe uncia0. Breaém obo3HaueHus:
X=1-3-...-(p—2) u Y=24-...-(p—1).

Hokazkure, aro qmubo (X —Y) geaurcs Ha p, qubo (X + V) pemurca va p. s kakux p
BEpHO IIePBOe YTBEPXKIeHUe, a I KAKUX BTOPoe”?
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Bagaua 11.41. ITycrs p — upocroe uucio, k € N. Joxaxure, uro C) | = (=1)*" (mod p).

Bamaua 11.42. Vka:kure takoe k-3Haunoe yucjio N € N, 4To gecaTHUHbIEe 3alUCH TUCE]

N, 2N, ..., kN orandaioTcs TOJbKO IMOPAIKOM UMD, ecan
a) k = 6;
6) k = 16.

Samaua 11.43. /lokaxkute, uro yuciao 0,1234567891011121314151617 ... uppaluoHaIbHO.

Samaua 11.44. /lokaxkute, 94T0 J11000€ IOJO0KHUTEIHHOE UHCI0 MOYKHO IIPEJICTaBUTH B BHU/IE
CYMMBI JI€BATU YUCEJI, JECATUYHBIE 3alIMCH KOTOPBIX COIepzKAT TOJIbKO mudpsl 0 u 7.

amaua 11.45. /Inra MUHUMAJIBHOTO MEPHO/Ia Y OJHONI OECKOHEYHON JecATHIHON J1podbn
paBHa 6, a y apyroii — pasua 12. Kakoii MoxkeT ObITH JIJTMHA MUHUMAJIBHOTO MEPUOIA Y CYM-
MBI 9TUX JIpodeit?

Bagauya 11.46. Moxer jin reomerpudeckast hpurypa uMeTh POBHO JIBA MEHTPA CHMMETPIH !

3amaua 11.47. K kakoMy U3 THUIIOB JIBUXKEHUI IJIOCKOCTH, yKa3aHHbIX B Teopeme [Ilaig,
OTHOCHUTCSI KOMITO3HIUs ABUZKeHUi S,, o Ty 0 S) B caydae, KOria

a)m|[l,m#AInd |

6)m=1luv|I?

3amaua 11.48. /lokaxkure, 4YTO JABUZKEHHE, MEHAIOIIECE HAIIPABICHUS JIydell HAa MPOTHBOIIO-
JIOKHBIE — 3TO IeHTPaJIbHASI CUMMEeTPHSI.

Samaua 11.49. [Ipeobpa3zoBaHueM KakKoro TUIA MOXKET SIBJISTbCS KOMIIO3UIUS TPEX OCEBbIX
cummeTrpuii? Kakoii 3 THIIOB pean3yercs MPH KAKIX yCJIOBUSIX Ha B3ANMHOE PACIOJJIOKEHNE
oceil MCXOTHBIX CUMMEeTPHIi?!

Bamaua 11.50. /lokakure, 9T0 Jijisi JTIOOBIX JIByX KOMILJIEKCHBIX YUCET @ U D UMEIT MecTo
HepapeHcTBa: |a + b| < |a| + [b], |a — b] < |a| + |b|. Tlpum KakuX ycaOBHSIX HEPABEHCTBA
0bPAIAlOTCS B paBeHCTBA?!

Bagauya 11.51. Jlokaxkute, uro derbipéxyronbauk ABCD sBisieTcs napasieorpamMMoM
TOIJIa ¥ TOJBKO TOT/IA, KOTJIa KOMILJIEKCHbIE KOOPJAUHATHI @, b, ¢, d ero BepiiuH yI0BJIETBO-
PAIOT YCIOBUIO @ + ¢ = b+ d.

Bagauva 11.52. Jlan nosoxkuresbHO opueHTHpOBaHHBI KBaapar ABCD u KOMILIEKCHBIE
koopauHatel a u b ero Bepmua A nu B. Haiinure komiiekcabie Koopanuatsl Bepmua C' u D
(Ipu TPOU3BOILHOM BBIOODE HyJIeBOH ToukE O).

Bagaua 11.53. [lycts [ — muOrOwIeH ¢ meficrBurebubiMu KO3 punuenrtamu. Jlokaxure,
aro eciu f(i) = 0, To f nenurcsa ma r? + 1.

3amaua 11.54. MoxKHO Jin BBECTU Ha KOMILJIEKCHBIX YUCJIAX OTHOIIIEHHE OPsJIKa >, COIJia-
COBaHHOE CcO cjozkenueM u ymuoxkenuem? [locaennee o3nagaer, 94To as Beex a, b, c € C:
(1) w3 a > b crenyer a+ ¢ > b+ ¢;
(2) 3 a>0u b > 0 caeayer, aro ab > 0.

Bamaga 11.55. Haiinure ancio ynopsaodenusix nap (z,y),z,y € R, rakux, 910

(z +iy)*" =z — iy.
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JlonmostTHUTEIbHBIE 33J1a9U

Samaua 12.1. Ha xumudeckoit KoHdepeHInu IPUCYTCTBOBAJIO N YIEHBIX — XUMHUKOB U aJI-
XUMMKOB, IIPUYEM XUMHUKOB ObL/I0 H0JIbIIe, YeM aJiXUMUKOB. VI3BeCTHO, 4TO Ha J11000# BOIPOC
XUMHUKHI BCETJIa OTBEYAIOT TIPABJLY, a aAXUMUKN HHOTIA TOBOPST MPAaBIY, a nHOTAa aryT. OKa-
3aBIMUiicA Ha KOHMEPEHIINT MATEMATUK PO KaKJI0TO yYEHOTO XOUEeT YCTAHOBUTH, XUMHUK TOT
WId aaxuMuK. [ljsg 3Toro oH Jiod0My y46HOMY MOXKET 3aJaTh Bolpoc: «Kewm gapisercsa X:
XUMHKOM HJIH QJIXUMHKOM?» (B YACTHOCTH, OH MOKET CIIPOCHTH, K€M SIBJISETCS CaM ITOT
yuéHblit). JIokazkuTe, 9To TpH N > 1 MareMaThK MOXKeT YCTAHOBHUTDL TO 3a 21 — 3 BOIPOCA.

Samaua 12.2. /lecaTb nmupaToB XOTAT HOAEJHTD A00bIYY. JI1000i n3 HUX yOEkKJAEH, YTO OH
noJeIua Obl JTOOBIYY Ha paBHBbIE YaCTH, OJHAKO OCTAJbHBIE eMy He BepsaT. Kakmm oGpasom
HAJ0 JeiCTBOBAThH MUpPATaM, YTOOBI TIOCIe pa3eaa KasKabli ObLT YBEpEH, UYTO eMy J0CTaJI0Ch
HE MEHee JIeCATON 4acTu j00brdn?

1 1
Samaua 12.3. Ilycts n > 1. Moxker Jin OBITH IeJIBIM YUCT0 1 + 3 + 3 + ...+ =7
n
3azada 12.4. Beiseanre GopMyIy A1 CyMMBI KBQIPATOB JeJUTesel dnucaa n = pit-- - --ppr.

Bamaua 12.5. Haiigure Bce Harypasibhbie n € N, Jyisi KazKJI0ro u3 KOTOPBIX CYIIECTBYeT
k€{1,2,...,n— 1} Taxoe, 4ro BHIIOIHAeTCA papercTso 20% = Ck—1 4 Ck+1

Samaua 12.6. Boruncianre 3HaUeHus CJaeIYONNX BblPaKeHUII:

a) CO+Cl  +C2 ,+C3 ,+...

6)CO—Cl | +C2 ,—C3 ;+...
Bamaua 12.7. /Ing Kax/10r0 HaTypPaabHOTO N ONPeIeInTe, CKOJIbKO CYIIECTBYET TPOEK Ha-
TYPaJbHBIX YHCEJ, CYMMa KOTOPHIX papHa 6n.

1
3amaua 12.8. JlokaxkuTre, 4T0 4UCJAUTE/IH JApodu 1 + 3 + 3 + p— JEeJIUTCS HA P, eCJIu
P — HPOCTOE YUCJI0, He PABHOE JBYM. P

Bamada 12.9. JokaxKkute, 4To Mocjae10BaTeIbHOCTD ocTaTKoB unces 11,22, 33, ... o Mmomymio
IIPOCTOTO Yncaa p mepuogngna. ONeHuTe eé mepuoy.

Bamaua 12.10. fsasercs u c4ETHBIM J11000e GECKOHEYHOE MHOXKECTBO HeIlepeCceKaolnXcs
a) UHTEPBAJIOB HA TPAMOIL;
0) KpyroB Ha IJIOCKOCTH?

Bagaua 12.11. Moxer sin jinna nepuoga apobu 1/n 661Th paBuoii (n—1), eciu n siBasercst
COCTaBHBIM TUCJIOM?

Samaua 12.12. [Ipu nomomu MUpKy/Id U JUHEHKH BOCCTAHOBUTE CEMUYTOJILHUK II0 CEpeIu-

HaM ero CTOPOH.

1 1 1 1
Sagaua 12.13. Haiinure k € N takoe, uto arctg 3 + arctg = + arctg - + arctg = %

Bamaga 12.14. a) /Tokazkure, 9T0 €CJIH 1IEJIbIE YUCIA T U N IPEJCTABIAIOTCS B BHJIE CYMMBbI
JIBYX TIOJHBIX KB IPATOB, TO HX IIPOU3BE/IEHNE NN TOXKE TMPEICTABIAETCI B BUIE CYMMBI JIBYX
MTOJIHBIX KBAIPATOB (M JarKe JBYyMsI CIIOCOBAMH).

6) JlokakuTe, 4TO HEOTPHUIATEJbHBI BEIIECTBEHHBIH MHOTOUIEH MOYKHO IPEICTABUTH
KaK CyMMY JIBYX KBa/IpaTOB BellleCTBEHHBIX MHOT'OYJIEHOB.
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OTBETHI U YKA3AHUA K YIIPAXKHEHUAM

Omeem:
Omeem:
Omeem:
Omeem:
Omeem:
Omeem:
Omeem:
Omeem:
Omeem:

Omeem:
Omeem:
Omeem:
Omeem:
Omeem:
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OTBeTHI 1 yKa3aHUd K yOPa>kKHEHUSM Mardak: npeagucioBue

12.1. MATEMATUYECKAS JIOTUKA

1.3, Omsem: A u C noxubi, B uctuHHo.
1.2 Omsem: X AY: «n pasuo 3»; X VY: «n — HATypaJbHOE YHCIIO>.
1.3l Omesem: Bcero 48 dopmyr.

Pewenue: PaccMOTpUM HECKOJIBKO CJIVYaeB.

e OOGe omepanun — oTpunanug. B TakoMm ciydae bopMmysia MoXKeT UMeTh JUMIb BUIL ——.X
e X — nepemennasi. Ho, 110 ycjioBuio, Mbl paccMarpuBaem OpMyJibl OT JIBYX Iepe-
MenHbIX. Cjie10BaTe/IbHO, TAHHBIN Caydail HaC He HHTEpPECyer.

e Opna u3 omeparuit — orpuranue. B TakoM caydae Mbl TOJydaeM Cjeayonme (GopMy-
aei: =X AY, 2 X VY, X A=Y, X VY, atakke (X AY), ~(X VY). Bosee Toro, emé
6 dbopmyn mosrydaeTcd W3 MEePEeYUCTEHHBIX ¢ TIOMOIIBIO MepecTaHOBOK. Hampumep, u3
dopmyiibl 7 X A'Y MoxkHO 1nojiyuurb dpopmyay Y A X,

e Hakowner, ecsiu cpean oneparuii orpurianuii HeT, TO UCKOMbIE (DOPMYJIbI MOTYT OBITDH
YCTPOEHBI OJHUM W3 CJIEJIYIONINX CIIocODOB: var Avar Avar, varVvarVvar, var AvarV var,
var V var A var, var A\ (Var V Var), (var V var) A var. B namewm andapure 2 nepeMeHHbBIX,
a «CJOTOB» JIJIs epeMeHHBIX B KaxKJI0# Takoit (popmyre 3. CireroBaTeIbHO, KaKas-TO
13 MepEeMEeHHBIX Oy/IeT yIacTBOBAThH 2 pas3a, gomyctuM, X. Takum, o6pazom, moaydaem
1o 3 ¢opMmysibl Kaxkaoro Tuma: nepeMmenubie X, X, Y MOXKHO HOJCTABUTDL B KaXKJIYIO
u3 opmyn rpems cnocobamu. Utoro, 18 dopmyn. Hpyrue 18 dhopmyst nosydum, moj-
crapyss nepemennsie Y, Y, X.

Cymmupys, umeeM Bcero 12 + 18 + 18 = 48 dhopmy.r.
[1.4. Pewenue: VickoMble TAGJUIIBI HCTUHHOCTH UMEIOT CJICTYIOTTHA B

X[Y[XSY[XAX oY) X[Y[XAY
00 1 0 0]0] 0
01 1 0 01| 0
1[0 0 0 10| o0
11 1 1 1[1] 1

[1.5] Pewenue: Tlocrpoum Tabiuity MCTHHHOCTH Jjisi KCKOMO# hOPMYJIbL:

XY X=2Y | VY=-X|(X=>Y)VY —X)
010 1 1 1
0|1 1 0 1
110 0 1 1
111 1 1 1

[1.6] Pewenue: Ecau dopmyna (¢ — 1) A (¢ — ) — TABTOIOrHs, 3HAYHT, IPH JTIOOBIX
3HAYEHUsIX BXOJSIUX B Heé mepeMeHHbIX o0e dbopmynbl (o — 1) u () — @) HCTUHHBL
[ocaearee o3nadaet, 910 HOPMYJIBI (0 U 1) HCTHHHDLI TIPU OJHUX U TeX Ke 3HAYCHUSX Mepe-
menubix. CrenoBaTe/bHo, Mo onpeaeaennio [1.7] oHn IKBUBATEHTHBI.
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[Iycrb opmysibl ¢ 1 1) IKBUBAJEHTHBI, TO €CTh, UCTUHHBI [IPU OJHUX M TEX 2Ke 3Hade-
HHUAX BXOAAIIUX B HUX IIEPEMEHHbIX. CJ’Ie,ZLOBa.TeJ’IbHO7 npu JIIO6BIX SHaQUYeHUAgX IIePpEeMEeHHbIX,
dbopmysbt (¢ — 1Y) u (¢ — ) nernunabl. Ho Torga n nx KOHBIOHKINSA UCTHHHA TPU JIIOOBIX
3HAYEHUAX LepeMeHHBIX, CJIe/I0BaTeIbHO dABJIAeTCs TaBTOJIOrHel, 1o onpenenenuo [1.8]

M.7. Omeem: -X VY.

. Pewenue: Tlycrs (a,) — apudmMernaeckast mporpeccust co 3uaMenatesem d. Jomyctum,
q = (a1,d) — vaubobinuii obuwii geauresb yuces a; u d. Torma 060l wien nporpeccun
aj+1 = a1 + jd geaurcsa Ha ¢. Eenm cpeim 4I€HOB MPOTPECCHM €CTh NMPOCTOe YHCIO P, TO
gmnbo ¢ = 1, mubo ¢ = p. B nmepBom ciydae, a; U d B3aUMHO IIPOCTBI, BTOPOil 2Ke cJydaii
peaim3yercs TOJIbKO IPH a, = P.

[1.9] Pewenue: Homycrum, a # b. [IpuBeném mpobu K o6IIeMy 3HAMEHATENTIO U MEPEHECEM
cJaraeMble B JIEBYIO 4acThb. [losrydmm ciemgyromiee paBeHCTBO:

a(l +a) — b(1+b)
(1+a)(1+0)

=0,

nJu, qT0 SKBI/IBaﬂeHTHO,
(a—b)(1+a+b)
(1+a)(L+0b)

[To mpeanonoxkennto, a—b # 0, caegoBaTENbHO, MHOXKHUTETH (@ —b) MOKHO COKpaTHTh. B Ta-
KOM CJIy9ae, paBeHCTBO BHITIOMHSAECTCS UMb pu a+b+1 = 0. OgHaKO 3T0 HEBO3MOKHO, TaK
KaK a ¥ b — cTpOro moJjozKuTeAbHbIE BellecTBeHHbIe ynca. [Iporusopeune. CrempoBare/bHO,
a = b, aTo U TpPeboBaAJIOCH JTOKA3ATD.

[1.10} Pewenue: Bepuo nepsoe. deiicrBureibno, ajist J0O0r0 HATYPAJLHOIO 1, BEDHO HEPa-
BeHCTBO N + 1 > n. Bropoe yTBep:xkieHne ¢ MOMOIIBIO 3TOTO0 HEPABEHCTBA MOZKHO OMPOBEPT-
HyTh. JelicTBUTEbHO, ecjin Obl CyIIECTBOBAIO YKAa3aHHOE BO BTOPOM YTBED:KJICHUH HATY-
pasbHoe yuco N, 6ojblee BcexX HATYPAJIbHBIX YHCE]I, TO, B YaCTHOCTH, OBLJIO OBl BHIIIOJTHEHO
OYEeBHIHO HeBepHOe HepaBeHCTBO N + 1 < N.

12.2. MHOX>KECTBA 1 OTOBPAYKEHUS

Omsem: a) 1. ©6) 3. B)6.

=
et

2.2l Omsem: 5,10,15,20, 25,30, 35,40, 45.

2.3l Omsem: o,{2}, {{0}}, {1}, {2,{0}}, {@,1}, {{0},1}, {2, {0}, 1}.

2.4, Omeem: 2* = 16.

2.5, Omeem: ObbenunenueM gBjseTcs MHOXKecTBO N, a mepecedenueM — .

2.6 Pewenue: a) lna nokasarenbersa paBeHcTBa AU A = A HYKHO TPOBEPUTD, YTO €CJIH

r € AUA, toun x € A. B camom gese, m060it snement u3 X U Y npunamgiexut gmudo X,
aubo Y, B Hamem ciydae — toabko A (X =Y = A). B obparnyio cropony, 11060ii sjeMenT
X u Y npunagnexur X UY, cienoBarensho, ecim ¢ € A, tou x € AU A.

Jlns nokasarenbcrBa paBencrBa A N A = A mposepum, uto ANA C Au AC AN A.
HetictButensao, X NY C X mw X NY C Y no onpenenenuo nepecedennd, a X C X NY
TOIIa ¥ TOJBKO Torma, Korma X C Y, 9To BHIIOJHEHO B HameM ciaydae X =Y = A.
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Yrasanue: Jljist 0CTAIBHBIX IYHKTOB CJIEAYET aHAJOIMYHBIM 06PA30M BOCHOJIB30BATHCSI
HPUBEAEHHBIME BBIIIIE KPUTEPUAMU PABEHCTBA W3 pasjiesia BbIOUpaga Gosiee ya00HbIN HA
CBOE YCMOTPEHHE.

2.7 Pewenue: Tak kax z € C(y), to © ~ y. Hua xaxaoro z € C(z) umeem z ~
1o onpejenenuio kinacca C(x). 3HAUUT, 2 ~ y B CHIY TpaH3UTHBHOCTH, OTKy1a 2z € C(y).
O6parno, ecn w € C(y), To w ~ y. CHoBa w ~ x 1o Tpan3utusHocTH 1 W € C(x).

2.8, Omeem: HampapjieHHBIE OTPE3KH AB u C? HA3BIBAIOTCSI 9KBUBAJIEHTHBIMHY, €CJIH OHI
KOJUTMHEAPHbBI, UMEIOT OfMHaKoBble Hanpasienus u |[AB| = |C'D].
2.9 Vkasanue: TIposepbre ped IeKCHBHOCTH, CHMMETPHYHOCT U TPAH3UTHBHOCTD.
2.10L Omsem: (z,y)— (y,z).
[2.11} Omseem: Bcero 8 orobpazkenuii. Cpean Hux 6 CIOpbeKIuii, HHHEKIUl 1 OHeKIHil HeT.
Yxasanue: PaccTaBbre CTpeJKH U3 9JIEMEHTOB MEPBOI0 MHOYKECTBA B 3JIEMEHTHI BTOPOTO
BCEBO3MOZKHbIMH CHOCO6aMI/I 1 11poBepbTe AJid 1101y YHUBIIUXCA OTO6pa}KeHI/H71 NHBEKTUBHOCTD
1 CIOPHEKTHBHOCTD 110 OIIPE/CJICHHIO.
2.12] Pewenue: Ecam f ne nabektusHO, TO Hafinyres r # 2’ takme, aro f(x) = f(z).
Torma nys aroboro orobpaxkenus g : Y — X umeem g(f(x)) = g(f(2)), 1o ectb go f # idy.
Ecom f He CIOpBEKTHBHO, TO Haiinérea y € Y takoit, uro f~1(y) = @. Torma muaa mo6oro
orobpazkemns g : ¥ — X umeem (fog)! = ¢g(2) = &, T0o ectb f o g # idy. To
€CTb HH'bEeKTUBHOCTH U CIOPDbEKTHUBHOCTD OTO6pa}KeHI/I5{ f ABJIAIOTCA HeO6XO,Z[I/IMbIM ycjaoBueM
cymrecTBoBaHUs 00paTHOro orobparkenus. C Apyroit cTOpoHbI, ecu [ OHEKTHUBHO, TO JO0O0IT
y € Y mMeeT pOBHO OJMH IPOOOPaA3, © UMEHHO €ro JOCTaATOYHO HA3HAIUTH 00PA30M dJIeMeHTa
Y IIPU OTOOPaXKEHUH ¢.
. Omeem: Orobpaxkenune [ He UHHLEKTUBHO (B MHOKECTBE A GOJIBINE 3JIEMEHTOB, UM
B ero obpase), Mo3TOMy HH 0O6pATHOrO, HU JieBOro obparaoro Her. OHaKO [ CIOPHEKTHBHO,
I09TOMY CYIIECTBYeT mpaBoe obparHoe, Hampumep, g(x) = z + 5.
2.14, Omesem: a) Buekius [/1s UeJIbIX QUCEIL:
Zz: 1 -1 2 -2 3 -3 4 -4 5 -5 6 -6 7 -7 8 -8 9
N e S
N: 1 2 3 4 5 6 7 &8 9 10 11 12 13 14 15 16 17
6) Buexnuio f: N x N — N mowxno 3a1ars dopmyoit f(a,b) = 2971(2b — 1).
2.15] Pewenue: okazarenncrBo Teopemst 2.4 nycts A C N. Ecin A = &, To A konewno.
B nporusHOM ciiydae B A cyliecTByer MUHUMAJIbHBIH 1eMenT a1. Ecau A\ {a1} = &, 1o
A = {a,} xoneuno. Uuaue B muoxectse A \ {a;} cymecTByer MUHUMATHHBIH 9JEMEHT as.
Onsrs xe, mbo A = {ay,as} komeuno, smbo B A\ {a1,as} cymecrByer MuHUMAIBHBIN
9JIEMEHT a3 W TakK jajee. B xoneanom umrore, Jubo MpPONECC OKAXKETCS KOHEYHBIM, U TOTJIA
A ={ay,...,a,}. JIubo nporecc Hukorga He 3akoHunTes, a 3naunt, A = {a1,...,an,,...}
(B camoM JieJte, ecsid Obl HAIIEICS JeMeHT a € A, He COBIAJAIONIMA HU ¢ KAKAM af, TO
HAIILIOCH Obl N < @ TAKOE, UTO d, < @ < (41, YTO MPOTHUBOPEUUT BHIOOPY UHUCIA (yyy1)-
JlokazareabCTBO TeOpeMbl nycrb Cy = {ay; | i € N} — cuérnbie MHOXKeCTBA, & MHO-
KecTBO D gaBiigercs nx obbeanHenueM. [1ycTb cHavasa Bce MHOXKECTBA ITONAPHO HellepeceKa-
torcst. Ecmm k€ {1,...,n} o f : D — N moxno 3axars dbopmymnoii f(a;;) =i+n(j—1) (me-
petdncienne 1o cronbuanm); ecan xe k € N, o dopmynoit f(a;;) = (1+2+.. .4 (i+j—2)) +i

124



OTBeTHI 1 yKa3aHUd K yOPa>kKHEHUSM Mardak: npeagucioBue

(Hepe‘H/ICJIeHI/Ie 110 ﬂHaFOHaﬂﬂM). ECJII/I 7K€ €CTb HOBTOPAIOIINECd 3JIEMEHTBI, TO UX JOCTATO4-
HO HCKJIIOYUTH U3 PACCMOTPEHHS, OTOOPA3UB OCTABIITNECS B TOM K€ MOPSJIKE.
oo
Bropas gacTh Teopemsl 2.5 cieayer u3 neppoii u paBerctBa A X B = |J A x {bx}.

k=1
2.16| Pewenue: MuoxecrBo (Q mpencTtaBuMo B BHIE CUETHOIO OObeIUHEHUS MHOYKECTB

Buga Q, = {m/n | m € Z}, xaxa0e u3 KOTOPBIX CYéTHO (1OAb3yeMmcs TeopeMoi [2.5)).

2.17. Omsem: {@,{o},{{o}}}.

12.3. MATEMATUYECKAS UHAVKIINA

3.1 Vkasanue: Pentenne msioxeno B pazzese [3.3

3.2 Pewenue: Byaem uasbiBaTh ropoj kpadHum, eCJau OH COEJMHEH JTOPOroil POBHO € O/I-
HUM ropojgoM. JlokaxkeM, 9T0 B J1000it KOHMDUTYpAINH, YIOBIETBOPAIONIEN YCIOBHIO 33241,
Halinércsa Kpaitauit ropox. s aToro BeiOepeM MPOH3BOJIBHBINA FOPO U HAYHEM U3 HEro 00-
XOJUTH JAPYTHe TOPOJa, KazKJIblil pa3 BHIOUPas eIlé He MPOiIeHHYI0 paHee JOPOry. 3aMeTuM,
YTO Mbl HE MOXKEM IOIACTb B FOPO/I, I'Jie yzKe OBbIBAJM JI0 ITOT0, MOCKOJIbKY 3TO HPOTUBOPE-
9u10 OBl YCJIOBUIO — MBI BeJIb HE PA3BOPAUNBAINCEH. SHAYUT, Mbl OKAYKEMCs B TOPOJIE, OTKY1a
HeJTb3s BBIEXATh 10 He MPOIIeHHBIM paHee JOPOTaM, 9TO O3HAYAeT, 9YTO B HETO BeJAET POBHO
OJTH& JTOpOTa — MO KOTOPOU MBI B HErO MOTAJIH.

Temeps moKaXkeM UCXOJHOE YTBepKAeHWe. Baza HHIAYKINA: eCJIU B CHCTEMe TOJHKO OJTWH
ropoji, TO JOPOr TaM HeT (TO eCTh JOPOr Ha OJHY MEHbIIe, 4eM ropojoB). HyKInOHHbIT
nepexo/l: JOIMYCTUM, Mbl YMeeM JIOKa3bIBAThH YTBEPZKIEHUE JIJId CUCTEMbl U3 1 rOpoJioB. Pac-
CMOTPHM TPOU3BOJIBHYIO cucreMy u3 (n + 1) ropoja u MBICJIEHHO yIaJuM KpaitHuii ropos
C BBIXOJdIe 3 Hero joporoft. OcraBiagcd cucTeMa MO-TIPeyKHEMY VIOBJIETBOPSIET YCII0-
BHUIO, TOITOMY B Heil J0por Ha 1 MeHbIe, YeM ropojoB. A 3HAYUT, U I UCXOJTHON CHCTEMbI
9TO ObLJIO BEPHO.

3.3 Pewenue: Basza wamykruu n = 2 oueuzna. [lycTh upu n = k cnpaBeiiuBo

L1 N 1 P 1 k-1
1-2 23 3-4 7 (k—-1)-k k

Torna mpu n = k + 1 umeem

L S S 1 N 1 _k—1+ 1
1-2 23 3.4 7 (k—=1)-k k-(k+1) &k k-(k+1)

[IpuBoag mpaByio YacTh K 00IIeMYy 3HAMEHATE0, Oy YaeM

k2 —1 N 1 1 (k+1) -1
E-(k+1) k-(k+1) k+1  (k+1)

KaK 1 TpeboBaIoCh.
3.4, Pewenue: a) Baza uHAyKIuu n = 3 BHINOJHEHA: B TpUAHTY/IsAWA n — 1 = 1 Tpe-
yroJbHUK. VIHIYKIMOHHBINA Tepexod: IMyCTh B JIOOYI0 TPHAHTYJIAIHNIO N-yTOJbHUKA BXOJTHT
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POBHO (n — 2) TpeyrojibHUKA HpH KaxkJoM n < k. PaccMorpum npousBoJIbHbIH k-yroJbHUK
U KaKym-HHOY/Ib €ro BHYTPEHHIOK [IHArOHAJb, BXOJAINIYIO B JAHHYIO TPUAHTY/ISIUID. IDTa
AuaroHaJib JEJIUT €0 Ha JABa MHOT'OYT'OJIbHUKa — kl—yFOﬂbHI/IK n kQ—yFOJIbHI/IK — HUMeEIoIue
JBe o0IIie BepHIHHbI (KOHIBI TUATOHAIH ), ToITOMY ki + ko = k + 2. C mpyroii ¢TOpOHBI, 110
IPEIIOJIOKEHNI0 HHYKIINH, YUCJIa BXOJSAININX B UX TPUAHTYIIAIUH TPEYTOJIHHUKOB DABHBI
(k1—2) u (ky—2) coorBercTBento. Ce10BATENbHO, B TPHAHTYIAINN HCXOIHOTO k-yTOIBHAKA
(k1 —2) 4 (ko —2) = (k+2) — 4 = k — 2 TpeyrojibHUKA.

6) PaccMoTpuM NPON3BOJIBHYIO MPABHJIBHYIO TPUAHTYASIUIO n-yroibHuKa. CyMMa yIJIoB
N-yroJbHUKA €CTh CyMMa YIJIOB BXOJSIIHX B HETO TPEYTOJIBHUKOB, & OHA paBHa (n — 2)7.

12.4. JIEAUMOCTD IEJBIX YUCE/T

[4.1. Omsem: Ornomenne mopsinka pedJIeKCHBHO U TPAH3UTHBHO, HO HE CHMMETDHUHO.
4.2 Pewenue: Ilo ycmoBuio a = ¢1n,b = gan, mosromy

a+b=qgn+ q@n=(qn —q)n, u a—b=qn+q@n= (¢ — q)n.

. Pewenue: TIpoBeném JI0Ka3aTeNIbCTBO OT MPOTUBHOTO. [Ipeanosoxkum, 9to n | a, n{b
un | (a+b). Torna cornacuo ynpaxuenuo (4.2 umeem n | ((a 4+ b) — a) = b. [Ipotusopeune.
4.4, Pewenue: Tlo oupenenenuto a = q1b u b = goc, Tax ur0 a = ¢1b = qiqac.
4.5 Vkasanue: Vicnosw3yiite onpe/ieseHne AecaTHIHON 3alUCH U YIDAZKHEHHSI u 4.4

Pewenue: a) Jenumoctsb Ha 2. Uyly 1G5 - - - Gg i= an 10" +a,_ 110" 1+ .. . +ay. Kaxoe
U3 cJIaraeMbIX, KpoMe IOCIeIHero, 3aBe oMo Jeautcs Ha 2. [losroMmy coryiacHo yrnpazKHeHH-
aum [£.2| u [.4] umcno @,a,—1G,—2 . - . Gp ATATCSA Ha 2 €CIU U TOJBKO eCJIU Gy JeTUTCA Ha 2.

TeauMocThb Ha 4. Gnly_10n—2 ... Gg := Ap 10" +a,_110" 4. . . 4ay. Kaxkoe us craraembx,
KPOME JIBYX HMOC/IEIHUX, 3aBEI0OMO JenTcsa Ha 4. 3Hauut, cornacHo yupaxxuenusivd.2) u
YHUCJIO UpUp_10n—2 - . - Qg Jeanrcd Ha 4 ecjin u ToJibKo ecan 10a; + ag = ajag geaunrca Ha 4.

HemmmocTts Ha 5. IloTHOCTHIO aHAJIOTHIHO JIETUMOCTH Ha 2.

) @ Yucio neuTest Ha 8 eCJI U TOJBKO eCJIH YUCII0, COCTABICHHOE U3 TPEX €ro MOCTeHAX
udp, AeIuTcs Ha 8.

e Yucyo mesmmrest Ha 16 ecim U TOJIBKO €CJIH YHCJIO, COCTABIEHHOE M3 YETHIPEX ero Imo-
caeauux mudp, geaurcd Ha 16.

e Yncio genuted Ha 25 eCJIM U TOJBKO €CJIA IUCJI0, COCTABJIEHHOE U3 JIBYX €r0 MOCIeTHIX
nudp, geaurcd Ha 25.

e Uncsto gemmres Ha 125 ecsim ¥ TOJIBKO €CJIH YUCTI0, COCTABIECHHOE U3 TPEX €T0 TMOCTIETHIX
nucdp, jgeaurca Ha 125.
4.6 Vrxasanue: 10 =9+ 1, 1000 =999 + 1, .... B obmem caygae, 10" = 99...99.

—_

n MITYK
Pewenue: s mIpocTOTH HATMCAHUS MPOUILIIOCTPAPYEM HILI0 HA TPEX3HAYHLIX YHCJIAX;
C YIETOM YKA3aHUS, YATATED C JIEFKOCTBIO €é 0000mutT. [IpegcraBuM HCKOMOE YACIO B BAIE
asaiag = ag-100+aq - 10+ag = as-99+aq -9+ (az + ay + ap). [ockonbky 99as + 9ay menurest
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Kak Ha 3, Tak u Ha 9, yupaxuenus [.2) u [1.4) 103B0OJIOT CBECTH JAEJIUMOCTD UCXOAHOIO YUCIA
K geaumMoctu (as + a; + ag). Yro u TpeboBaiocs.

[4.7.  Pewenue: Ecmu 1’ = 0, 10 Tpebyemoe ouesnmno. Eciam ke ' > 0, mmeer mMecto
paBerctBO: @ = ¢'b—1" = ¢b+b—b—1" = (¢ +1)b+ (—=b—1") = gb+ r. [TockoabKY YUCIO b
orpunaressuo, a 0 < v’ < |b|, ancao r = (—b — r’) monoKUTEABHO W MeHbIme |b].

4.8 Pewenue: Ecmu a > 0, b < 0, TO MOXKHO HCHOIH30BATL PACCYZKICHUE U3 YIParKHe-
ans [1.7 Ecom xe a < 0, To pazaeanm —a Ha —b ¢ ocrarkoM — nosyunm —a = ¢'(—b) + 17,

rae 0 < 1’ < |b|l. U3 paBenctBa a = ¢'b — 1’ BeITeKaer manbHeitee. Ecau ' = 0, HyKHO
m0s10KkuTh ¢ = ¢’ ur = 0. Ecoim r £ 0 u b > 0, To Haygo B3a1h ¢ = (¢ — 1) u r = b —r'. Ecoma
wer#0ub<0,10qg=(¢+1)ur=—b—r'. Bce nokazareabcTBa AaHATOTUIHBI PEIICHUIO
ynpazkuenns [1.7]

[4.9. Omsem: 0,1,4,5,6,9.

Pewernue: 3aveTnm, 9To Hocjaeaaas nudpa — 3TO 0CTATOK 1pH jejennu na 10. [Ipu atom
UrpaeT poJb TOJIBKO MOCAeAHAd Tudpa YUCIa N = Ty Gp_10n—2 - - - Gy, ITIOCKOJBbKY BBIIOJTHEHO
pasercTBo (10b+ag)? = 10(100*+2bag) + a3, tne b = a,a,_1a, o - . . a10. OcTaéres cocraBuTh
TabJIMITY KBAJIPATOB BCeX IMHMP.

ap |01 2|34 |56 | 7|89
at |0 1]4|9]16|25]36|49 |64 81

[4.10, Omsem: a) 1. ©) 3.

Pewenue: 3amernm, ato ecan a; = ¢1b+ r1 1 as = @b + 79, TO CpaBeIUBO PABEHCTBO
ajas = (1q2b + qira + qor1)b + 1179, BHAYUT, OCTATKH YUCEJ A1ay U 7179 MPH JEJEHUN HA b
COBIAIAIOT. TaKmM 00pa30M, OCTATOK YUCIa a” MpHU JeJeHUN Ha b 0JHO3HATHO OLpeIessaeTcs
OCTATKOM 4mcya a™ ' IpH jeseHnu Ha b.

a) Yucsia 2,4, 8,16, . .., 22919 22020 jocen0Barenbuo gaor ocrarku 2,1,2,1,2,1,...,2, 1.

6) Yucna 3,9,27,81,...,37 377 nocnaenosarensuo pator ocrarku 3,9,7,1,3,9,...,1,3.

Bameuanue: Venonnsys cpasuenus (pazaen[7.1)), To ke camoe paccy K eHne MOXKHO ObLIO
Obl 0POPMHUTH CJIEYIONIUM 00Pa30M:

a) 22015 = (22.22. .. ..2%).2=1-1...-1-2 =2 (mod 3), nockosbky 22 = 4 = 1 (mod 3).

6) 37" =3"0.3=(3"....-3)-3=1-...-1-3 =3 (mod 5), Bean 3* = 81 = 1(mod 5).
4.11], Pewenue: OueBuano, ecia k,m € N, to k- m > k. Tenepn, ecnu l,n € Z, 10O
|l-n| =1l - |n|, oTkyna u BEITeKaET TpebyeMOe YTBEPKICHUE.

M4.12 Omsem: (372,69) = 3.

Pewenue: TIpoeaém BBIKJIAIKU:

372 =5-69+ 27,

69 =227 + 15,

27=1-15+ 12,

15=1-12+3,
12=14-3.

4.13| Pewenuve: a) 0=0-a+0-b, a=1-a+0-b, b=0-a+1-0.
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6) ITockosbKy d ABJISETCS JEJUTEIeM YUCe] @ U b, TO CYIECTBYIOT TAKUE HEJIble YnCIa
k.l €Z,aroa=kd u b=1d, orkyna a,b € Z(d). Kpome toro, 0 =0-d u d=1-d.
4.14, Pewenue: a) Ilo ycnosuio k = x1a + 110 u | = xea + yob, Tak uro

k+l=(x1£x2)a+ (y1 £y2)b € Z(a,b).

6) Anasoruuno: k =xd u | =yd, orkyna k+1= (x +y)d € Z(d).
4.15, Pewenue: a) Ecim k = za+ yb, to nk = (nx)a+ (ny)b € Z(a,b).

6) Aunamoruuno, eciu k = xd, to nk = (nz)d € Z(d).
[4.16] Pewenue: Momynb nejgoro uuc/ia — HaTypaabHOE YUCIO0 MM HyJb. COMIACHO NPUH-
Uy MUHUMAJIBHOIO dJIEMEHTa (pasmesn B JII0O0OM TIOIMHOXKECTBE HATYPATBHBIX YUCET
eCTb MUHUMAJILHBIH 3JIeMEHT.
[4.17. Pewenue: Cormacno asropur™my EBkinna waiiayrces takue x,y € Z, aro br +cy = 1.
JloMHOXKAs 3TO PABEHCTBO Ha a, uMeeM abr + acy = a. JIeBag 9acTh MOJYTICHHOTO PABEHCTBA
JIJIUTCA Ha be, 3HAYUT, M IIpaBasd — TOKe.
[4.18 Pewenue: TIpoBeném MHIYKIHIO IO M.
Basa undykyuu: npu n = 2 yTBEP:KICHNUE OUEBUIHO.
Ilaz undykyuu: IyCcTh yTBEPZKICHNE TOKA3AHO /I BCEX YHCEN, MeHbIIUX 7. Ecau n mpocroe,
TO I = M — €ro IpeJICTaBIeHre B TAKOM BHIe. Ec/m n He mpocToe, TO 1 = ny - Ny, Tae Ny < N
n No < n — HaTypaJibHble 4YUCJia, HE PaBHbIC €JMHUILC. K KazKJA0My K3 HUX HPpHUMEHHUMO
IpeaInogIozKeHne nHAY KK, TO €eCTh OHHU IIpeJCTaBUMBI B BUJAE IIPOU3BEACHUA ITPOCTBIX YUCEJI.
SHAYUT, U N — TOXKE.
[M.19. Pewenue: llpoBenéM HHIYKIIHIO O 7M.
Basa undyxyuu: npu m = 2 yTBep:KICHUE COCTABIACT (DOPMYIUPOBKY JIEMMBI
a2z undykyuu: LycTb yTBEPAKIEHUE BEPHO [yt m = k. 3aMeTum, 910 ecaiu 1y (Ny . .. Ngr1) : P,
10 J10O P | ny, b0 p | (ng . .. N1 ). Tlocaeanee ke MO TPEIIONOKEHNIO HHIYKITHH O3HAYA~
er, 9To p | n; A1 HEKOTOPOTO [.
[4.20. Omsem: Her.

Pewenue: ITockonbky 64 = 2%, 1o ocnoBHOl TeopeMe apudmernku x = 2™ n y = 26°™,
npudeMm m # 0. Takum obpasom, y — aétHoe ducao, Ho yz = 405 — HedéTHOe.
[4.21] Pewenue: Msbr yxe 3maem, uro p | ab = p | a wmm p | b. B wacrHom ciayuae
a = b=z nomyuaem p | x. Slcno, uro eciu p | z, o p? | 2%

12.5. KOMBUHATOPUKA

(.1l Omsem: 20-15 = 300.
6.2 Omsem: a) 32-32=1024.
6) 32-31 = 992.
B) (32 31)/2 = 496.
r) (32-31-30-29)/2 = 431520.
5.3, Pewenue: g ynpomenust BeenéM takue obosnavenus: A = (A1 U...UA,) N A,
uB=(ANA1)U(ANA 1)U, .. U(A,NA,11). Bocionbsyemcst [KpuTepreM paBeHCTB
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A = B rorpa n TosubKo Torga, korna A C B u B C A. JlonycruM cHavas1a, 4To
x € A. Torna x € A, 11 u cymecrByer takoe k € {1,...,n}, aro z € Ay. Orcrona BhITEKaeT,
aro x € (A N A,yq). Caenosarensho, x € B, a snaaut, A C B. Jlng nposepku o6paTHOro
BKJIFOUEHHS JIOCTATOYHO 3aMETHTh, 9TO BCE IEePEXOIbl B MPUBEIEHHOM BBIIIE PACCYKICHUN
oOpaTUMBIL.

5.4, Omeem: 33000 — 11000 — 6600 + 2200 = 17600.

6.5l Omeem: 20-19-18-17 = 116280.

5.6 Omeem: (25-24-23-22-21)/5! =53130.

5.8 Pewenue: Hrax, npoBeAéM MHAYKIHIO IO IapaMeTpy 7.

Basa undyrkyuu: npu n = 0 mmeem C§ = 1 = 2°, mpu n = 1 nonywaerca CY+Cf = 1+1 = 2.
Ilaz undyxyuu: mycers npu n = k sepuo CY + C} + CF + ... + CF = 2F. PacemorpuM cymmy
CY + Ok +CE o +. ..+ CFH 1 zamenny kaskaoe caraemoe, Kpome Kpaitnux, o gpopmysie
C’,lgfl = C!+ L. C yudroM paBeHCTB Ha KpaifHie 4jeHsl, Choi=Cl=1nm C’,’jill =CF =1,
MBI TIOJIYYAEM VABOEHHYIO CYMMY W3 WHIYKIIHOHHOTO TPEINOJIOKEHWS:

Clia+Chi + i+ O =Cl+ (CL+CH+ (CL+CR) + ...+ CF =2

. _ n _ M0 1 2 nem

6.8l Pewenue: a) 0=(1—-1)"=Co—CL+C?— ...+ (-1)"C".
6) Joka3aTebCcTBO aHAJIOIMYHO PelleHHIo ypazkHenusd [5.8/ ¢ Tem oTinumeM, 4To B Imare
WHAYKIAA BMECTO CYMMBI OJHHAKOBLIX CIATAeMBIX MBI TIOJYIAM HX PA3HOCTD, TO €CTh HOJIb:

Croy—Ch 4+ Cr— . =C) = (CP+CH) + (Cr+CR)— ... =0.

B.9. Omeem: 6) CQ+Cl+Clo+...+C,, =Ci

Pewenue: a) [TpoBeém nHIYKIMIO O HApAMETDY 1.
Basa undykyuu: nng m = 1 u m = 2 npoBepKa BBIMOIHIETCS HEMOCPEICTBEHHO: UMEHHO,
mveem Cp =1=CP  nCf+CF =1+ (k+1)=(k+2) = ,f_t%

Hlaz undyrkyuu: nycrs CF + Cf .+ ...+ CF, = CofL . Torna aia m + 1 cupaseyiupo
ky (vk k k _ okt k _ kel

Ci 0t A+ T ) = Crlma1 0 ms1) = Crpmo- A9 TPOBEPKH mOCTIEIHETO

pagercTBa ucnombzyerca CF + Okl = CFH | npuvenénnoe k n = k + m.

5.10L Omsem: C%; = 286.

5.11L Pewenue: a) Ha mepBom mecre cTout ojuH u3 1 3j1eMeHTOB. Ha BTOPOM 1 KazK10M
13 TMOCJEAYIONINX — TaKzKe OIWH U3 7N 3JEMEHTOB. SHAYHT, BCErO MO MPABUIY HPOM3BEICHU
noaydaeM n* mabopos.

6) Paccmorpum (n + k — 1) mo3unmio, Ha Kazka0#i U3 KOTOPBHIX MOXKET CTOATL OJIUH U3
k smemeHTOB MM neperopojika (Bcero meperopoiaok (n — 1) mryka). Ileperopoaku gessr
QJIEMEHTDBI Ha 7T I'PYII, YIHOPAJOYCHHBIX 110 THUILY, B Ka)K,ZLOfI U3 KOTOPbLIX COAECPZKHUTCA OT
0 10 n 31emenToB. Pacupejesienue 3,1eMeHTOB U IIEPErOPOIOK O HO3HUIUSM COOTBETCTBYET
oxHOoMy HaGopy. KosnmuecTBo Takux pacupejesnenuil k sjsemenros 1o n + k — 1 nosunusm
cocraister B rounoctu CF,, .
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12.6. MHOT'O4YJIEHHI

. Pewenue: $cuo, uro zF - 2™ = ™. TIpn mepeMHOKEHWN MHOTOUICHOB KayKIbIif
OJIHOWIEH MHOrOWIeHa f(r) yMHOXKAeTCS HAa KayKJblii OJHOWIEH MHOrOWIeHa ¢(x), Tak 9To
OJIHOYWIEH MAKCHMAJIBHON crenenn MuOorowiena f(z) - g(r) mosydaercs Kak MTpPOH3BEICHHE
onuousieHoB crenenu deg f(x) u deg g(x).

deuo, eciu f(z) = fox™ + fu2" 4o+ fo, @ 9(x) = g™ + g1 2™ 4.+ go, TO
uveeM f(z) - g(x) = fugm@™" + (fugm-1 + fnflgm)37n+m_1 + ...+ (fig90 + fogi)z + fogo-
6.2 Pewenue: Ouesuuno, 4ro cymMMa (pasHoCTb) MHOMOWICHOB DA3HON CTENEHH HMeeT
CTelleHb, PABHYIO CTEIIeHN HAUOOJIBIIEro U3 HUX. K/ 2Ke MHOIOYIeHBl UMEIOT OJMHAKOBYIO
CTEleHb, TO UX CyMMa (Pa3HOCTb) MOKET MMETh CTPOIO MEHbILYIO crenenb (ecin Kodbdu-
[UEHTHI IPU CTapIIei CTEIeHn COBIAJAIOT WJIH OTJIHYAITCS 3HAKOM).
6.3l Pewenue: Ilpsmo caeayer u3 ynparkuenus [6.1]
6.4, Omeem: a) 2? —4r+3 = (z —1)(x — 3) +0;

6) * —4 = (z+5)(x —5) +21;

B) ' — 22+ 5= (22 — 1)(2* + 1) + (—2z + 6).
6.5l Pewenue: TlockoabKy xorst Obl OAMH U3 MHOTOWIEHOB f () 1 g() HeHyIeBOM, CTeneHb
ux obmux jgenuresieil orpanuydena. [Ipu 3ToM MHOXKeCTBO OOIUX JeauTeseil He mycro, Tak
KAaK COMEPKUT KOHCTAHTHI. 3HAUUT, HAWIETCA 1 OOIIHiA e/ IUTeTh MAKCUMAIbHOM CTeeHH .
B8 Pewenue: a)0=0-f(z)+0-g(x), f(z) = 1-f(z)+0-g(x), glx) =0-f(z)+1-g(x)

6) Bcn u(z) = ay(x) f(z) + by (2)g(2) 1 v(z) = ax(2) f(z) + bo(@)g(x), 0

u(@) £v(@) = (a1(z) £ az(2)) f () + (ba(@) £ ba(2)) g ().

B) Ecan h(z) = a(2)f(x) + b(x)g(x), To s 13) ( ) = (s(z)a(@)) (@) + (s(2)b(x))g(x).
6.7, Pewenue: (f(x),9(x)) = (9(x),ro(2)) = ... = (ra1(x), ra(@)) = ru().

6.8, Pewenue: W3 ycnosus (f(x), h(z)) = 1 BeiTekaer, uro cymectsyior a(z), b(x) € Klz]
rakue, 4ro a(x)f(x) + b(x)h(zr) = 1. JlomHoxkas 310 paBeHcTBO HA ¢(X), HOJLyYaeM

)
a(x)f(z)g(x) + b(z)g(x)h(r) = g(z).

BuiHo, 9TO JeBast 9acTh jenutcst Ha h(r). 3HAYUT, U mpaBasg — TOXKE.

[6.9] Pewenue: VHAyKnus mo KOJHIECTBY COMHOKUTETEH N.

Basa undyxyuu: caydail n = 2 cOCTABILAET yTBEPIKICHAE

Ilaz undykyuu: TPEIIOTIONKIM, MBI YMEeM JOKa3bIBaTh 3TO YTBep:KACHHEe 1ad n = m. Pac-
cmorpum n = m + 1. Ecan fi(x) ... foq1(x) i h(x), TO coracHo yTBep:KIEHUIO 160
fi(@) ... fm(x)  h(x), 160 fie1(x): h(x). Bo BropoMm ciydae M0Ka3blBATh HEYero, a B Iep-
BOM, IIPUMEHHB TIPEJIOJIOKeHne UHIAYKINK, 3aKkaodaeM, yto f(z): fi(x) aast HEKOTOpOro
ke{l,...,m}, a0 u TpPeHOBAIOCH.

. Pewenue: Tlo teopeme Besy (22 + bz + ¢) genurcs na (z — \), TO eCTb CpaBeIuBO
2?2 + bz + ¢ = q(z)(x — \). Kpome Toro, sicno, uro deg q(x) = 1, To ectb q(x) = sx +r ansa
HeKOTOPhIX §,7 € K. B Hamewm ciaydae, 04eBHIHO, § = 1, IIOCKOJIbKY B IIPDOTHBHOM CJIydae
IPH PACKPBITHU CKOOOK K03 puIuenT nepesi o2 Gul1 661 paBen s. Cresiab 3aMeny 7 — — i,
noayuaem x2 + bx + ¢ = (z — p)(x — ).

)
(
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JI1s loKa3aTe/IbecTBa BTOPOil 4aCTH JIOCTATOMHO PACKPBITH CKOOKM:
22+ br +c=a"— (u+ N)x + p.

Muoro4/ienbl paBHbl B TOM U TOJIbKO B TOM CJlydae, KOIJIa PaBHbl UX KOI(DDUIIMEHTDI, 110-
sromy b= —(pu+ ) ¢ = pA.

[6.11] Pewenue: a) [IpeamonoKum NpOTUBHOE: TYCTh Ap, . .. Ayy1 — KOPHH MHOrO4IeHa f(2),
1o deg f(x) = n. Toraa cornacuo Teopeme Besy f(z) = q1(z)(x —\y). Hamee, (x— X9 | f(z),
a KpoMe TOT0, MOCKOJIBKY (T — A2) 1 (x — A1), oTcioga caeayer, ato (z — Ag) | ¢1(x). Takum
obpazom, f(x) = go(z)(x — Ag)(z — A1). IIpomosrzkast B TOM Ke JyXe, MOIYIHM

f(@) = gnia(@)(x = Aoga) - - (2 = A)

mo deg(x — A\py1) - ... - (. — A) =n+ 1 > deg f(z) — mporuBopetne.

6) JIroboii HeHyIeBOI MHOTOYJIEH HMeeT KOHETHOe YHC/I0 KopHel. ToK1ecTBeHHO paBHas
Hymo Gyknus ke obsasaer OECKOHEYHBIM YHCIOM KOpHeil, Tak 9TO OHA HEe MOYKeT ObITh
peau30BaHa HEHYJIEBBIM MHOTOUJIEHOM COIJIACHO IIYHKTY a).

6.12. Omsem: a) f(z) = (z* + 2)(2* — 2) — pasnoxenune B Q[z].
6) f(z) = (2% 4 2)(z + v2)(z — V2) — pazioxenue B R[z].
B) f(z) = (z +V2)(z — vV2)(z + iv2)(z — iv/2) — pazroxenne B Clz].

12.7. CPABHEHUS

[7.1l Pewenue: a) (a—b)inu (c—d)in, nosromy cymma (a+ c) — (b+ d) Toxe geaurcs
Ha M, 9T0 U O3HaYaeT, 910 a + ¢ = b+ d (mod n).

6) AHAJIOPWYIHO TIYHKTY ).

B) Cymecrsytor takue k[ € Z, aro a = b+ kn u ¢ = d + In. Ilepemuoxast, nmeeMm
ac = bd + n(bl + dk + kiln), orxyna (ac — bd) : n.

r) Caeayer uHayKiueil u3 myHKTa B).
Vrazanue: Bocmoab3yerech nMpu3HakaMu JeJHMOCTH Ha 9TH YUCJIA.
Pewenue: Tlepebop Bapuantos: 2-0=2-2=0(mod 4); 2-1=2-3 =2 (mod 4).

Bl

7.4, Omsem: Ilo momymo 3: 0, 1. Ilo momymio 8: 0, 1, 4. Ilo monymio 24: 0, 1, 4, 9, 12, 16.
7.5 Pewenue: 3amernm, uto 3* = 81 =1 (mod 5). [Tosromy 32920 = (34)°0° = 1 (mod 5).
7.6, Omeem: 1lo moxymio 7: 1, 2, 4. Tlo moxymro 13: 1, 3, 4, 9, 10, 12.

7.7, Omeem: Kcaum p He gABIsIETCS NPOCTHIM YHCJIOM, TO pa3Hbie PACKPACKH KPyra MOCYHU-

TaHbl pa3Hoe 4ucja0 pa3. Hanpumep, eciim p: 2, TO MBI MOYXKeM PacKpacuTh KPYT B JiBa IBETa
«B IIAXMATHOM IOpsJIKe», depeiyd IBeTa. Takasd packpacka IpH IIOBOPOTE KPyTra JaCT BCEro
2 pa3HBIX BapHaHTa, a He P, KaK 3TO OBLIO B CJIydae IPOCTOTO P.

7.8, Pewenue: a) JIocTaToOuHO 3aMETUTH, UTO C’]’f = OpUYIEM IHCTO p! JeTUTCS HA, P,

p!
kl(p—k)!”

a qucaa k! u (p — k)! we mensrea, ecmn 1 < k < p.
6) JlocraTouno packpbiTh CKOOKH B Bhipaxkenun (a + b)P ¢ nomomnipio 6uaoma Herorona
M BOCIIOJIb30BATHCA MYHKTOM a).
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B) Byjem Bectn nuayknmio no a.
basa undyxyuu: a = 1. TpuBnaababiM 00pa3oM BeinoHgercs: 1P = 1.
ez undykyuu: TyCTh MBI yMeeM J0Ka3biBaTh, 9o a” = a (mod p). Torma ast (a+ 1) umeer
MECTO CJIeIyIoNIas memovka cpapuennii: (a + 1) = a? + 1 = a+ 1 (mod p).

12.8. JIENCTBUTE/IbHBIE YNCJIA

. Pewenue: JlocraTouno 3aMeTuTh, uTo bynknud f(r) = x°+x+1 gaBagerca MOHOTOHHO
BO3paCTAIOMIEH.

1 2
8.2 Vxasanue: s mpoussoabnoro a € {z > 0 | 2? > 2} Bosbmure b = 5 (a + —).
a

8.3 Vxasanue: PaccMoTpuTe MOCIEI0OBATENBHOCTD Yy = —Tp
8.4, Pewenue: a) Cormacuo nepasencmesy Kowu (a + b > 2vab) nmeem:

1 4 4+4
2 _ 2 —
xn+1_1(xn+x2+4>> 1 =2. (7)

n

6) Tak xak 2 > 2, 10 T, > 2/x,. [losromy cpeauee apudpmeruieckoe x, u 2/x, (Koropoe
CYTh Xy11) He TPEBBIIAET Ty,

8.5, Pewenue: Ilockonbky (z,) HeBO3pacTaer u xy = 2, upenes (x,) MeHbIIe IBYX, a 3Ha-
aut, (z, + ) < 4, OTKy/la YMHOKEHHEM HA HEOTPHIATENbHYIO BEJUIUHY (T, — T) CJAELYIOT
TpebyeMmoe HepaBeHCTBo. Teneph ecau a2 < 2, ckaxkeM, 2 — 22 = 4¢ > 0, T0 T, — T > €, UTO
IIPOTUBOPEIUT MPEIIOJOKEHUIO, YTO I — HPEIEST MOCAEI0BATENLHOCTH (Xy,).

. Pewenue: 13 dpopmyanbt , a Tak:ke u3 T2 > 2 cieiyer, u4To

4
2 2
4y =2, +4+ - <z, +4+2

xTL
[TeperpynnupoBKoii orciona moaydaem Tpebyemoe HepabeHCTBO. CriemoBaTe/bHO, MOCTeI0-
BATEJIbHOCTD Y, = :c,% — 2 orpaHWYeHa TOCJIeJ0BATEIHLHOCTRIO 2, = 1/4". Tlocneansia xe
CTPEMHTCS K HYJTIO (CTPOro 9ToT (GakT JoKa3biBaeTcs B pasfese 8.4)).
8.7l Vrasanue: ©) Ilone3no paceMOTpPETh d-MUHYIO 3aIUCH HATYPAIBLHOTO ducaa (—p)+d™.
8.8 Pewenue: Mmeror mecTo ciaeayolnre HEPaBEHCTBA:

Ta=A+Y a;d7 KA+ (d-1)d7 =A+Y (7T —d7)=A+1-d " <A+1L
j=1 j=0 j=1

. Omeem: Ecmn a = A, ajas...0, 10 —a = (—A—1),b1by ..., tae b; =9 — a;.
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12.9. JIBUKEHUST TIJIOCKOCTU U BEKTOPHI

9.1 Pewenue: Tycrs BexTopnI U = (uy,us) u U = (vy,v) HeKOLIMHEADHBL (TO €CTH HI
OJIMH U3 HUX He TOJIYyYaeTCs M3 JAPYroro YMHOKEHHEM Ha HeKOTOpoe 4Yucio). Urobsl HaiiTn
BBIPAaKCHUE BEKTOPA W = (a,b) B BuJe JUHEHHO KOMOMHAIMHA W= + y77 JOCTATOYHO
PEelIuTh CUCTEMY JIMHEHHBIX YPaBHeHUH:

—— xr =

a = ur -+ 0y avg — bUl . uia — Ugb
b = usx + vy U1V — ugvl’ U1V — U2U1.

HexkoJummneapuocTs rapanTupyer, 4YTo 3HaMeHaTe b He 00paTuTCcs B HOJIb.

9.2l Omeem: a) W =27

6) =T 97

B) W = ‘—;7 - 1.
9.3l Pewenue: Ilycrs Toukn A’, B’ u C' apagworesa obpasamu touek A, B u C' npu nsu-
xenuun f. Cornacuo oupegenenuio jpuxkenus A'B' = AB, B'C" = BC u C'A" = CA.
Caenosarenvno, NA'B'C' = ANABC no tpém croponam, otkyna LA'B'C' = ZABC, [ro
1 TPeOOBAJIOCE.
9.4 Pewenue: Ilycrs Touku A, B u C' jnexar Ha oaHO# mpsaMoil, mpuuém B — mexay A
u C, arouku A, B’ u C' gaBiasgiorca ux obpasamMu OpH ABU:KeHHH f. 3aMeTHM, 9TO TOLIA
A'C' = AC = AB + BC = A'B’' + B'C'. Cunegoarenbno, HEPpABEHCTBO TPEYrOIbLHUAKA,
(A'C" < A’B' + B'C') ne Boinosusierca u touku A', B’ u C” jexxar #a oqHOi IpsAMOii.
. Pewenue: Tlycrs Toukn X m Y nepenwmm B Trouku X' u Y’ nox peiicrBueM oceBoii
cummerpun S;. Ecomm XY € [, To OHE HEmOJBHUKHBI M JOKa3biBaTh Hedero. Ecim X € [,
Ho Y ¢ [, to X' = X u tpeyronbuuk XYY’ — paBHOGEAPEHHBIH, MOCKOJBKY €0 BBICOTA
coBnajaer ¢ Meauanoit, orkyaa XY = X'Y’. Hakomer, ecin HH OIHA U3 MCXOAHBIX TOUYEK
HE JIEKUT Ha HpAMOil, 0003Ha4uM 3a Z Touky nepecedenust Y'Y’ u (. Kak 6b110 nokasano
Boiite, X7 = X'Z, a /XZY = /X'ZY' kaxk yrisl, JONOJHSIONNE paBHbie yrubl 10 90°.
Buaunt, AXZY = AX'ZY’ no aBym cropoHam u yriy Mexkiay numu, orkyga XY = X'Y".

Ilycrs Toukn X m Y nepenum B Touku X' m Y’ upum mosopore Bokpyr Toukm O Ha
yroa ¢. Torma XO = X'O, YO = Y’'O no oupenenennto, a kpome Toro, ZXOY = /ZX'OY".
[Tostomy AXOY = AX'OY’ 1o ABYM CTOPOHAM I YIVIy ME2KLY HUMI, OTKYAA XY =XY'.

9.6, Omsem: a) Bektopsl XY u X'Y’ uMeoT OIMHAKOBYIO [JIUHY U SIBJISTFOTCSI TPOTHBO-
MOJIO?KHO HANPABIECHHBIMHU.
0) Kommosunus nenrpaibabix cummerpuit So, u Sp, CyTh HapajuieJbHbIl II€PEHOC HA

BeKTOp 201,0;.

9.7, Omeem: llapatesbHbIil TepeHOC HA BEKTOP 51_&, rae O' = R_, 0,(01).

9.8, Omeem: 6) Touxy O MOXKHO HAWTH KaK MepecevdeHne CPeTUHHBIX MepPIeHHKYISIPOB
K orpeskam O Ry, 0,(01) 1 O2R_y, 0,(02).

9.9 Pewenrue: JToCcTATOMHO 3aMETHTH, YTO TOXKIECTBEHHOE OTOODAKEHHE U OCEBasi CUM-
MeTpud uMerT 6eCKOHeqHO MHOT'O HEIIOABHUXKHDBIX TOYECK.

9.10, Pewenue: 3uas obpas f(A), Ml monumMaeM, ato f(D) JeKuT HA OKPYKHOCTH C TCH-
tpoMm f(A) pamuyca AD. 3nas o6passl f(A) u f(B), mbl nokamusyeM f(D) Kak TOUKY
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epecedennst JAByX Takux okpyzkuocrei. Jlobasasia Touky C, Mbl BBOJMM B PACCMOTPEHUE
TPeThI0 OKPYZKHOCTh, a MocKoIbKY f(A), f(B) n f(C) He nexkar Ha OJHON NPSIMOH, BCe TPH
OKPY?KHOCTH He MOTYT [epPeceKarbcs Gojiee yeM B 0JHOi Touke. Yro u o3Hagaer, 410 06pa3
TOUKE [ OLpeJIe/IEH OJHO3ZHATHO.

12.10. KOMIOJEKCHBIE YNCJIA

10.1}. Omeem: KowMiutekcHOe conmpsizKeHUe fABJSeTCd JIBHXKEHHEM, a IMEHHO, 3TO OCeBad
CUMMeTPHs OTHOCUTEJBHO BelllecTBeHHOM ocu Ox.
110.2. Pewenrue: Ilpsmoe BuIUHCTIEHUE: €CIU 2 = T + 1Y, TO

z24+ZzZ x+iy+x—iy 2 z—z xH+wy—x+iy 2wy
= = — =X u = = —
2 2 2 21 21 21

OcTaioch BOCIOIB30BaThCst onpeaenenneM: © = Re (z) u y = Im (2).

[10.3l. Omeem: —6 -+ bi.

10.4. Omsem: 5 — b5i.

10.5, Omseem: r = /2?4 y?, 0= arctg(y/x).

10.6. Pewenue: IIpoBeaém joKa3aTeJbLCTBO UHAYKIUEH 110 N.

Basa undyxyuu: mpu n = 1 TpUBHAJBHBIM 00pa30M BBHITIOJTHSIETCS.

Hlaz undyrkyuu: mycTb (cosy + isinp)f = cosky + isinky cupaBeaInBo A7 HEKOTOPOTO
narypaJsabnoro k. Torma mrsa k + 1:

(cos @ + isin )" = (cos ¢ + isin @) (cos ¢ + isinp) =
(cos kg + isinkp)(cos ¢ + isinp) = cos (k + 1) + isin (k + 1)¢p.

10.7. Omeem: cos3a = 4cos®a — 3cosa, sin 3a = 3sina — 4sin® a.
Yrasanue: Bocuojib3yiitech dpopmysioit Myaspa u 6unomom HbioTona.

[10.8. Pewenue: Tlpsivoe BbluuCIIEHHE: .
n
a) (Wi wp) =Wl wh =1-1=1, (ﬂ> :“—;:1:1.
wa wy 1
6) (crw="w=1 w=w.
[10.9. Pewenue: Packpoem cKOOKH B IPaBOil 9acTH W BOCIOIB3YEMCS TEM, 9TO W — KOPEHb
ypaBHeHHd z° = 1, He paBHBII equHuIe, TO ecTh w’ = 1 1 w? +w = —1:

(z+y)(z+wy)(z+w?y) = (z+y)(@2* +wry + oy +w’y) = (2 +y) (2 — 2y +9°) = 2° + >

10.10L Omeem: a)  —— +i—
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6) 2*+2z—-2=(2—1) <z+#> (2_1_#);

n—l 2rk 2rk
B) 2" —1=1]] (z—cosL—isinL).
n

k=0 n

. Omeem: a) llpsamas v = 3, KaHoHudeckuit B z — z2 — 6 = 0.

6) OKpYKHOCTB C TEHTPOM B ToUKe (2, —1) u pagmycoMm 3,
KaHOHWYecKuii Bum: 2z + (—2 — i)z + (=2 +1i)z2 —4 = 0.

B) CpelnHHBIA ePIeHANKY/IAD K OTPe3Ky ¢ KoHnamu B Toukax (—1,0) u (0, 1),
kaHonnueckuii Bu; (1 —i)z + (14+4)z = 0.
[10.13l Pewenue: IlpuMenure K 9UUCAY 2z MOCJIEIOBATEIBHO OTPAZKEHHE OTHOCHTEIHHO
ocu Oz, mopopotr Ha 90° 1Mo YacoBoOil cTpeke U MapasieabHbli nepenoc Ha —1 + 3i. B pe-

3 9D

3yJbTaTe MOJYyUuTCd —— + —1.

10.14, Omsem: a) Ilycts Toukn A, B u C jexar Ha oguoil npsamoii, a A', B’ u C' — ux
obOpasbl npu romoreTuu. Toria

0OA OB 0OC

AA” BB CC”
o ! R/
OTKy/Ia 110 TeopeMe 0O6paTHO K TeopeMe O HPOLOPIUOHAILHBIX oTpe3kax umeem A'B’ || AB
u BC' || B'C". Tlosromy Toukn A’, B’ u C' nexar Ha 0IHOI IPIMOii.
JIst TpoBEpPKM BTOPOTO YTBEPKJICHUS BHIOEPEM CUCTEMY KOODJMHAT, B KOTOPOW HMEHTP
romoretur () COBMAIAET ¢ HAYAIOM KOOpAMHAT. Toraa mpu roMOTeTHH ITPOU3BOJIbHAST TOTKA
mwiockocTu (x,y) nepeitaér B Touky (2',y’) = (kx, ky). CrenoBareabHo, OKPYKHOCTD

(x —a)®>+ (y — b)*> = R? & (kx — ka)® + (ky — kb)* = (kR)?

nepeiiiér B okpyuocth (z — ka)? + (y — kb)? = (kR)>.
6), B) Ilycrb Tpeyroapauk ABC nepemén B Tpeyrosbauk A'B'C’ npu romoretnu ¢ Ko-
sdpdurmentom k. Torma
A/B/ B/C/ C/A/
AB ~ BC  CA
orkyaa rpeyroiabauku ABC u A'B'C’" nonobubl ¢ koaddunueHrom k 1m0 TpEM CTOPOHAM.
B wacrHOCTH, UX COOTBETCTBYIONIME YIJIbI DABHBI.
[10.15 Omsem: z+— k(z—a)+a.
110.16]. Omeem: Bribepem cucTteMy KOOPJIMHAT TaK, 4TOOBI HHBEPCHUs IMPOU3BOIUIACH OT-
HOCUTEILHO €IHHAYHON OKPYKHOCTH ¢ IIEHTPOM B Haudaje KOopauHatT. [I0cKoIbKY mpu 3TOM
1 1

- n 2'—>£/:—,
z z

= |k|7

22 =

TO 0DOOIIEHHAS OKPYKHOCTH, 3adaHHast (hbopmyJ1oit

_ =_ b b c
azzZ+bz+bz+c=0 & a+ -+ -+ —,
zZ oz 2z

mepeinéT B 0606IIBHAYIO OKPYKHOCTD a'2/2 + V2 + V2 +¢ =0, tned =¢c, ¥ =bu ¢ = a.
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