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Abstract

We have developed in the past several algorithms with intrinsic complexity
bounds for the problem of point finding in real algebraic varieties. Our aim
here is to give a comprehensive presentation of the geometrical tools which
are necessary to prove the correctness and complexity estimates of these
algorithms. Our results form also the geometrical main ingredients for the
computational treatment of singular hypersurfaces.

In particular, we show the non-emptiness of suitable generic dual polar
varieties of (possibly singular) real varieties, show that generic polar varieties
may become singular at smooth points of the original variety and exhibit a
sufficient criterion when this is not the case. Further, we introduce the new
concept of meagerly generic polar varieties and give a degree estimate for
them in terms of the degrees of generic polar varieties.

The statements are illustrated by examples and a computer experiment.
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1 Preliminaries and results

Let @, R and C be the fields of rational, real and complex numbers, respectively,
let X := (Xy,...,X,) be a vector of indeterminates over C and let be given a
reduced regular sequence Fi,...,F, of polynomials in Q[X] such that the ideal
(Fy,...,F,) generated by them is the ideal of definition of a closed, Q—definable
subvariety S of the n—dimensional complex affine space A" := C". Thus S is a
non—empty equidimensional affine variety of dimension n—p, i.e., each irreducible
component of ' is of dimension n — p. Said otherwise, S is of pure codimension

p (in A™).
We denote by S,¢, the locus of reqular points of S, i.e., the points of S, where the

Jacobian J(Fla BRI Fp) = [g%] 1<k<
s

has maximal rank p, and by Ssing := S\ Sreq
the singular locus of §'.

Let AR := R" be the n-dimensional real affine space. We denote by Sg := SNAg
the real trace of the complex variety S. Moreover, we denote by P" the n—
dimensional complex projective space and by Py its real counterpart. We shall
use also the following notations:

S:={F=0,...,F,=0} and Sg:={F1=0,...,F, =0}g.

We denote the coordinate ring of the affine variety S by C[S]. Thus CI[S] is a
finitely generated, reduced, equidimensional C-algebra which is a domain when
S is irreducible.

By C(S) we denote the total quotient ring of C[S] (or simply of S') which con-
sists of all rational functions of S whose domain has non—empty intersection with
every irreducible component of S. When S is irreducible, then C(S) becomes
the usual field of rational functions of S'.

The Chinese Remainder Theorem implies that the C-algebra C(S) is isomomor-
phic to the direct product of the function fields of the irreducible components of

S.

All varieties that occur in this paper are defined set—theoretically, and not scheme—
theoretically. Thus the affine ones have always reduced coordinate rings and when
we formulate an algebraic property of a given variety like normality or Cohen—
Macaulayness we refer always to the (reduced) coordinate ring of the variety.

Let 1 <i<mn—p andlet o := [ag|i<k<n—p-it1 bea complex (n—p—i+1)x(n+

0<i<n
1)) -matrix and suppose that «, = [ay ] 1<k<n—p-i+1 has maximal rank n—p—i+1.
1<i<n

In case (ai,.-.,0n—p—it10) = 0 we denote By K(a) :== K" " "(a) and in case
(@105 Gn_p_it10) # 0 by K(a) := K " '(a) the (n — p — i) -dimensional
linear subvarieties of the projective space P" which for 1 <k <n—p—1+1 are

spanned by the the points (axo:ag1: - : agn).

We define the classic and the dual ith polar varieties of S associated with the
linear varieties K («) and K («) as the closures of the loci of the regular points of



S where all (n—i-+1)-minors of the respective polynomial ((n—i+1)xn)matrix

J(Fy,... F)
a1,1 PN al,n
Ap—p—i+1,1 o Ap—p—i+1n
and
J(Fy,...,F,)
11 — G1,0X1 t Q1n — al,oXn
Ap—p—it+1,1 — an—p—i-l—l,OXl T Ap—p—itln — an—p—i+1,0Xn

vanish. We denote these polar varieties by

WK(Q)(S> = Wﬁnfpfi(a)(s) and W?(Oc) (S) = an—p—i(a)(S),
respectively. They are of expected pure codimension 7 in S. Observe also that
the polar varieties Wyn-p-i,(S) and WFn—p—i(a)(S) are determined by the ((n—
p—i+ 1) X n)—matrix a := a,.

If wisareal (n—p—1i+1)x (n+1))-matrix, we denote by
WK(Q)(SR) = Wgn—p—i(a)(SR) = WK(Q)(S) N Aﬁ

and

WF(Q) (S]R) = W?n—p—i(a)(SR) = Wf(a) (S) N Aﬁ
the real traces of W(a)(S) and Wg,(5).

In this paper we shall work with this purely calculatory definition of the classic and
dual polar varieties of S. On the other hand, both notions may alternatively be
charcterized in terms of intrinsic (i.e., coordinate-free), geometric concepts. For
example, the classic polar variety Wi (q)(S) is the Zariski closure of all regular
points x of S such that the tangent space at x is not transversal to the linear
variety K («) and the real polar variety Wi (q)(Sr) may be characterized similarly.

In the same vein, fixing an embedding of the affine variety S into the projective
space P™ and fixing a non—degenerate hyperquadric in P", we introduced in [5]
and [6] the notion of a generalized polar variety of S which contains as particular
instances the notions of classic and dual polar varieties. From the intrinsic, ge-
ometric characterization of these generalized polar varieties we derived then the
present calculatory definition of classic and dual polar varieties. For details we
refer the reader to [5] and [6].

The argumentation of this paper will substantially depend on this calculatory def-
inition. This leads to a notation which at first glance looks overloaded by diacritic
marks as e.g. the underscores and overbars we use to distinguish classic from dual
polar varieties. In view of the context, the reader may overlook in most cases these
diacritic marks, however omitting them would introduce an inadmissible amount
of ambiguities in statements and proofs.



For the rest of this section let us assume that for fixed 1 < i < n—p there is given
a generic complex ((n —p —i+ 1) X n)—matrix a = [ag;]i<k<n—p-it1 (the use of
1<i<n

the word ”generic” will be clarified at the end of this section).
For 1<k<n—p—i+1 and 0 <! <n we introduce the following notations:

ap; =0 and ap;:=11if [ =0, ap,:=a,; :=a; it 1<1<n,
a = [Qk l} 1<k<n—p—it1 and @ := [ak l] 1<k<n—p—i+t1l
’ 0<i<n ’ 0<i<n

(thus we have a, = @, = [ay,] Skgn it ).

The corresponding polar varieties Wi (,)(S) and Wg ) (S) will be called generic.
In this case we have shown in [5] and [6] that the polar varieties Wi q)(S) and
Wf(a)(S) are either empty or of pure codimension ¢ in S. Further, we have
shown that the local rings of Wk )(S) and W (S) at any regular point are
Cohen-Macaulay ([5], Theorem 9).

In the case of the classic polar variety Wi q)(S) these results are well known to
specialists as a consequence of Kleiman’s variant of the Bertini Theorems ([22])
and general properties of determinantal varieties (see [28], proof of Lemma 1.3, or
[39], Chapitre IV, proof of Proposition 2). In the case of the dual polar variety
WF@(S ) this kind of general argumentation cannot be applied and more specific
tools are necessary like those developed in [5] and [6].

The modern concept of (classic) polar varieties was introduced in the 1930’s by F.
Severi ([35], [36]) and J. A. Todd ([43], [42]), while the intimately related notion
of a reciprocal curve goes back to the work of J.-V. Poncelet in the period of
1813-1829.

As pointed out by Severi and Todd, generic polar varieties have to be understood
as being organized in certain equivalence classes which embody relevant geometric
properties of the underlying algebraic variety S'. This view led to the consideration
of rational equivalence classes of the generic polar varieties.

Around 1975 a renewal of the theory of polar varieties took place with essential
contributions due R. Piene ([28]) (global theory), B. Teissier, D. T. Lé (]23], [39]),
J. P. Henry and M. Merle ([19]), A. Dubson ([13], Chapitre IV) (local theory), J. P.
Brasselet and others (the list is not exhaustive, see [40],[28] and [9] for a historical
account and references). The idea was to use rational equivalence classes of generic
polar varieties as a tool which allows to establish numerical formulas in order to
classify singular varieties by their intrinsic geometric character ([28]).

At the same time, classes of generic polar varieties were used in order to formulate
a manageable local equisingularity criterion which implies the Whitney conditions
in analytic varieties in view of an intended concept of canonical stratifications (see

39]).

On the other hand, classic polar varieties became about ten years ago a fundamen-
tal tool for the design of efficient computer procedures with intrinsic complexity
which find real algebraic sample points for the connected components of Sg, if
(Fi,...,F,) is a reduced regular sequence in Q[X] and Sg is smooth and com-
pact. The sequential time complexity of these procedures, in its essence, turns out
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to be polynomially bounded by the maximal degree of the generic polar varieties
Wien-p-i(g)(S), for 1 <i <n—p. As we shall see in Section 4 as a consequence of
Theorem 13 , this maximal degree is an invariant of the input system (F7,..., F,)
and the varlety S, and even of the real variety Sg, if all irreducible components
of S contain a regular real point. In this sense we refer to the complexity of these
algorithms as being intrinsic (see [3, 4], [31] and [34]) .

The compactness assumption on Sz was essential in order to guarantee the non—
emptiness of the classic polar varieties Win-—p-i(,)(Sg), for 1 <i<n—p . If Sg
is singular or unbounded, the generic classic polar varieties Wyn-p-i(,)(Sr) may
become empty (this becomes also a drawback for the geometric analysns of singular
varieties described above).

In order to overcome this difficulty at least in the case of a non—singular real variety
Sk, the notion of dual polar varieties was introduced in [5] and [6]. The usefulness
of dual polar varieties is highlighted by the following statement:

If Sg is smooth, then the dual polar variety Win—p- i (SR) contains a sample

point for each connected component of Sg (see 5, 6] Proposition 2 and [26],
Proposition 2.2).

In case that Sy is singular, we have the following, considerably weaker result which
will be shown in Section 2 as Theorem 3.

Let 1 <1 < n—p and let C' be a connected component of the real variety Sg
containing a reqular point. Then, wzth respect to the Fuclidean topology, there
exists a non—empty, open subset Oc of A nePm)XN eh that any (n—p—i+

1) x n) —matriz a of OC has mazimal rank n —p — i+ 1 and such that the real
dual polar variety WX(E)(SR) 1s generic and contains a reqular point of C'.

In view of the so—called "lip of Thom” ([41]), a well studied example of a singular
curve, this result cannot be improved. Although it is not too expensive to construct
algorithmically non—empty open conditions which imply the conclusion of Theorem
3, the search for rational sample points satisfying these conditions seems to be as
difficult as the task of finding smooth points on singular real varieties.

Dual polar varieties represent a complex counterpart of the Lagrange multipliers.
Therefore their geometric meaning concerns more real than complex algebraic va-
rieties. Maybe this is the reason why, motivated by the search for real solutions
of polynomial equation systems, they were only recently introduced in (complex)
algebraic geometry. In the special case of p:=1 and ¢ := n — p the notion of a
dual polar variety appears implicitly in [32] (see also [29], [2] and [33]).

The consideration of general (n — p)th classic (or dual) polar varieties was in-
troduced in complexity theory by [16] and got the name ”critical point method”.
The emerging of elimination procedures of intrinsic complexity made it necessary
to take into account also the higher dimensional ith polar varieties of S (for
1<i<n-—p).

Under the name of "reciprocal polar varieties” generic dual varieties of real singular
plane curves are exhaustively studied in [26] and a manageable sufficient condition
for their non—emptiness is exhibited.



An alternative procedure of intrinsic complexity to find sample points in not nec-
essarily compact smooth semialgebraic varieties was exhibited in [31]. This proce-
dure is based on the recursive use of classic polar varieties.

We are now going to describe the further content of this paper. For the sake of
simplicity of exposition let us suppose for the moment that the given variety S
is smooth. Refining the tools developed in [5] and [6] we shall show in the first
part of Section 3 that the generic classic and dual polar varieties Wi 4)(S) and
Wx@(S) are normal (see Theorem 6 and Corollary 8). Hence the generic polar
varieties of S are both, normal and Cohen—Macaulay.

Unfortunately, this is the best result we can hope for. In the second part of Section
3 we shall exhibit a general method which allows to obtain smooth varieties S
whose higher dimensional generic polar varieties are singular. Hence, the assertion
Theorem 10 (i) of [6], which claims that all generic polar varieties of S are empty
or smooth, is wrong in fact.

On the other hand we shall describe a sufficient combinatorial condition in terms
of the parameters n, p and 1 < i < n — p, that guarantees that the lower
dimensional generic polar varieties of S are empty or non-singular.

Let us mention here that in case p := 1, i.e.,if S is a nonsingular hypersurface, the
classic polar variety Wi q)(S) is smooth. This is an immediate consequence of the
transversality version of Kleiman’s theorem (see also [3] for an elementary proof).
However, in case p := 1, the higher dimensional generic dual polar varieties of the
smooth hypersurface S may contain singularities.

Finally we explain in Section 3 in a more systematic way how singularities in higher
dimensional generic polar varieties of S may arise.

Using for generic a € AP~ *+1x" 3 natural desingularization of the (open) po-
lar variety Win-p—i()(S) N Sreg in the spirit of Room-Kempf [30, 21], we shall
include the singularities of Wanpfi(g)(S ) N Spey in a kind of algebraic geometric
"discriminant locus” of this desingularization.

On the other hand the generic complex ((n —p — 7+ 1) X n)-matrix a induces
an analytic map from S, to A"P~""'. We shall show that Wyn-p-i(,)(S) N Syey
may be decomposed into smooth Thom—Boardman strata of this map.

In the geometric analysis of singular varieties as well as in real polynomial equation
solving, generic polar varieties play a fundamental role as providers of geometric
invariants which characterize the underlying (complex or real) algebraic variety,
in our case S or Sg. We have already seen that for 1 < i < n — p the generic
polar varieties Wyn-p-i(,)(S) and an—p—i(a)(S) are empty or of codimension 1%
in S and therefore their dimension becomes an invariant of the algebraic variety
S'. On the other hand, Theorem 3 and the example of Thom’s lip imply that for
a € QU P~ X" generic the dimension of the real polar variety Wy (Se) is not
an invariant of Sg, since Wg ) (Sr) may be empty or not, according to the choice
of a.

It may occur that the degrees of generic polar varieties represent a too coarse
measure for the complexity of elimination procedures which solve real polyno-
mial equations. Therefore it is sometimes convenient to replace for 1 < i <
n — p the generic polar varieties of S and Sg by more special ones of the form



Wign-p-i(a)(S), Win-p-i(o)(Sr) and W?nfpfi(a)(s), W?nfpfi(a)(SR) (or suitable
non—empty Zariski open subsets of them). Here a ranges over a Zariski dense
subset of a suitable irreducible subvariety of AP~ *+1x" (containing generally a
Zariski dense set of rational points). We call these special polar varieties meagerly
generic. They share important properties with generic polar varieties (e.g. dimen-
sion and reducedness) and often they are locally given as transversal intersections
of closed form equations and therefore smooth. A particular class of meagerly

generic polar varieties with this property was studied in [4].

Another class of meagerly generic polar varieties appears implicitly in [7], where
the problem of finding smooth algebraic sample points for the (non—degenerated)
connected components of singular real hypersurfaces is studied.

It is not hard to see that the (geometric) degrees of the generic polar varieties of
S constitute invariants of S, i.e., the degrees of Wiyen—p-i(,)(5) and WFn_p_i@(S)
are independent of the choice of the (generic) complex ((n—p—1i+1) x n)—matrix
a.

The main result of Section 4 may be paraphrased as follows: for 1 < i <n—p
the degrees of the 7th meagerly generic classic and dual polar varieties of S are
bounded by the degree of the corresponding ¢th generic polar variety of 5.

The rest of Section 4 is devoted to the discussion of the notion of a meagerly
generic polar variety.

Before finishing this introductory presentation, we add a clarification about our
use of the word generic. To this aim we adopt the point of view of René Thom
[41].

Definition 1

Let n, 1 <p<n and 1 <i <n—p beas above. The ith polar varieties of
S depend on linear subvarieties of P" which are given by full-rank matrices of
the form a = [ak7l]1gli§?<—£+l with complex, real or rational entries. We say that

a given statement is valid for the generic ith classic or dual polar varieties of S
if there exists a non—empty Zariski open (and hence residual dense) subset O of
full-rank matrices of An=p=+xn (op ATPTHEDXN ) queh that for any a in O
the statement is verified by W) or W, (or their real traces).

In Section 4 we shall face a more general situation: let be given an irreducible affine
subvariety E of A P=HDx7 o o an affine linear subspace of A—P=+1)xn  With
reference to E we shall say that a given statement is valid for meagerly generic
1th polar varieties of S if there exists a non—empty Zariski open subset O of full-
rank matrices of £ such that for any a € O the statement is verified by Wik
or Wg ) (observe that O is residual dense in F').

The aim of this paper is a comprehensive presentation of the geometrical tools
which are necessary to prove the correctness of algorithms with intrinsic complexity
bounds for real root finding. We developed these algorithms in the past and we
think to develop them further. This leads us to frequent references to already
published work on applications of geometric reasoning to computer science. Thus,
in part, this paper has also survey character.



2 Real dual polar varieties

This section is concerned with the proof of Theorem 3, which was announced in
Section 1. We start with the following technical statement.

Lemma 2

Let C be a connected component of the real variety Sg containing an regular
point. Then, with respect to the FEuclidean topology , there exists a non—empty,
open subset Us of AR\ Sg that satisfies the following condition: Let u be an
arbitrary point of Ug and let x be any point of Sg that minimizes the Euclidean
distance to u with respect to Sg. Then x is a regular point belonging to C'.

Proof

For any two points z1,20 € AR and any subset Y of AR we denote by d(z1, 22)
the Euclidean distance between z; and zo and by d(z1,Y’) the Euclidean distance
from z; to Y, ie., d(z,Y) = inf{d(z,y)|y € Y}. Let Cy,...,Cs be the
connected components of Sg and suppose without loss of generality that C' = C}
holds. By assumption there exists a regular point z of C'. Observe that the
distance d(z, Ssing N AR) is positive.

Choose now an open ball B of A} around the origin which intersects Cf,...,C;
and contains the point z in its interior. Since the non—empty sets C1NB,...,C,NB
are disjoint and compact, they have well-defined, positive distances. Therefore,
there exists a positive real number d stricly smaller than all these distances and
d(z, Ssing N AR) such that the open sphere of radius d and center z is contained
in B. Let U* := {u* € A} |d(u*,z) < 4} be the open ball of radius ¢ and center
z and let Ug :=U*\ Sg.

ol

Since S has positive codimension in A", we conclude that Ug is a non—empty
open set with respect to the Euclidean topology which is contained in A} \ Sg.

Let u be an arbitrary point of Us. Since u does not belong to the closed set Sg
we have 0 < d(u, Sg) < d(u,z) < %. Let « be any point of Sg that minimizes the
distance to u, thus satisfying the condition d(u,z) = d(u, Sg). From d(u,z) < £,
d(z,u) < g and the triangle inequality one concludes now that

d(z,z) < d(z,u) +d(u,z) <d

holds. Therefore z cannot be contained in Cy,...,Cs and neither in Sg;ng N AR .
Thus, necessarily x is a regular point of C'. O

Now we are going to formulate and prove the main result of this section.

Theorem 3
Let 1 < i <n—p and let C be a connected component of the real variety Sg
containing a regular point. Then, with respect to the Euclidean topology, there

exists a non-empty, open subset O(CZ;) of Ag_p—iﬂ)m such that any ((n—p—i+

1) X n)—matrix a of Og) has maximal rank n —p — ¢+ 1 and such that the real
dual polar variety WF@(SR) is generic and contains a regular point of C'.



Proof
Taking into account Lemma 2, we follow the arguments contained in the proof of
[5] and [6], Proposition 2.

Let C be a connected component of Sk containing a regular point and let Us be
the non—empty open subset of A™\ Sg introduced in Lemma 2. Without loss of
generality we may assume 0 ¢ Ug\ Sg and that for any point a € Ug\ Sk the dual

polar variety Wﬁo(a)(S) is empty or generic. Thus, putting ng )= Uc \ Sr,
we show first that the statement of Theorem 3 is true for C' and 7+ :=n — p.

Let (arq,...,a1,) bean arbitrary element of ng_p) ,a10:=1,a:=(ar,...,a1n)
and let T."” be the polynomial ((p+ 1) x n) —matrix

J(F,...F)
al,l_Xl a'l,n_Xn .

For p+ 1<k <n denote by Ny := Nj,(z) the (p+ 1)-minor of T." " given by
the columns 1,...,p, k. There exists a point x of Sg that minimizes the distance
to (arq,...,a1,) with respect to Sg. From Lemma 2 we deduce that z is a
regular point belonging to C'. Without loss of generality we may assume that

OF; .
det [—J] does not vanish at x.

OX}, 1<j,k<p
There exists therefore a chart Y of the real differentiable manifold S,., N Ag,
passing through xz, with local parameters X,,y,,..., Xy, . Consider now the

restriction ¢ of the polynomial function (a;; — X1)*> + -+ + (a1, — X,,)? to
the chart Y and observe that z € Y minimizes the function ¢ with respect
to Y. From the Lagrange-Multiplier—Theorem [38] we deduce easily that the

oF;
polynomials Np,y1,...,V, vanish at z. Taking into account that det [—J]
0X ] 1<jnzp
does not vanish at = we infer from the Exchange-Lemma of [3] that any (p+1)—
minor of 7" ” must vanish at z. Therefore, x is a regular point belonging to

Wfo(a)(SR) NC and Wfo(a)(S) is generic.

Now let 1 < i < n —p be arbitrary and let [ay,]i<r<n—p-i+1 be a real ((n —p —
1<i<n

i+ 1) x n) matrix of maximal rank n —p —i+1, a10: = = Gp_p_it10 =1
and a := [aj | 1<r<n—p—it1 .
0<i<n

Further, let 7. be the polynomial ((n — 7+ 1) x n)-matrix

J(F, ... F)

11 — Xl A1n — Xn

T =T (X) =
Ap—p—i+1,1 — Xy T On—p—i+in — Xn

and recall that the ith (complex) dual polar variety of S associated with the

linear variety K(a) := K ' (a), namely Wi(a)(S); is defined as the closure of

)

the locus of the regular points of S, where all (n — p — i) —minors of T vanish.

)

We choose now a non-empty open subset Og) of A]%{n_p DX gatistying the fol-

lowing conditions:



(i) Any ((n —p — i+ 1) x n)-—matrix [akvl]lgk%zl_;;iﬂ belonging to Og) has
maximal rank n —p —¢+1, and for a; := R n_p_it1o:=1 and a:=
lag.] 1SkSnop-itl the dual polar variety W?nfpfi ( )(S) is empty or generic.

0<i<n a

(ii) The point (ai1,...,a1,) belongs to O(C?‘P) _

Let be given a ((n —p —i+ 1) x (n + 1))—matrix a satisfying both conditions
above. From the structure of the polynomial matrix T one infers easily that
Wfo(a)(S) is contained in W?n—p—i(a)(s) . As we have seen above, Wfo(a)(S) nc
contains a regular point and therefore so does Wxn—p—i (a)(S ) N C'. Moreover, by

the choice of Og” P the dual polar variety WF'n—p—i(a)(S ) is generic. O

Corollary 4

Suppose that the real variety Sg contains a regular point and let 1 <1 <n —p.
Then, with respect to the Euclidean distance, there exists a non-empty, open subset
O of APP X" guch that any ((n—p—i+ 1) x n)—matrix [ay,| 1<k<n—y—i1 OF

O has maximal rank n—p—i+1 and such that for 1o =" 1= Qp_p_jt1,0 := 1
and a := [ag]1<k<n—p-i+1 the dual polar variety Wen-p-i ,(S) is generic and non—
0<i<n

empty.

2

3 On the smoothness of generic polar
varieties

Using the ideas and tools developed in [5] and [6], we are going to prove in the first
and main part of this section that the generic classic and dual polar varieties of S
are normal and Cohen-Macaulay at any point, where J(F,..., F,) has maximal
rank. Then we show by means of an infinite family of examples that it is not

always true that all generic polar varieties of S are smooth at any point where
J(Fy, ..., F,) has maximal rank.

We finish the section with two explanations of this phenomenon of non—smoothness.

For the sake of simplicity of exposition, let us assume for the moment 1 < p <n

and that any point of S is regular. Further, let [Ay;]i<k<n—» be a ((n —p) x n)—
1<i<n

matrix of new indeterminates Ay .

Recursively in 1 <¢ <n —p and relative to Fy,...,F,, we are now going to

introduce two genericity conditions for complex ((n — p) X n)-—matrices, namely
U . and US| such that

classic ual ?

Uclassic = U(l) Cc---C U(”_P) - A(nfp)Xn

classic classic

and
Utuat = Upyy C -+ C Uit € Alr=eree

form two filtrations of A P)*" by suitable constructible, Zariski dense subsets
(in fact, we shall choose them as being non—empty and Zariski open). The sets

10



Uctassic and Ugyq will then give an appropriate meaning to the concept of a generic
decreasing sequence of classic and dual polar varieties of S or simply to the concept
of a generic polar variety. The properties we are going to ensure with this concept
of genericity refer to dimension and Cohen—Macaulayness and are used for example
in the proofs of Lemma 5 and Theorem 6 (see Definition 1 for the interpretation
of the word ”generic” in this paper).

Let us begin by introducing for 1 <7 <n — p the genericity conditions U C(ngsic.
We start with ¢ :=n —p.

We fix temporarily a (p x p)-minor m of the Jacobian J(Fi,...,F,). For the

OF,;

sake of conciseness we shall assume m := det [— . We suppose first that

an] 1<5<p
1<k<p

1 < p<n—1 holds. In this case we fix for the moment an arbitrary selection
of indices 1 < ky < - < kppp1 <n—pand p <l < - <l p1 < n,
such that (ki,01),..., (kn—pt+1, ln—pt1) are all distinct (observe that the condition
1 < p<n—1 ensures that such selections exist). For 1 <j<n—p+1, let

oF, . OR  OR
X, oX,  0Xi,
(n—p) . . s . :
Mk:j,lj R L S o) 3 IF,
X1 X X,
p J
Akjal T Ak]‘ P Aijj

Writing A", := {x € A" | m(z) # 0}, we may suppose without loss of generality
that S, := S NA", is non—empty.

We consider now two polynomial maps of smooth varieties, namely
D A", x AT A" and W A", x AP AnH
which are defined as follows:

For x € A7, and any complex ((n—p)xn)-matrix a’ = [ay,] 1<k<nop that contains
for each 1 < j <n —p-+1 at the slots indicated by the indices (k;,1),..., (k;,p),
(kj,1;) the entries of the point a; := (a1, G, p, ak,y;) of APT!, the maps @
and W take the values
O(x,ad) = P(x,a1,...,an—p) =
(Fl(x)v s 7Fp<x)7 My 1, (l’, al)? R Mkn—p»ln—p(xﬂ an—P))

and

U(z,d) :=V(x,a1,... 00 p+1) i=
(Fi(x),..., Fy(x), My, g, (2,a1), o, My, i (25 Qi)
Let (z,a’) be an arbitrary point of A", x A" P)*" which satisfies the condition

®(z,a") = 0. Then the Jacobian of ® at (z,a’) contains a complex (nx (2n—p))—
matrix of the following form:

J(F1,...,Fp)(x) 0 0 - 0
m(x) 0 0
0 m(z) 0

0 0 m(x)



Taking into account m(z) # 0 and that J(F,...,F,)(z) has rank p, one sees
easily that this matrix has maximal rank n. Therefore ® is regular at (x,d’).
Since this point was chosen arbitrarily in ®~'(0), we conclude that 0 € A" is a
regular value of the polynomial map &.

By a similar argument one infers that 0 € A" is a regular value of ¥.

Therefore there exists by the Weak Transversality Theorem of Thom—Sard (see e.g.
[12], Ch.3, Theorem 3.7.4, p.79) a non-empty Zariski open subset U of A—P)xn
satisfiying the following conditions:

For any complex ((n —p) x n)-matrix ¢’ € U such that «’ contains at the slots
indicated by the indices (kj,1),...,(k;,p),(k;,1;), 1 <j <n—p+1, the entries
of suitable points as, ..., a, p11 of AP the equations

(1) F(X)=--=F(X)=0,
M, (X, a1) == My, 1, (X, 0,-p) =0

intersect transversally at any of their common solutions in A} and the equations

(2) Fi(X) == F(X) =0,
Mk‘lyll (X7 al) == Mk7L—p+1:ln—p+l (X7 an*p+1) = O

have no common zero in A7 .

Remember now that the construction of U depends on the selection of the minor
m and the indices (k1,01),..., (kn—p+1,ln—pt+1). There are only finitely many of
these choices and each of them gives rise to a non—empty Zariski open subset of
A=p)xn - Cutting the intersection of all these sets with (A!\ {0})™ X" we

obtain finally U

classic *

The remaining case p := n—1 is treated similarly, considering only the polynomial
map P.

The general step of our recursive construction of the genericity conditions U c(llzssic
1 <7 < n—p,is based on the same kind of argumentation. For the sake of
completeness and though our reasoning may appear repetitive, we shall indicate
all essential points that contain modifications with respect to our previous argu-

mentation.
U(z’+1)

lassic 15 already

Let 1 <7 <n—p and suppose that the genericity condition
constructed. Consider the (n x n)— matrix

J(F,...,F)

All

N — ., Aln

)

An—p,l U An—p,n
and fix for the moment an arbitrary ((n — i) X (n — i))— submatrix of N which

contains n —i entries from each of the rows number 1,...,p of N. Let m denote
the corresponding (n—i)-minor of N . For the sake of conciseness we shall assume

12



that m is the minor

B oF; . OF1 T
8X1 aXn—z
0F) . 0Fy

m = det X1 OXp—
Al,l U Al,n—i
_An—p—i,l T An—p—i,n—i_

Writing A := [Ag]i<k<npi we denote for a” in AMP=0Xn by m(X, a") the
1<I<n—i

polynomial obtained from m = m(X, A) by specializing A to the complex ((n —

p — 1) X n)—matrix a”.

Without loss of generality we may suppose that (S x (A®~P)*") " is non-empty.

Let us first suppose that i > n — p holds.

In this case we fix temporarily an arbitrary selection of indices n — p — i <
ki < - < kppyn <n—pandn—-—i <l < - <l p11 < n such that
(k1,00), -y (kn—ps1, ln—ps1) are all distinct (observe that the condition i* > n —p
ensures that such selections exist).

For 1 <j <n—p+1 we shall consider in the following the (n — i+ 1)-minor

oOF . 0F1 0F1

6)(1 8Xn_¢ Ble

2238 . [223% 0F)p

M(l) d t 0X1 BXn_i 8Xl].

= ae
kil Arg e At Ay,
Anfpfi,l e Anfpfi,nfi Anfpfi,lj

i Akj,l e Akj,nfi Akj,lj

of N.
In the same spirit as before, we introduce now two polynomial maps of smooth
varieties, namely

o - (An % A(n—p—i)xn)m % Aixn A"

and . 4
U - (An % A(nfpfz)xn)m < AP AnJrl

which are defined as follows:

For (x,a") € (A" x A=P=0x") and any complex (i x n)-matrix

a"” = [ag ] n-p-i<k<n—p that contains for 1 < j <n —p+1 at the slots indicated
1<i<n

by the indices (kj,1),...,(k;,n —1),(1,1;),...,(n —p —14,1;),(k;,l;) the entries

of the point a; := (ak;1,. .., @k;m—i>A11;,- - - Anp—iy,, Ok, 1;) Of A2(=)=p+l - the

maps ¢ and U take the values

O(x,a",ad") = D(x,d",ay,...,an—p) =
(Fi(z),...,Fy(x), My, g, (z,a"a1), ..., My, _ 1. (x,0" an_p))

13



and

U(z,a",a") = V(z,d" a1,...,ap—pt1) =

= (Fi(x),..., Fp(x), My, g, (x,a" ar), o, My, (@507 G i),
For a fixed full rank matrix a” € A®P=9*" we denote by
q)a// : A%(X,a”) X Aixn — A™ and qla// . AZl(X,a”) X Aan — An+1

the polynomial maps of smooth varieties induced by ® and ¥ when we specialize
the second argument to the value a”.

Let (x,a”,a™) be an arbitrary point of (A" x AP=P=)xm) A" which satisfies
the condition ®(z,a”,a”) = 0. Then the Jacobian of ®,, at (z,a”) contains a
complex (n x (2n — p))—matrix of the following form

J(FL, ..., Fy)(x) 0 0 0
m(z,a’) 0 0
0 m(z,a”) - 0
. .
0 0 coo m(z,a)

Taking into account m(x,a”) # 0 and that J(Fi,...,F,)(x) has rank p, one
sees easily that this matrix and hence the Jacobian of ®,, at the point (z,a”)
has maximal rank n. Therefore @, is regular at (x,a”). Since this point was
chosen arbitrarily in <I>;,,1(O), we conclude that 0 € A" is a regular value of the
polynomial map ®,. Similarly one argues that 0 € A"™! is a regular value of

\Ija// .

We consider now the constructible subset U of A P)*" defined by the following
conditions:

For any pair consisting of a complex ((n—i)xn)-matrix a” and a complex (ixn)—
matrix a” such that (a”,a"”) belongs to U and such that a” contains at the slots
indicated by the indices (k;,1),...,(kj,n —1),(1,0),...,(n —p — i,1;), (kj, L),
1<j<n-—p+1, the entries of suitable points ai,...,a,—p41 of A2(n—i)—p+1
the equations

(3) Fi(X)=-=F)(X)=0,
Mkl,ll <X7 alla al) == Mkn_p,ln_p<X> a,la &nfp> =0

intersect transversally at any of their common solutions in Aﬁb( X.a) and the equa-
tions

(4) Fi(X) == E(X)=0,

Mkl,zl(X; a//;al) =.-- =M X, allaan—p+1) =0

n—p+1, l'n,fp«kl (
1 n
have no common zero in A7y .

Applying now for every full rank matrix a” € AM=P=9x" the Weak Transversality
Theorem of Thom-Sard to ®,» and V,, we conclude from the constructibility

14



of U that it is Zariski dense in A®~P)*"  Therefore we may suppose without loss
of generality that U is a non-empty Zariski open subset of A~P)>*" (here and in
the sequel we use the fact that a residual dense, constructible subset of an affine
space contains a non—empty Zariski open subset).

Remember now that the construction of U depends on the selection of the minor
m and the indices (k1,01),..., (kn—p+1,ln—pt1). There are only finitely many of
these choices and each of them gives rise to a non—empty Zariski open subset of

A(=P)xn - Cutting the intersection of all these sets with U (EZ ;26 we obtain finally
[0

classic *

The remaining case 2 < n — p is treated similarly. In order to explain the
differences with the previous argumentation, let us fix again the (n — i)— minor

[ OF - oF T
8X1 8Xn—z
OFp B _OFp
m = det X1 OXp—i
Al,l T Al,n—i
_Anfpfi,l e Anfpfi,nfi_

of the n x n matrix N, and an arbitrary selection of indices n —p — 1 < k; <
o <kgp<n—pand n—i<l; <--- <l2 <mn,such that (ki,l1),..., (kz,l32)
are all distinct (observe that the condition i* < n — p ensures that such selections
exist).

The (n —i+ 1) minors My, 1 < j < i* are the same as before. We consider
now instead of & and ¥ only the polynomial map

B (A" x AP AP g
which is defined as follows:

For (x,a") € (A" x AP=P=0xn) and any complex (i x n)-matrix

a” = [aj ] n-p-i<k<n—p that contains for 1 < j < * at the slots indicated by the
1<i<n

indices (kj,1),...,(kj,n —1),(1,1;),...,(n —p —1,1;),(k;,l;) the entries of the

point a; := (ar; 1, Akjn—i> A1, - -+ Gn—p—i; Ak, ;) Of A2=9-r+1 the map &

takes the value

O(z,a",a") = ®(x,d" ay,...,a;) =

(Fy(w), ..o, Fp(x), My, gy (w,0" an), s My, (250" a2)).

Similarly as before we denote for a fixed full rank matrix a” € A~P=9x" by

Bur o A () X AT — APT

the polynomial map of smooth varieties induced by ® when we specialize the
second argument to the value a”. Then we conclude again that for any o’ €
A=P=Dxn the point 0 € AP is a regular value of the polynomial map ®,r and
that there exists a non—empty Zariski open subset U of A" P)X" gatisfying the
following condition:

15



For any pair consisting of a complex ((n—i)xn)-matrix a” and a complex (ixn)—

matrix a” such that (a”,a”) belongs to U and such that a” contains at the slots
indicated by the indices (k;,1),..., (kj,n—1),(1,1;),...,(n—p—1i,1;), (k;,1;), 1 <

j <2, the entries of suitable points a,...,a;2 of A2(n—i)—p+1 , the equations
(5) F1<X) e Fp(X) =0,
My, (X " ar) = -+ = Mkn*pvln*p(X7 a’ apz) =0

intersect transversally at any of their common solutions in A%( Xa) -

Replacing in the previous argumentation the set U by U we define now U, C(;gssic
in the same way as before.

The construction of a filtration of A=P)Xn by non-empty Zariski open subsets

U ng?al, 1 <j <n-—p, follows the same line of reasoning, where the n x n— matrix

N has to be replaced by

J(Fy,...,F,)
Al,l_Xl Aln_Xn

Anfp,l — X1 te Anfp,n - Xn

One has only to take care to add in the construction of the sets U (gi) 1<i<n—p,

ual ?
suitable Zariski open conditions for the minors of the ((n — p) x n)— matrix

[Ak’l] 1<k<n—p .
1<i<n

For the rest of this section we fix a complex ((n — p) X n)-matrix [ag;]i<k<n—p
1<1<n
belonging to the genericity condition Uggssic N Ugual -

For 1<:<n—p, 1<k<n—-p—1+1, 0<[<n weintroduce the following
notations:

gl(i)l :=0 and GS,)I =1 if [ =0, Q,(;)l = E,(j,)l =ap if 1< <n,
Q(i) = [Q,(;N 15%22;#1 and E(i) = [E,(;)l] 13%2;;:#1

(thus we have in terms of the notation of Section 1 the identity o, = @®, =

[ak,l] 131@%;—;;1'4-1 )

Since [ag ] 1<k<n—p-i+1 belongs by assumption to the non-empty Zariski open subset
1<i<n

Uvstassic N Uguar of AP)X7 e shall consider for 1 < i < n — p the matrices a®
and @ and the corresponding classic and dual polar varieties

Wﬁ(g(z))(s> - Wﬁn—p—z(g(z))(s) and Wf(a(z))(s’) - WFn—p—i(a(i))(S>

as "generic”. These polar varieties are organized in two nested sequences

WK(Q("—P))(S) C--C WK@U)(S) CSCA"
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and

W?(a(n—p))(S) c .- C Wf(a(l))(S) C S C An
Since by construction U, satisfies the conditions (1), (2), (3), (4), (5) and Ugya
behaves mutatis mutandis in the same way, we conclude that for 1 <7 <n—7p
the polar varieties Wi, (S) and W, (S) are also generic in the sense of [5]
and [6].
Let 1<i<n—pand 1<h<n-—p—i+1. We denote by a®" and a®" the
((n —p—1) x (n+ 1)) -matrices obtained by from ¢ and @ by deleting their
row number h, namely

alh = [Q’(j)l]lﬁkén—p—i-‘rl and a®" .= [E;CZ)Z]lgkgn—p—iﬂ.
) ksh ) keth
0<1<n 0<i<n

Thus we have, in particular,

Q(i—‘rl) _ Q(i,n—p—i-‘rl) and a(i—‘rl) _ a(i,n—p—i-{—l)'

According to the notations introduced in [5] and [6] we write

éi = ﬂ WK(Q(i,h))(S) and Zz = m Wf(a(im)(s)'

1<h<n—p—i+1 1<h<n—p—i+1

From [6] Proposition 6 and the subsequent commentaries we conclude that the
singular loci of Wi 0 (S) and W5, (S) are contained in A; and A;, respec-
tively.

The crucial point of the construction of the genericity conditions Uggssic and Ugya
may be summarized in the following statement.

Lemma 5
Let 1 <i<n—p. Then A; and A; are empty or closed subvarieties of Wy (,0))(5)
and W) (S) of codimension > 2, respectively.

Proof
For the sake of simplicity of exposition, we restrict our attention to A,. The case
of A; can be treated in the same way.

Let us first assume ¢ = n —p — 1. Suppose that A, , ; is non-empty and
consider an arbitrary point z € A, _, ;. Since S is smooth, there is a p—minor
m of J(Fi,..., F,), say

oF, .. OF
0X1 0Xyp
m := det oL :
ok .. 0h
X1 X,
with m(z) # 0. Since x belongs to A, ;, we have

Fl(l') :O,...,Fp(x) =0
and

Mg (2, P719) =0, My (2,0 P7D) =0, My, (w, a®#20) 0,
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in contradiction to the conditions (1), (2) satisfied by Ucgssic - Therefore A,
must be empty. This proves Lemma 5 in case ¢t :=n—p—1.

Now suppose 1 <i <n—p—1 and that A, , is either empty or of codimension
Z 2 in WK(Q(HU)(S)- Let

J(F, ... F)

ai

R al,n
Ni = .

Ap—p—i,1 T Ap—p—in

If A; is empty we are done. Otherwise consider an arbitrary irreducible component
C of A,. Assume first that for any ((n —i—1) x (n —i — 1))— submatrix of Nj,
which contains n — i — 1 entries from each of the rows number 1,...,p of N;,
the determinant vanishes identically on C'. This implies that C' is contained in
A, .. From our assumptions on A, ; we deduce that C' must be of codimension
Z 2 in WK(Q(HU)(S) and hence in Wg(g(i))(s).

Therefore we may suppose without loss of generality that there exists a ((n —i —
1) x (n—i—1))—submatrix of NV; containing n—i—1 entries from each of the rows

number 1,...,p of N;, whose determinant, say m, does not vanish identically on
C.
For the sake of conciseness we shall assume
r on o OF, 7
0X1 0Xpn—i—1
OF, o OF,
m = det X1 OXp—i1
1,1 Tt a1 n—i—1
LOn—p—i—1,1 """ OGp—p—i—1n—i—1|

Since C' is contained in A,, any point of C' is a zero of the equation system

(6) Fi(X)=0,...,F)(X) =0,
Mo it (X, a7 740) = 0 My (X, @G0 = g,
My—piitni(X, @™ P70) L My (X, aTPTY) = 0,

Since Ugqssic satisfies the conditions (3), (4) and (5), we conclude that the equa-
tions of (6) intersect transversally at any point of the (non—empty) set C,,. This
implies dimC <n —p—2(i+1).

On the other hand we deduce from [5], [6], Proposition 8 that dim Wi,w)(S) =
n—p—i holds. Since C' is a closed irreducible subvariety of Wy ,)(S), we infer
that the codimension of C'in Wi (,)(S) is at least (n—p—i)—(n—p—2(i+1)) =
1+22>2. a
From Lemma 5 we draw now the following conclusion.

Theorem 6

Suppose that S is smooth and let 1 < i < n—p. Then the generic polar varieties
Wi (@) (S) and Weggo,(S) are empty or normal Cohen-Macaulay subvarieties of
S of pure codimension i .
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Proof
We may restrict our attention to Wy (S). The case of Wgga)(S) can be
treated in a similar way.

From [5], Theorem 9 and Corollary 10 we deduce that Wiy ,@)(S) is empty or a
Cohen-Macaulay subvariety of S of codimension <.

We are now going to show that Wy ,m)(S) is normal.

From [5], [6], Lemma 7 we deduce immediately that Wy ,m-»)(S) is empty or 0
dimensional and hence normal (recall from Section 1 that Wi (,m-n)(S) is defined
set—theoretically and that its coordinate ring is therefore reduced).

Therefore we may assume without loss of generality 1 <4 < n—p and Wy, () #
(). As observed above, the singular locus of Wy (,w)(S) is contained in A; and
hence, by Lemma 5, empty or of codimension > 2 in Wy (,m)(S). Consequently,
Wi (a0)(S) is regular in codimension one.

Since Wi,y (S) is Cohen-Macaulay, we infer from Serre’s normality criterion
(see e.g. [25], Theorem 23.8) that Wiy, (S) is a normal variety. O

Observation 7

From [5], Theorem 9 one deduces that the defining ideal of Wy (,w)(S) in Q[X]
is generated by Fi,...,F, and all (n — i+ 1) -minors of the polynomial matrix
((n —14+ 1) X n)—matrix

J(F, ... F)

a1 A1 n

Ap—p—i+1,1 e Ap—p—i+1,n

For the rest of this section let us drop the assumption that the variety S is smooth.
Then Theorem 6 may be reformulated as follows.

Corollary 8

Let 1 <i<n—p. Then the generic polar varieties Wi (,@(S) and W) (S)
are empty or subvarieties of S of pure codimension ¢ that are normal and Cohen—
Macaulay at any point where J(Fi, ..., F,) has maximal rank.

Proof

Let m be an arbitrary p-minor of the Jacobian J(Fi,...,F,). The proof of
Theorem 6 relies only on the assumption that S is smooth. Its correctness does
not require that S is closed. Therefore the statement of Theorem 6 remains
mutatis mutandis correct if we replace S by S,,. Therefore S, # () implies that

(Wi@@)(9)m = Wk(a)(Sm) and (Wg o) (S))m = Wg o) (Sm)

are empty or normal Cohen—Macaulay subvarieties of S, of codimension ¢. Since
m was an arbitary p-minor of J(Fi,...,F),) the assertion of Corollary 8 follows
immediately. O

19



Here the following geometric comment is at order. Schubert varieties are normal
and Cohen—Macaulay, whereas classic polar varieties may be interpreted as pre—
images of Schubert varieties under suitable polynomial maps (see [28], proof of
Lemma 1.3 (ii)). This fact suggests the statements of Theorem 6 and Corollary 8
and an alternative proof of them. In the dual case these statements are new.

We deduced for a € A P)*" generic and 1 <4 < n—p the normality of the polar
varieties W (,)(S) and Wggw)(S) of S from the consideration of the Zariski

closed subsets A; and A; of A" which contain the singular locus of W ,m)(S)
and Wg gy (S). The main tool was Lemma 5 which in its turn relied on the
elementary, but rather tedious construction of the non—empty Zariski open subsets
Uy gassic and Ugpa of A—PX Tt ig necessary to invest some work in proofs because

A, is, unlike the polar varieties, not determinantal.

General statements describing the singular locus of a determinantal variety as
another determinantal variety (see e.g. [10]) cannot be applied in a straightforward
manner to polar varieties. The problem arises from the fact that this property of
determinantal varieties is generally not preserved under pre-images. However, as it
was pointed out by one of the referees, the classic polar varieties can be interpreted
as degeneracy loci of vector bundle maps (see Examples 14.3.3 and 14.4.15 in [14]).
Thus the global point of view of degeneracy loci of bundle maps may be applied
to this situation and it can be shown that the singular locus of the generic classic
polar variety Wi (,)(S) is empty or of dimension n — p — (2 + 2). This implies
Theorem 6 and the next proposition in the classic case. In the dual case both
statements are undoubtedly new.

We discuss now under which conditions it may be guaranteed that a generic polar
variety of S is smooth at any point where the J(F}, ..., F,) has maximal rank.

Proposition 9
Let 1 <4 <n—p with 2i4+2 > n—p. Then the generic polar varieties W (4 (5)
and W) (S) are smooth at any point where J(Fy, ..., F,) has maximal rank.

Proof
Again we restrict our attention to Wy (4a)(S). The case of Wgga,(S) is treated
similarly.

From [6], Proposition 6 and the subsequent commentaries we conclude that the
points at which Wy (,)(S) is singular and J(F1,..., F,) has maximal rank are
contained in A, and from the proof of Lemma 5 we deduce that the codimension of
A; in Wie,)(S) is at least 7+ 2. This implies that A; has codimension at least
2t + 2 in S. Since S is of codimension p in A", we infer from the assumption
2i4+2>mn—p that A; is empty. Therefore Wi (,)(S) is smooth at any point
where J(Fy,..., F,) has maximal rank. O

Proposition 9 says that the lower dimensional generic polar varieties of S (e.g.
generic polar curves in case p < n — 1, generic polar surfaces in case p < n — 2
etc.) are empty or smooth at any point where J(Fi,..., F,) has maximal rank.

We are now going to show by an infinite family of examples that this conclusion
is not always true for higher dimensional generic polar varieties.
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3.1 A family of singular generic polar varieties

Let

aii ce ain

S N | . . —2)x
n>6, ci=|" e A ai= : : EAI(RR )xn
C21 *+ Can
Ap—21 ' Qap-2n

such that the composed (n x n)-matrix m represents a generic choice in A"*"
which will be specified later. For the moment it suffices to suppose that [Z] and
all (2 x 2)—submatrices of ¢ are regular and that all entries of ¢ are non—zero.

Let

a a

E, ={(x1,...,z,) € AR | rk [01,1$1 cl’"x”] =rk [CQ’le 02’"%] =n—2}

and observe that £, is a linear subspace of A} of dimension at least 2(n—2)—n =
n—4 > 2 (here rk denotes the matrix rank).

Therefore we may assume without loss of generality that there exists an element
E=(&,...,&) of E, with & #0 and & # 0. Let

c = C1,1ff R Cl,ngi and Co = C271§% 44 ngngi,

Fl(n) = CLIXIQ + R —|— cl,nXg — (1, FQ(TL) = 6271X12 + cee 4 027NX2 — C9
and
S™ = {F" = " = 0}.
For the sake of notational simplicity we shall write £ := F,,, F} := Fl(n), Fy =
Fz(n) and S := S™ |

By construction & belongs to Sg, which implies that Sg, and hence S, is non—
empty.

Observe that any irreducible component of the complex variety S has dimension
at least n — 2 > 4.

Let D be an arbitrary irreducible component of S'. Thus we have dim D > 4. We

claim that D contains a point = (x1,...,x,) such that there exists two indices
1 <u<wv<n with z, #0 and x, # 0. Otherwise, for any =z = (z1,...,x,) of
D there exists an index 1 < j <n with 21 =--- =2, =241 =--- =2, = 0.

From 0 = Fi(x) = chx? —c¢; and ¢ # 0 we deduce that S, and therefore D,
contains only finitely many such points. This implies dim D = 0 in contradiction
to dim D > 4.

Therefore there exists a point z = (z1,...,x,) of D and indices 1 <u<v <n
with z, # 0 and z, # 0. From

01,1X1 Cl,an

J(Fl’ Fz) =2 CQ,1X1 C2,an
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and the ”genericity” of ¢ we deduce that

OF1
(1’) %)}g;, ($):| — 4 det |:Cl,uxu Cl,vxv:| — 4xuxv det |:Cl,u Cl,v:| 7& 0

Co2uly CQ,vxv CQ,u Cov

OF,
det | %%e
{351(95) ox ()

holds. Thus the Jacobian J(Fj, F,) has maximal rank two at the point z. Since
D was an arbitrary irreducible component of S, we conclude that any irreducible
component of S contains a point where J(Fj, F») has maximal rank. This implies
that the defining polynomials Fi, F5 of S form a reduced regular sequence in
Q[X]. In particular, S is of pure codimension two in A™. Let

2C1?1X1 s 201,an
= 262,1X1 ce 202,an
a

N.(X) = {J(Fla’ F”}

By construction ¢ belongs to E and satisfies the conditions Fj(§) = Fy(§) = 0.
Therefore the real ((n — 1) x n)—matrices

have rank n — 2.

01,151 T Cl,n&n:| and |:CQ,1§1 T CQ,ngn
a a

Moreover, the ((n—2)xn)-matrix a has rank n—2. This implies that the vectors
(c11&1, -y c10€n) and (c21&1, ..., Cany) belong to the row span of a. Hence the
real (n x n)—matrix N,(¢) has rank n — 2. Thus we have det V,(§) = 0.

Suppose for the moment that a € A®=2*" and ¢ € E were chosen in such a way
that Wyn-3,)(S) is, with respect to the properties of polar varieties treated here,
generic in the sense of Definition 1. From Observation 7 we deduce then that the
polynomials Fj, F, and det N, generate the ideal of definition of the polar variety
Wign-3(4)(S) . Hence £ belongs to the polar variety Wiyn-3,)(S) which therefore
turns out to be non—empty and of pure codimension three in A™. By the way, we
see that Fi, F» and det N, form a reduced regular sequence in Q[X].

In the same vein as before we deduce from & # 0 and & # 0 that £ is a regular
point of S. For 1 <u <2 and 1 <1< n we denote by (—1)*"m,,; the (n—1)-

J(F1, F»)
a

minor of [ } obtained by deleting row number u and column number [.

From & € E we deduce m, (&) =0.
Let 1 <7 <n. From the identity

0 62F2 82F1
det N, = 3 _g 72 Ly = 9y my oy
e et N 1<l<n(m1,l 90X, 0X, + may ox, an) (ca,jmaj + €1 5ma ;)

we infer (52 det N,)(¢) = 0. This implies

((ain detN*)(f),...,(af(n detN*)(g)) —(0,...,0).

Therefore the rank of the Jacobian J(Fi, F,, det N,) is two at the point & €
WKn—S(Q) (S) .
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Since the polynomials Fj, Fy and det IV, generate the ideal of definition of the
polar variety Wyn-3,(S), we conclude that Wyn-s(,(S) is singular at the point
£.

On the other hand, we deduce from & # 0 and & # 0 that

OF; OF;
6_)(11(5) ﬁ(&)} _ |:C171 01,2:|
det {3—%@ o (g)| A8l det| (| 7O

holds. Thus the Jacobian J(Fi, F3) has maximal rank at £. In particular, there
exists a point where the polar variety Wyn-s,(S) is not smooth and where
J(Fy, F3) has maximal rank.

We are now going to show that, for a suitable choice of ¢ in FE, the polar variety
Wign-3(4)(S) is generic.

For this purpose let

Cip -+ Cin
C=|. ’
{02,1 o Oy
and (C,Cs) be a (2 x n)—matrix and a pair of new indeterminates. Further, let
Ain 0 A
A= .
An—271 o An—Z,n

Observe that S represents not a fixed algebraic variety but rather a constructible
family of examples that depend on the choice of the (n x n)—matrix m and the

point & € E (recall that these data determine the values ¢; and ¢y). To this
family corresponds a genericity condition in the sense of Definition 1 which takes
into account the properties of polar varieties we treat in this paper. This genericity
condition may be expressed by the non-vanishing of a suitable non—zero polynomial

G € Q[A,C,C1,Cy]. The ”generic choice” of the real (n x n)-matrix [Z] means

now that the bivariate polynomial G(a,c,Cy,Cy) is non—zero and that all these
matrices satisfy the requirements formulated at the beginning of this subsection.
For the genericity of the polar variety Win-s,(S) it suffices therefore to prove
that the point & = (&;,...,&,) may be chosen in E in such a way that

¢ = 017165 et Cl,né?z and ¢y 1= 62,153 + -+ 02,n§72z

satisfy the condition G(a,c,c1,c2) # 0 (observe that E depends only on the
(n X m)—matrix [z] which we consider now as fixed). To this end recall that

dim E > 2 holds and consider the polynomial map of affine spaces ¢ : £ — A?
defined for & = (&1,...,&,) in E by

(&) = (c1u& + -+ 1l 21& + -+ uE0).

It follows from our previous argumentation that for & # 0 and & # 0 the
smooth map ¢ is a submersion at £. Therefore the image of ¢ is Zariski dense
in A%Z. This implies that there exists a point & = (£,...,&,) with & # 0 and
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& # 0 in E such that the bivariate polynomial G(a,c, Cy,Cs) does not vanish at
(c1,2) == ¢(&) . For such a choice of £ in E, the polar variety Wiyn-s(,(S) turns
out to be generic in the sense stated before.

In particular, we may suppose without loss of generality that

Cl 1 PRI Cl
ci=1" e AP and (cp,c) € A
C21 *++ Can

were chosen in such a way that all entries of ¢ and ¢q, ¢y are non—zero, that all
(2 x 2) ~submatrices of ¢ are regular and that, for any 1 < j <n, the values -

and 22 are distinct.

2,
Under this restriction the affine variety S is empty or smooth.

Assume that S contains a singular point =z = (z1,...,x,). From our preceding
argumentation, we deduce that there exists an index 1 < %, <n such that z; =0
holds for any 1 < j # k < n. This implies ¢1,2; = ¢; and copx; = ¢ and

therefore C‘i—lk = 02—2k which contradicts our genericity condition.

Therefore we have constructed for each n > 6 a smooth complete intersection
variety S of pure codimension two and a generic polar variety Wgn—s@(S(”))
of S™ which contains a singular point.

Observe that our construction may easily be modified in order to produce in the
case p := 1 singular generic dual polar varieties of regular hypersurfaces. The
behaviour of generic classic polar varieties is different in this case: they are always
empty or smooth at regular points of the given hypersurface.

Our family of examples certifies that the generic higher dimensional polar varieties
of a smooth complete intersection variety S may become singular. This contradicts
the statement Theorem 10 (i) of [6].

On the other hand we shall meet in Section 4 three families of so—called meagerly
generic polar varieties which are smooth and which therefore satisfy the conclusion
of [6] Theorem 10 (i).

Thus we face a quite puzzling situation, where the most general objects under
consideration, namely the generic polar varieties, may become singular whereas
the more special meagerly generic polar varieties may turn out to be smooth.

3.2 Desingularizing generic polar varieties

For the rest of this section we suppose that S is a smooth variety. We are now going
to try to explain in a more systematic way how singularities in higher dimensional
generic polar varieties of S may arise.

For expository reasons we limit our attention to the case of the classic polar vari-
eties of S'. Fix 1 < i < n —p and consider the locally closed algebraic variety H;
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of A" x Alr=p=it)xn » Pr=i defined by

H; = {(z,a,(\:9)) € A" x APty pr=i | e G rka=n—p—i+]1,
A=A,y Ap) €AY O = (D1, Dppipg) € AP
()\,’(9) 7£ 0, J(Fh .. .,Fp)(x)T . /\T + CLT X 19T _ 0}7

where (A:9):= (A - : A, : 010+ 19, i11) belongs to P*~*, while (), 9) €
A" g its affine counterpart and J(Fy,...,F,)(z)" denotes the transposed
matrix of J(F,..., F,)(z), etc.

Geometrically H; may be interpreted as an incidence variety whose projection to
the space A" x A=P=i+1)xn Jegeribes the locally closed variety W; of all pairs
(z,a) with x € S,, and a being a full-rank matrix of AP=P=#1)Xn guch that
x belongs to Wi (4)(S). Below we shall see that H; is non-empty, smooth and
equidimensional. Thus H; is a natural desingularisation of the variety W; in the
sense of Room-Kempf ([30, 21]).

Consider now an arbitrary point (x,a, (A : ¥)) of H; with a = [ar]i1<r<n—p-it1,
1<i<n

A= (A,.o0N) € AP and ¥ = (V1,..., 0, pis1) € A" P Thus we have
(A, 0) # 0. We claim that ¢ # 0 holds. Otherwise we would have ¥ = 0 and
J(Fy,...,F,)(z)T - AT = 0. Since z is a regular point, this implies A = 0 in
contradiction to (A, 9) # 0.

Therefore we may assume without loss of generality ¥,,_,_;41 = 1. Let a :=
lag.] 1<kgnop-i and denote for 1 < j <n by 6; the complex (nx (n—p—i+1))-
matrix containing in row number j the entries 1,9,...,9, , 11, whereas all

other entries of 6; are zero. From rk J(Fi,...,F,)(xz) = p we deduce now that
the complex ((n+p) x (2n —i+ (n —p — i+ 1)n))—matrix

J(Fy, . By () Opp Opn—p-i Opn—p-i+1 ** Opnpit1
* J(Fl,...,Fp>(.T)T ZLT 61 Gn

is of maximal rank n+ p (here O,, denotes the (p x p)-zero matrix, etc.). This
implies that H; is smooth and of dimension n —p —i+ (n —p — i+ 1)n at the
point (x,a, (A :9)).

In other words, the algebraic variety H; is non-empty, smooth and equidimen-
sional of dimension n —p—i+ (n—p—i+ 1)n.

Let j; : H; — A=P=iDxn he the canonical projection of H; in A—p=ithxn
and suppose that for a generic choice of a € AP P~ +1)xn the polar variety
Wign-p-i(q)(S) is non-empty.

Observe that for any x € A" the following statements are equivalent
- T e Wgnfpﬂ'@(S) N Sreg;

- there exist A € A? and ¥ € A" P! with (\,9) # 0 such that z € S,
and J(F,...,E,)(z)T - AT +a” - 97 =0 holds;

- there exist A € A? and ¥ € A" P! with (), 9) # 0 such that (z,a, () :9))
belongs to u; '(a).
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Since by assumption Wiyn-p-i(,)(S) is non-empty for any generic choice a €
A=p=iH)xn - we conclude that ju;'(a) # @ holds. This implies that the im-
age of the morphism of equidimensional algebraic varieties j; : H; — A—p=ith)xn
is Zariski dense in A(—p—itb)xn

Let a = [a]i<k<n—p-i+1 be a fixed generic choice in AP~ 1X" and let
1<i<n

Hy:={(z,(A:0)) € A" X P" 7 | £ € Syeq, A € AP, ) € AV P71,
(A\O)#0, J(Fy, ..., Fy)(@)" - AT +a" - 9" =0},

Since the morphism g; has in A®P=#Dxn 5 Zariski dense image, a is chosen
generically in AP~ Dxn and H, is smooth and equidimensional of dimension
n—p—i+(n—p—1i+ 1)n, we deduce from the Weak Transversality Theorem
of Thom—Sard that H; is non—empty, smooth and equidimensional of dimension
n—p—=i.

Let w; : H; — A™ be the canonical projection H; in A™. From our previous
reasoning we conclude that the image of w; is Win—p-i(,)(S) N Speq. Since this
algebraic variety is equidimensional and of the same dimension as H;, namely
n—p—1, we infer that there exists a Zariski dense open subset U of WKHH@(S )
such that the w;fiber of any x € U is zero-dimensional.

Using the notations of Section 3 let us now consider an arbitrary point
T € Win—p-i() (S ) N Syeg which does not belong to A,;. Without loss of generality
we may assume that

[ 9F e O
aXl aanz
OF, c. _OFp
m := det 90X, Xy
aii T A1n—i
_a'n—p—i,l e an—p—i,n—i_

does not vanish at x.

Let A € AP and ¢ € A" P~ with ¢ = (V1,...,9,—p—it1) and (A, 9) # 0 such
that (z,(\ : ¥)) belongs to w;'(z). We claim ¥, , ;11 # 0. Otherwise we
would have for a := [akJ]lSI;;?;i)—i and 9 = (,...,9,_p_;) that (\,9) # 0 and

J(Fy, ..., E)(x)T - AT 4a” 97 = 0 holds. This in turn would imply that the rank

J(F17~~(;17Fp)(x):| is at most n — 7 — 1, whence

of the complex ((n —4) x n)-matrix [
m(z) =0, a contradiction.

Therefore we may assume without loss of generality ¥,,_,_,41 = 1. Since the
algebraic variety H; is smooth at the point (z, (A : ¥)), we conclude that the
complex ((n +p) x (2n — 7)) —matrix

J(F1, ... Fp)(x) Opp Opin—p-i
* J(Fy, ..., F,)(x)" a’

is of maximal rank n + p. From m(x) # 0 we deduce that the submatrix
[J(F1,...,Fp)(@)T  aT] is of maximal rank n — . Taking into account that
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T € (Wign-p-i(q)(S) N Speg) \ 4; is a smooth point of Win—p-i(4)(S) N Spey, We infer
that there exists in the Euclidean topology a sufficiently small open neighborhood
O of z in Wyn-p-i(q)(S) N Srey and a smooth map p: O — H; with p(r) =
(x, (A : 9)) and w; o u = ido, where ido denotes the identity map on O. In

particular, w . w;*(O) — U is a submersion at (z, (A : ). Translating

this reasoning to the language of commutative algebra, we conclude that w; as
morphism of algebraic varieties H; — Wgn—p—i(g)(s ) is unramified at any point of

w; H(z). In particular, w;'(z) is a zero-dimensional algebraic variety.

Let us now consider an arbitrary point z € A; N S,¢,. Then the complex ((n —

i+ 1) x n)-matrix [J(Fl’“"Fp)(z)

. ] has rank at most n — 7 — 1. Hence the linear

variety

Di={(A:0) €eP" " | A€ AP, 9 € A" P71 (X 09) £0,
J(Fy, .. E) ()T - AT +a” 97 = 0},

which is isomorphic to w; !(x), has dimension at least one. Thus w; *(z) is not a
zero-dimensional algebraic variety. In particular, if Wyn—p-i(,)(S) is smooth at z,
then for any sufficiently small open neighborhood O of z in Wyn—p-i(,)(S) and
any A € AP, 9 € A" P~ with (\,9) # 0 and (z, (A :9)) € w; ' (x) the smooth
map wi| (o) : w; *(0) — O is not a submersion at (x, () : v)).

We may summarize this argumentation by the following statement.

Proposition 10

Let notations be as above and suppose that for a € AP~ 1" generic the polar
variety Wiyn-p-i(,)(S) is not empty. Then we have for any regular point x of
Wien-n-i(4)(S) - & belongs to A, if and only if w; ' (x) is a zero-dimensional variety.
If this is the case, the morphism of algebraic varieties w; : H; — Win-p-i(y)(S) is
unramified at any point of w; ().

The morphism of algebraic varieties w; : H; — WKH,—p—i(g)(S ) represents a natural
desingularization of the open generic polar variety Wign-p-i(,)(S)NSeq in the spirit
of Room-Kempf [30, 21]. Proposition 10 characterizes A, as a kind of an algebraic—
geometric ”discriminant locus” of the morphism w; which maps the smooth variety
H; to the possibly non—-smooth generic polar variety WKn—p—i(g)(S ).

We finish this section by a decomposition of the locus of the regular points of the
generic classic polar varieties of .S into smooth Thom-Boardman strata of suitable
polynomial maps defined on S,.,. Our main tool will be Mather’s theorem on
generic projections [24] (see also [1]). Then we will discuss this decomposition in
the light of Proposition 9.

Let us fix an index 1 < i < n —p and a complex (n x (n —p — i+ 1)) -matrix
a € AP=itDxn of rank n —p — i+ 1. Then a induces a linear map II, : A® —
A" P~ which is for # € A" defined by xa. Let 7, be the restriction of this
linear map to the variety S.

Let z be an arbitrary point of S. We denote by T, := T,,(S) the Zariski tangent
space of S at z, by d,(m,) : T, — A" P71 the corresponding linear map of
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tangent spaces at x and 7,(z), by ker d,(m,) its kernel and by dimc(ker d,(m,))
the dimension of the C—vector space ker d,(m,).

Furthermore, for i < j < n —p we denote by
YO (1) = {x € Sreg | dime(ker d,(m,)) = j}

the corresponding Thom-Boardman stratum of m,. Observe that X0)(m,) is a
constructible subset of A™. With these notations we have the following result.

Lemma 11
(1) Wk(a)(S) N Sreg = Uigjgn—p EU)(%) .

(ii) AN Speg = Ui+1§j§nfp Z(j)(”a) .

Proof

Let x be an arbitrary point of S,., and let N, and E, be the C-vector spaces
generated by the rows of the matrices J(Fi,..., F,)(z) and a, respectively. Thus
we have dim¢ T, =n — p, dim¢ N, =p and dim¢ E, =n—p—1i+ 1.

Let Yi,...,Y, be new indeterminates. With respect to the bilinear form X;Y; +
<-4+ X, Y, we may consider T, and N, as orthogonal subspaces of A".

From the definition of the polar variety Wk (S) we deduce that the point z
belongs to it if and only if dim¢ (N, + E,) < n —i holds. Taking into account the
identity

dim(c (Nx -+ Ea) = dlm(c Nx + dlm(c Ea - dlm(c (Nx N Ea)

we conclude that the condition dime (N, + E,) < n — i is equivalent to
dim¢ (N, N E,) > dime N, +dim¢ E, —n+i=p+(n—p—i+1)—n+i=1

Since the C-linear spaces N, N E, and T, are orthogonal subspaces of A" with
respect to the bilinear form X Y; + .-+ + X, Y,,, we infer

dime 11,(7,) < dim¢ E, — dime (N, N E,) =n —p—i+ 1 —dime (N, N E,).
Thus the conditions
dime (ker dy(mg)) >4, dime II,(T,) <n—p—i and @ € Wkg)(S) N Sreq

are equivalent. This proves the statement (i) of the lemma.

Statement (44) can be shown similarly, observing that the condition x € A; NS¢y
is equivalent to dimc (N, + F,) <n—i—1. O

The following deep result represents the main ingredient of our analysis.

Lemma 12

For an integer j > i, let v;(j) :== (j — i+ 1)j. There exists a non-empty Zariski
open subset U; of complex full-rank ((n—p—i+1) x n) —matrices of A—pP=i+1)xn
such that for any any a € U; and any index i < j < n — p the constructible set

»U)(m,) is empty or a smooth subvariety of S of codimension v;(j).
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The proof of Lemma 12 is based on two technical statements which represent
particular instances of [1], Theorem 2.31 on one side and Theorems 3.10 and 3.11
on the other. We will not reproduce the details here. These statements go back
to Mather’s original work [24].

Combining Lemma 11 and Lemma 12 we obtain for generic a € A®P=9*" decom-
positions of Wi (q)(S) N Sy and A; NS,y in pieces which are empty or smooth
and of predetermined codimension in S'.

In order to illustrate the power of this analysis we are now giving an alternative
proof of Proposition 9 using the following argumentation.

Suppose 2i+2 > n—p and let a be a complex full-rank ((n—p—i+1)xn)-—matrix
contained in the set U; introduced in Lemma 12.

Then we have for it < j <n—p
n—p—uv(j)<n—p—v(i+1)=n—p—(2i+2)<0

and therefore

S0 (7,) = 0.

Lemma 11 implies now
Wit(@)(S) N Sreg = B (m4)

and from Lemma 12 we deduce finally that Wi )(S) N Syey is empty or a smooth
subvariety of S of codimension v;(i) = 1.

4 Meagerly generic polar varieties

In terms of the notions and notations introduced in Section 1 and Section 2, for
a = [am]lgl;gg;p being a complex full rank matrix, the (geometric) degrees of
the classic and dual polar varieties Wi@in(S) and Wggay(S), 1 <i<n—p,
are constructible functions of a € A" In view of Definition 1, this implies
that, for a € A" generic, these degrees are independent of a and therefore
invariants of 5. We denote by 0.4ssic the maximal geometric degree of the classic
polar varieties Wi (,)(S), 1 <i <n—p, when a € A=P)xn s generic. In a
similar way we define 94,4 as the maximal degree of the Wf(a(i))(s), 1<i<n—p,
for a € AP generic. Thus Ougssic and Ogua are also well-defined invariants
of S. The main outcome of Theorem 13 below is the observation that 0.4ssic
and 044 dominate (in a suitable sense) the degrees of all classic and dual polar
varieties of S.

The statement of Theorem 13 is motivated by our aim to apply the geometry of
polar varieties to algorithmic problem of real root finding. This can be explained
as follows:

Suppose that there is given a division—free arithmetic circuit 5 in Q[X]| evalu-
ating the reduced regular sequence Fi,...,F, € Q[X] that defines the complex
variety S. Let L be the size of § (which measures the number of arithmetic
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operations required by [ for the evaluation of Fy,...,F,) and let d and D be
the maximal degrees of the polynomials F}, ..., F}, and the intermediate varieties
{F;1 =0,...,F, =0},1 <k <p, respectively. Suppose furthermore that the real
trace Sg of S is non—empty, smooth and of pure codimension p in Ag.

Then a set of at most 4,4 real algebraic sample points for the connected compo-
nents of Sg can be found using at most O( (;) Ln*p?d*(max{D, 0guq })?) arithmetic
operations and comparisons in Q (see [5, 6]).

If additionally Sg is compact, the same conclusion holds true with 0.4 instead
of 5dual .

The underlying algorithm can be implemented in the non—uniform deterministic
or alternatively in the uniform probabilistic complexity model.

From the Bézout Inequality [17] one deduces easily that Ouassic and Ogua are
bounded by d"p™~? (see [5] and [6] for proofs). This implies that from the ge-
ometrically unstructured and extrinsic point of view, the quantities .qssic and
dauar and hence the complexity of the procedures of [3], [4], [5], [6], [31] and [34]
are in worst case of order (nd)©™ . This meets all previously known algorithmic
bounds (see e.g. [16], [18], [8], [29], [32]). From [15] and [11] one deduces a worst
case lower bound of order d(™ for the complexity of the real root finding problem
under consideration. Thus complexity improvements are only possible if we distin-
guish between well- and ill-posed input systems £} = 0,...,F, = 0 or varieties
S'. We realize this distinction by means of the invariants 0.4ssic and Oguar -

For details on the notion of the (geometric) degree of algebraic varieties we refer
to [17] (or [14] and [44]). For expository reasons we define the degree of the empty
set as zero. For algorithmic aspects we refer to [4], [5], [6], [31] and [34]. The
special case of p:=1 and Sg compact is treated in [3].

We mention here that the algorithms in the papers [3] and [4], which treat the

special case p := 1 and the general case 1 < p < n when Sk is compact, use

instead of the gemeric polar varieties WK@@)(S), 1<i<n-—p, with a :=

[agi]1<k<n—p generic, more special polar varieties, where a := [ay ] 1<r<n—p ranges
1<Ii<n 1<I<n

over a (Zariski) dense set of rational points of a suitable irreducible subvariety of
R(™=P)>*n Tn the sequel we shall call these special polar varieties meagerly generic
(see Definition 16 below).

It is not difficult to show that the argumentation of [3] in the case p = 1 covers
also the instance of generic polar varieties. However, in the case 1 < p < n,
the polar varieties Wy (,)(S), 1 < i < n — p appearing in [4] are not generic,
though they turn out to be non—empty, smooth and of pure codimension ¢ in S
(see Example 1).

Although it was not essential for the final outcome of [4], namely the correctness
and complexity bound of the proposed point finding algorithm, we believed at the
moment of publishing this paper that the smoothness of these meagerly generic
polar varietes implies the smoothness of their generic counterparts. As we have
seen in Section 3, this conclusion is wrong.

In order to estimate the complexity of root finding algorithms based on meagerly
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generic polar varieties (as in [4]) in terms of not too artificial invariants of the
underlying variety S (like 0gassic O Oguar ), We need to know that the degrees of
the generic polar varieties dominate the degrees of their more special meagerly
generic counterparts. This is the aim of the next result.

Theorem 13
Let a := [ag]i<k<n—» be a complex ((n — p) x n)-matrix. Suppose that for
1<i<n

1<i<n-—pthe (n—p—i+1)xn) -matrix [ag]1<k<n—p—i+1 is of maximal rank
1< l<n

<
n—p—i+1 and that the polar varieties W (,,(S) and Wy @) (S) are empty
or of pure codimension ¢ in S'.

Furthermore, let be given a non—empty Zariski open set U of complex ((n—p)xn)—
matrices b := [bg]1<k<n—p such that for each b € U and each 1 < i < mn —p the
1<i<n
((n—p—1i+1) xn)-matrix [by]i<k<n—p-i+1 Is of maximal rank n—p—i+1 and
1<i<n

such that the polar varieties WK@@))(S) and W (S) are uniformly empty or

of codimension ¢ in S and have fixed geometric degrees, say 5classic(l) and 5dual(’)

Suppose finally that, for 1 < i < n — p, the non-emptiness of Wy, (S) (or
Wi(a)(S) ) implies that of Wi qm,(S) (or WF(B(Z'))(S)).

Then we have for 1 <i < n — p the estimates
deg WK(@U))(S) < 5classzc()

and

deg Wf(a(i))(s) S 5dual(i)

The proof of Theorem 13 is based on Lemma 14 below. In order to state this
lemma, suppose that there is given a morphism of affine varieties ¢ : V. — A",
where V' is equidimensional of dimension 7 and the restriction map ¢, : C' —
A" is dominating for each irreducible component C' of V. Then ¢ induces an
embedding of the rational function field C(A") of A" into the total quotient ring
C(V) of V. Observe that C[V] is a subring of C(V') and that C(V') is isomorphic
to the direct product of the function fields of all irreducible components of V.
Hence C(V) is a finite dimensional C(A")-vector space and the degree of the
morphism ¢, namely deg ¢ := dimgsr) C(V), is a well-defined quantity. Finally,
we denote for y € A" by # ¢ !(y) the cardinality of the ¢—fiber p~'(y) at y
and by #isolatea ' (y) the (finite) number of its isolated points.

With these assumptions and notations we are now going to show the following
clementary geometric fact which represents a straightforward generalization of [17]
Proposition 1 and its proof.

Lemma 14
(i) Any point y € A" satisfies the condition

#isolated 90_1(11) < deg @.

In particular, if the fiber of ¢ is finite, we have # o~ (y) < deg .
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(ii) There exists a non—empty Zariski open subset U C A" such that any point
y € U satisfies the condition

# ¢ (y) = deg o.

Proof
Let us show the first statement of Lemma 14 (i), the second one is then obvious.
We proceed by induction on r.

The case r = 0 is evident. Let us therefore suppose r > 0 and that the lemma
is true for any morphism of affine varieties ¢’ : V' — A"™! which satisfies the
previous requirements.

Consider an arbitrary point y = (yi,...,%,) of A". If ¢ '(y) does not contain
isolated points we are done. Therefore we may consider an arbitrary isolated
point z of ¢~ !(y). Denoting the coordinate functions of A™ by Yi,...,Y, let us
identify the hyperplane {Y; —y; = 0} of A™ with A™"!. Thus we have y € A",
From ¢~ !(y) # 0 and the Dimension Theorem for algebraic varieties (see e.g.
[37], Vol. I, Ch. I, Corollary 1 of Theorem 6.2.5) we deduce that o~ '(A"™1) is
a non—empty subvariety of V' of pure codimension one. Since y belongs to A"}
and p~!(y) contains an isolated point we deduce from the Theorem on Fibers (see
e.g. [37], Vol. I, Ch. I, Theorem 6.3.7) that there exists an irreducible component
C" of ¢ '(A™') such that the induced morphism of irreducible affine varieties
¢, 1 C" — A" is dominating.

Let C” be an irreducible component of ¢~ '(A""!) such that ¢(C”) is not Zariski

dense in A""! and denote the Zariski closure of ¢(C”) in A"™! by D. Then D
is an irreducible subvariety of A"~! of dimension at most r — 2.

We claim now that z does not belong to C”. Otherwise, by the Theorem on
Fibers, all components of the ¢, —fiber of y, namely 0 1(y)NC” , have dimension
at least dim C” —dim D > 0 and z belongs to ¢ !(y) N C”. This contradicts
our assumption that z is an isolated point of ¢~ 1(y).

Therefore the isolated points of ¢~'(y) are contained in V' :=Jpcz C”, where
Z = {C"| C" irreducible component of ¢ '(A""), ¢, : C" — A"~ dominating}.

Observe that V' is a (non—empty) equidimensional affine variety of dimension
r — 1 and that ¢ induces a morphism of affine varieties ¢’ : V/ — A" such
that SO\/C/ : C" — A" ! is dominating for any irreducible component C’ of V.
Moreover, y belongs to the image of ¢’ and (¢’)~'(y) and ¢~'(y) have the same
isolated points.

Hence, by induction hypothesis, the statement (i) of the lemma is valid for ¢’
and y. Consequently we have

#isolatcd Qpil(y) = #isolated (80’)71(9) S deg 90/'
We finish now the proof of lemma 14, (i) by showing that deg ¢’ < deg ¢ holds.

For this purpose let us abbreviate Y := (Y3,...,Y,) and let us write C[Y] and
C(Y) instead of C[A"] and C(A"), respectively. Thus we consider C[Y] asa C—
subalgebra of C[V] and C(Y) as a C—subfield of the total quotient ring C(V).
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For any irreducible component C' of V' the morphism of affine varieties ¢, : C' —
A" is by assumption dominating. This implies that Y; — y; is not a zero divisor
of C[V] or C(V).

The canonical embedding of V’ in V' induces a surjective C-algebra homomor-
phism C[V] — C[V'] which associates to each g € C[V] an image in C[V'] denoted
by ¢'. Therefore there exists for § := deg ¢’ elements gq,...,gs of C[V] such
that g1,..., g5 form a vector space basis of C(V') over C(A"™1) = C(Ys,...,Y,).
In particular, gi,...,g5 are C(Ys,...,Y,)-linearly independent. We claim that
g1,---,9s, considered as elements of C(V'), are also linearly independent over
C(A™) = C(Y).

Otherwise there exist polynomials by,...,bs € C[Y] not all zero, satisfying the
condition

(7) bigr +---+bsgs =0

in C[V].

For 1 <j <4 let b; = (Y1 —y1)“c;, where u; is a non-negative integer and c¢; is
polynomial of C[Y] which is not divisible by Y; —y;. Thus (7) can be written as

Yy =) cigr+ -+ Y1 —31)"cs g5 = 0.

Therefore, since Y; — y; is not a zero divisor in C[V], we may assume without
loss of generality that there exists 1 < jop < ¢ with u;, = 0. This means that we
may suppose bj, is not divisible by Y; —y; in C[Y].

Condition (7) implies now that
(8) bigr+ - +b595 =0

holds in C[V'] and therefore also in C(V’). Observe that b} is the polynomial
of C[Y3,...,Y,] obtained by substituting in b; the indeterminate Y; by y; € C,
namely 0 = b;(y1,Ya,...,Y;), where 1 < j < 4. Since by assumption bj, is not
divisible by Y1—y; in C[Y], we have b = bj,(y1,Y2,...,Y) # 0. Thus (8) implies
that ¢;,...,g5 € C(V’) are linearly dependent over C(Y,...,Y,) = C(A™1)
which contradicts the hypothesis that gi,..., g5 is a vector space basis of C(V”).

Thus g¢1,...,95 € C(V) are linearly independent over C(A"). Hence we may
conclude

deg QOI = dim(c(Arfl) (C(V/) =9 < dim@(Ar) (C(V) = deg P®

and we are done.

We are now going to prove statement (i) of Lemma 14. Let Cy,...,Cs be the
irreducible components of V. For 1 < j < s we denote the dominating morphism
of affine varieties Ple, - C; — A" by ;. Observe that deg ¢ = Z1gjgs ¢; holds.
Since our ground field C is of characteristic zero, [17], Proposition 1 (ii) implies
that we may choose a non—empty Zariski open subset U of A" satisfying the
following condition:

For any y € U, the fibers goj_l(y), 1 < j < s are of cardinality deg ¢; and form
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a (disjoint) partition of ¢™'(y).
This implies that for any y € U

#o M y) = D) #e(y) = ) deg p; =deg .

1<j<s 1<j<s

holds. O

Observation 15
Statement and proof of Lemma 14 (i) do not depend on the characteristic of the
ground field (in our case C).

Now we are going to prove Theorem 13.

Proof

We limit our attention to the classic polar varieties. The case of the dual polar
varieties can be treated similarly (but not identically). In order to simplify the
exposition we assume that S is smooth.

Let us fix 1 < ¢ < n —p. Without loss of generality we may suppose that
Wign-p-i(q@)(S) is non—empty. We consider the closed subvariety W; of A" x
A=p=i+1)xn defined by the vanishing of F, ..., F, and of all (n — i+ 1)-minors
of the ((n —i+ 1) x n)-matrix

J(F,....F)
T At
An—p.—i-‘rl,l . An—p;i+17n
and the canonical projection m; := W; — ACP=Hxn of T to AM—pmitl)xn,

Let D be an irreducible component of Wiyn-p-i(4)(S). Then there exists an

irreducible component C' of W; which contains D x {aP}. We claim that there
exists a ((n —1i) X (n — i))— submatrix of P; containing (n — i) entries of each

of the rows number 1,...,p of P;, such that the corresponding (n — i) —minor of
B, say
r oF e _OF 7]
8X1 aani
9Fp ce _OF
m := det 0X1 OXn—i ,
Arg e At
_An—p—i,l e An—p—i,n—i_

does not vanish identically on C'.

Otherwise C' would be contained in the locus defined by the vanishing of F},..., F),
and the determinants of all ((n — i) x (n — ¢))—submatrices of P; that contain
n —1 entries of each of the rows number 1,...,p of P;. This would imply that D
is contained in Wiyn—p-i-146+1))(S) and hence

dim D S dim Wanpfifl(Q(i+1))(S) =NnNn—-—p— 1 — 1.
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Since by assumption the codimension of D in S is i, we have dim D =n—p—1
and therefore a contradiction.

Thus we may assume without loss of generality that the (n —i)-—minor m of the
((n—14+ 1) x n)—matrix P; does not vanish identically on C'.

For n—i < j <n let us denote by M; the (n—i+1)-minor of the ((n—i+1)xn)—
matrix P; which corresponds to the first n — ¢ columns and the column number

J of P;.
Let W; be the closed subvariety of A" x AP=P=#1X" where F},... F, and the
(n—i+1)—minors M,_;1,..., M, vanish. Observe that any irreducible component

of W; has dimension at least n+(n—p—i+1)n—p—i = (n—p—i+2)n—p—i > 0.
Obviously fVE contains W; and therefore C'. Thus there exists an irreducible
component C' of W; that contains C'. Observe that m does not vanish identically
on C' and that C,, D C,, # () holds. From the Exchange Lemma in [4] we deduce
now that all (n—i+1)-minors of the ((n—i+1)xn)-matrix P; vanish identically
on ém and hence on C'. Thus C is an _irreducible closed subset of W; that
contains the component C'. This implies C' = C'. Therefore C' is an irreducible
component of the variety W;, whence dim C > (n—p—i+2)n—p—1i.

We claim now that the morphism of affine varieties ), : C — A= g
dominating. Otherwise, by the Theorem on Fibers, any irreducible component of
any (non—empty) fiber of ;. would have a dimension strictly larger than

dm C—-(n—p—i+1l)n>((n—p—i+2n—p—i)—(n—p—i+1l)n=n—p—i.
Recall that D is an irreducible component of Win-p-i(,))(S) such that D x {a®}
is contained in C'. Moreover we have 7\ " (a(?)) = Wign—p-i(4)(S). Thus D x

{a®} is an irreducible component of 7\ " (a)) which is contained in 7\ (a®)N
C'. Since by assumption Wgnfpfi(g(i))(s) is of pure codimension 7 in S, we have
dim D = n —p — i and therefore the 7, —fiber of al¥ € AP~ X" ‘namely
7; 1 (a®) N O, contains an irreducible component of dimension exactly n —p — i,
contradicting our previous conclusion that the irreducible components of any ;. -
fiber are all of dimension strictly larger than n —p — 1.

Therefore the the morphism of affine varieties m;, : C' — A=HDXn s dominating.

Taking into account the estimate dim C' < (n —p —i+ 2)n — p — ¢ and that the
i), —fiber of a® contains an irreducible component of dimension n —p — i, we
deduce now from the Theorem on Fibers that dim C = (n —p—i+2)n —p —i
holds.

Let V; be the union of all ((n — ¢+ 2)n — p — i)—dimensional components C
of W; such that the morphism of affine varieties m;, : C — AM=P=iFxn g
dominating. Let us denote the restriction map m;, : V; — Aln=p=iFxn by
%’ . ‘/z N A(n—p—i—‘rl)xn'

Then V; is an equidimensional affine variety of dimension (n —p — i + 2)n —
p — ¢ and 1; is an morphism of affine varieties such that the restriction of ;

to any irreducible component of V; is dominating. Observe that our previous
argumentation implies

i (a™) 2 Wignpigg)(S) and ¢ (09) = Wyenmpmi 40 (S) for any b e U,

7
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Observe now that there exists a finite set M of rational ((n—p—1i) X n)-matrices
of maximal rank n — p — ¢ satisfying the following conditions:

- Each M € M represents a generic Noether position (see [17], Lemma 1) of
the polar variety Wiem-—p—i(4)(S5)-

- For each b € U there exists a ((n—p—1) xn) matrix M € M representing a
generic Noether position of the affine polar variety Wiyen—p—i ) (S) (here we
use the assumption that Win—p—i4)(S) # 0 implies Wien—p-i(y0,(S) # 0).

Therefore, restricting, if necessary, the non—empty Zariski open set U , we may sup-
pose without loss of generality that there exists a full-rank matrix M € Q—p=i)xn»
such that M represents a generic Noether position of Wiymn-pi(m)(S) and of
any Wiyn—pi4@)(S), where b belongs to U. The ((n —p — ) x n)-matrix
M and v; induce now a morphism of ((n —p — i + 2)n — p — i)—dimensional
affine varieties ; : V; — A" P71 x ACP=itDxn which associates to any point
(z,c) € V; € A" x A—P=H1x1 the value ¢;(x,c) := (Mx,c).

Let C' be an arbitrary irreducible component of V;. Recall that we have dim C' =
(n—p—i+2)n—p—i and the morphism of affine varieties v, : C' — Aln—p—itl)xn
is dominating. Therefore, by the Theorem on Fibers, there exists b € U such that
b belongs to v;(C) and that the Vi, —fiber of b@ | namely ;' (b NC, is non—
empty and equidimensional of dimension (n—p—i+2)n—p—i—(n—p—i+1)n =
n —p —i. Observe that b € U implies that Wien—p-i(y0y 1s non-empty and of
pure codimension ¢ in S. Therefore any irreducible component Wﬁn_p_i(bu)) is
of dimension n — p — 4. Hence any irreducible component of ; *(b®) N C is
isomorphic to an irreducible component of Wyen—p-i (b(“)(s ). This implies that the
rational ((n—p—14) x n)—matrix M represents also a generic Noether position of
the ), —fiber of b | namely ;1 (b)) N C'.

Fix now any point y € A"7~% and observe that the ;| —fiber (y,b") is isomor-
phic to a non—empty subset of the zero—dimensional variety
Therefore we may conclude that the morphism of affine varieties

%‘\C O = An—p—i % A(n—p—i—l—l)xn

is dominating. Since C' was chosen as an arbitrary irreducible component of V;,
we infer that ¢, : V; — A?P~% x A(P=P=i+1)xn gatisfies the requirements of Lemma
14.

Let us now fix b € U and y € A" P~ such that (y,b®") represents a generic
choice in the ambient space A" P~ x AM=P=i+1)xn  Ohserve that ¢; ' (y,a®) is
isomorphic to

{SC c Wﬁnfpfi(g(i))(s) ‘ Mz = y}
Since M represents a generic Noether position of the affine variety Win—p—:(4@(S5),
we conclude that # ;' (y,a”) = deg Wien—v-i(4)(S) holds. In particular,
# ¢ (y,a") is finite. Similarly, one deduces # o; *(y, b@) = deg Wien—p—i4@)(5)-
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Lemma 14 implies now

deg Wien—p-i@)(S) = # o7 1(y, b)) = deg

and
deg Wien-p-i(q@(S) = # oy, a(i)) < deg ¢; = deg Wﬁn_p_i(bm)(S).

This proves Theorem 13. 0

The following remark is now at order. Theorem 13 is not aimed to replace a
general intersection theory formulated in terms of rational equivalence classes of
cycles of the projective space P™, it is rather complementary to such a theory. As
said before, its main purpose is to allow, in terms of the degrees of generic polar
varieties, complexity estimates for real point finding procedures which are based
on the consideration of meagerly generic polar varieties. The alluded interplay be-
tween a general intersection theory and the statement of Theorem 13 may become
more clear by the following considerations.

Under the assumption that the homogenizations of the polynomials Fi,..., F,

define a smooth codimension p subvariety S of P" | the projective closures of the
affine polar varieties Wi (,)(S), 1 < i < n — p, form the corresponding polar

varieties of S , when a € A=P)*" ig generic. Moreover, S is the projective closure
of S. The degrees of the generic (classic) polar varieties of S may be expressed in
terms of the degrees of the Chern classes of S (see [14], Example 14.3.3). Further,
since S isa projective smooth complete intersection variety, the total Chern class
of S may be characterized in terms of the degrees of 7, ..., F,, and the first Chern
class ¢; of the normal bundle of S in P" (see [20], Theorem 4.8.1, Section 22.1
and [27], Theorem 1). This implies an upper bound for the geometric degrees of
the affine polar varieties Wi (,@)(S) in terms of the degrees of the polynomials
Fy,..., F, and the class c;.

Of course our previous assumption on £, ..., F), is very restrictive. Nevertheless,
in this situation we are able to illustrate how results like Theorem 13 (or [17],
Proposition 1) interact with facts from a general intersection theory.

Let us now turn back to the discussion of the, up to now informal, concept of
meagerly generic polar varieties. We are going to give to this concept a precise
mathematical shape and to discuss it by concrete examples.

Definition 16

Let 1 <i <n—p and let m be a non—zero polynomial of C[X], let E be an

irreducible closed subvariety of AP~ *Dx" and Jet O be a non-empty Zariski

open subset of E. Suppose that the following conditions are satisfied:
(i) each b € O is a complex ((n—p) x n)-—matrix of maximal rank n—p—i+1,

(ii) for each b € O the affine variety Wg@)(S)m (respectively W (S)m ) is
empty or of pure codimension i in S.
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Then we call the algebraic family {W@)(S)mtveo (respectively {Weg (S)m bveo )
of Zariski open subsets of polar varieties of S meagerly generic.

In the same vein, we call for b € O the affine variety Wge)(S)m (respectively
W) (S)m ) meagerly generic.

Typically, the irreducible affine variety F contains a Zariski dense set of ratio-
nal points and for any b € O the non-emptiness of W) (S)m (respectively
WF@(S)m) implies the non—emptiness of the open locus of the corresponding
generic polar variety defined by the non-vanishing of m . From Theorem 13 and its
proof we deduce that in this case the sum of the degrees of the irreducible compo-
nents of Wx)(S) (respectively Wg (S)), where m does not vanish identically,
is bounded by the sum of the degrees of the components of the corresponding
generic polar variety which satisfy the same condition.

We paraphrase this consideration as follows.

Observation 17

For full rank matrices A P>*" and 1 < i <n —p the degrees of (suitable open
loci) of meagerly generic polar varieties Wi (q)(S) and W) (S) attain their
maximum when a is generic.

We are now going to discuss two examples of geometrically relevant algebraic
families of Zariski open subsets of polar varieties of S. It will turn out that these
sets are empty or smooth affine subvarieties of S'.

Example 1

We are going to adapt the argumentation used in [4], Section 2.3 to the terminology
of meagerly generic polar varieties.

Let m € Q[X1,...,X,] denote the (p — 1)-minor of the Jacobian J(Fi,...,F},)
given by the first (p — 1) rows and columns, i.e., let

OF},
=det |—= )
mn ¢ {GXZ] 1<k<p—1
1<i<p—1

Moreover, for p <r <n,p <t <n let Z,; be a new indeterminate. Using the
following regular ((n —p+1) x (n — p+ 1)) —parameter matrix

1 0 . 0 . o0
' O
Z = \Zpricrp Zpriciptr - 1 ’
Zpvip  Zpript1 0 Zpriprioi 1
. . . . 0
Znp Znpr1 Lnpricl Znpri Dnpritr o1

we are going to introduce an (n xn)—coordinate transformation matrix A := A(Z)
which will represent the key for our ongoing construction of a meagerly generic
family of Zariski open subsets of classic polar varieties of S'.
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Let us fix an index 1 < ¢ < n — p. According to our choice of 7, the matrix Z
may be subdivided into submatrices as follows:

7 — Z£Z) Oi,n—p—i—i—l

ACKE A0
Here the matrix Z@ is defined as
Zp—i—i,p e Zp—O—i,p—O—i—l
ZO.=1 . : :
Zn,p e Zn,p—‘ri—l

and Z{i) and Zéi) denote the quadratic lower triangular matrices bordering 2
in Z. Let

Ip—l Op—ll,i Op—l,n—p—i—l—l
A= Oi,p—l ZY) Oi,n—p.—i—f—l
On7p7i+1,p71 Z(Z) Zz(l)

Here the submatrix I, ; is the ((p — 1) x (p — 1)) -identity matrix and Z®, Zl(i),
and ZQ(Z) are the submatrices of the parameter matrix Z introduced before. Thus,
A is a regular, parameter dependent (n x n)-—coordinate transformation matrix.

Like the matrix Z, the matrix A(Z) contains

(n—p)n—p+1)
2

S =

parameters Z,; which we may specialize into any point z of the affine space A®.
For such a point z € A® we denote the corresponding specialized matrices by
Z0(2), Z$(2), 29 () and A(z).

Let B; := B;(Z) be the ((n—p—i+1)xn)-matrix consisting of the rows number
p+i,...,n of the inverse matrix A(Z)™! of A(Z). From the particular triangular
form of the matrix A(Z) we deduce that the entries of B;(Z) are polynomials in
the indeterminates Z,,, p < r < n,p <t < r. Moreover, we have the matrix
identity

BZA = [On—p—i+1,p+i—1 In—p—z’—i-l} .

Finally, let E be the Zariski closure of B;(A®) in A" P=#Dxn " Then E is an
irreducible closed subvariety of AP~ +1x" consisting of complex ((n —p —1i +
1) X n)—matrices of maximal rank n —p —i+ 1.

According to the structure of the coordinate transformation matrix A = A(Z) we
subdivide the Jacobian J(Fi,...,F),) into three submatrices

J(F,....F)=[U VO wO],
with

OF, 4 OF, , OF,
U= |-+ VO .= | wo .= | == .
|:3Xl:| 1<k<p |:(9Xl 1<k<p 0X; | 1<k<p

1<i<p-1 p<I<p+i—1 p+i<i<n
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We have then the following matrix identity:
J(Fi,....,F,) A(Z)=|U V(i)Zfi) + W@ Z@ W(i)Zéi)] '

For p < j < p+i—1 let us denote by ]\7] = ]\%(X, Z) the p—minor of the
polynomial (p x n)-matrix J(Fy,...,F,) A(Z) that corresponds to the columns
number 1,....,p—1,7.

From [4], Section 2.3 and Lemma 1 we deduce that there exists a non-empty
Zariski open subset O of A® such that any point z € O satisfies the following
two conditions:

(1) the polynomial equations
Fi(X)=0,... F(X)=0,M,(X,2)=0,..., My 1(X,2) =0
intersect transversally at any of their common solutions in A7 .

(#7) for any point z € A” with
Fi(z)=0,...,F,(x) =0, Mp(x, z2)=0,... ,]\A/[/pﬂ,l(x, 2)=0
all p—minors of the complex (p X (p+ i — 1)) —matrix
[ Ulz) VO(z)Z2?(2) + w (x)z@(z)]

vanish, i.e., this matrix has rank at most p — 1.

Let O := B;(O) and observe that O is a non—empty Zariski open subset of the
irreducible affine variety E'.

Let us fix for the moment an arbitrary point z € O. Then the complex ((n—p—
i+ 1) x n)-matrix B;(z) is of maximal rank n —p —i+ 1.

We consider now the Zariski open subset of Wi (p,(:))(S)m of the classic polar
variety

Wk (Bi(2))(S) . By definition the affine variety Wi (p,.))(S)m consists of the points
of S, where all (n — i+ 1)-minors of the polynomial ((n —¢+ 1) x n)-matrix

we= [T ]

vanish.

Let x be an arbitrary element of S,,. Then all (n — i+ 1) -minors of N; vanish
at z if and only if N; has rank at most n — ¢ at z. This is equivalent to the
condition that
NAG) = [TE B AR)] [0 vOZP () + WO Z0() wOZ()
T L Bi(R) AR) B

has rank at most n —4 at x. Hence Wk (p,(2))(S)n consists of the points of S,
where the (p x (p +1i — 1)) matrix

OnfpfiJrl,erifl [nfp7i+1
[ U VOZz9(z) + W Z0(2)
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has rank at most p — 1.

From conditions (i) and (i) above we deduce that the affine variety Wi (p,))(S)m
is either empty or a smooth subvariety of S of pure codimension i.

Since 2z € O was chosen arbitrarily, we have shown the following restatement of
[4], Theorem 1:

Proposition 18

For each point b € O the Zariski open subset W) (S), of the polar variety
Wk (S) is either empty or a smooth affine subvariety of S of pure codimension
i. Thus {Wgk@)(S)m}tseo forms a meagerly generic algebraic family of empty or
smooth Zariski open subsets of polar varieties of S .

Observe that the matrix A(Z) (and hence the matrix A(Z)™') does not depend
on the index 1 <i <mn —p. Moreover, A(Z)~! has the same triangular shape as
A(Z). Here the entries Z,;, p <r <mn, p <t <r have to be replaced by suitable
polynomials in Z which are algebraically independent over Q.

Consequently
Buo(Z),... Bi(2)

form a nested sequence of matrices, each contained in the other. Therefore we
obtain for z € O a descending chain of Zariski open susets of polar varieties

WrB1)(S)m D+ D WrB,_p2))(S) m

which are empty or smooth codimension one subvarieties one of the other.

We discuss now Example 1 in view of algorithmic applications. In order to do this
let us start with the following considerations.

Let Y* = (Y1,...,Y,_1) be a (p — 1)-tupel of new indeterminates . We fix for

the moment indices 1 < hy < --- < h, < n and make a sub-selection of p — 1
of them, say h} < --- < hj, ;. For the sake of notational simplicity suppose
hy=1,...;h,=pand by =1,....h ;=p—1.
et OF, OF)
U* = [—’“} . V= [—’“}  M* = det U*
8Xl 1<ki<p 8Xl 1<k<p

pi<i<n

and let N* := N*(X,Y™) be the polynomial ((p+ 1) X p)—matrix

.. Us
N™ = [yl...yp_l 1]‘

There exists a polynomial (p x p)-matrix C* := C*(Y*) with det C* = 1 satis-
fying the condition

N7 C" = [()...01} :
In particular we have M* = det(U*C*).

To our sub—selection of indices corresponds the (p — 1)—minor m* := m*(X,Y™)
determined by the rows and columns number 1,...,p — 1 of U*C*. For the
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moment let us fix an index 1 <7 < n —p. According to our choice of indices and
the sub-selection made from them, let us denote for p <j <p+i—1 by M; =
M} (X,Y*,Z) the p-minor of the polynomial (p x n)-matrix [U*C* V*] A(Z)
that corresponds to the columns number 1,...,p—1,7.

We consider now the polynomial map
O* AT X AP x A® — AP x A
defined for (z,y*,2) € AL, x AP~ x A® by
(2, y", 2) = (Fi(w), ..., Fp(x), My (2, 9", 2), ..., My (2,97, 2)).

As in [4], Section 2.3 we may now argue that 0 € AP~! x A’ is a regular value of
the polynomial map ®*. From the Weak Transversality Theorem of Thom-Sard
we then deduce that there exists a non—empty Zariski open subset O* of AP~1 x A’
such that for any point (y*,z) of O* the polynomial equations

F(X)=0,...,F,(X)=0,M(X,y",2)=0,..., M, 1(X,y",2) =0

intersect transversally at any of their common solutions in Af},. .
Let (y*, z) be an arbitrary point of O*.

Notice that for any point = € Sy« there exists a (p— 1)—minor of U* C*(y*) that
does not vanish at x. Let us suppose m*(z,y*) # 0. Now we may conclude as in
the proof of Proposition 18 that the assumption

My(z,y",2)=0,...,My, ((z,y",2) =0
implies that the polynomial ((n — i+ 1) X n)—matrix

)
e

has rank at most n — ¢ at z.

Observe that the row number n —p — i+ 1 of B;(Z) has the form
0,...,0,Bnp(2),...,Byn-1(2),1), where B,, ,(Z),...,Bnn—1(Z) aresuitable poly-
nomials in Z which are algebraically independent over Q. Without loss of
generality we may suppose that any point (y*,z) of O* satisfies the condition
B, ,(z) # 0. Thus there exists a non-empty Zariski open subset Q* of A™ such
that any point b = (by,...,b,) of @* has non—zero entries and satisfies the fol-
lowing condition:

There exists a point (y*,z) of O* with y* = i(bl’ ...,byq) and

1 1
B, ooy By 1) = —(byst, ..., by).
Bn,p(z) ( ,p+1 (Z) s 1(2) ) bp ( p+1 )
All these constructions and arguments depend on a fixed choice of indices 1 <
hy < --+ < h, <n, namely hy :=1,...,h, := p and a sub-selection of them,
namely hy:=1,...,h, ;:=p—1.
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Intersecting now for all possible choices of indices and sub-selections of them the

resulting subsets of A" corresponding to Q* in case hy = 1,...,h, = p, b} =
1,...,h, ; = p—1, we obtain a non-empty Zariski open subset @ of A" which

has the same properties as @Q* with respect to any choice of indices 1 < hy <
-+» < hy, <n and any sub-selection hy < --- < h_, of them.

Let us now suppose that Sg is smooth and compact and let b = (b,...,b,) be a
fixed point of Q N Q™. Of course, such a point b exists and can be obtained by a
random choice.

From [4], Theorem 2 we deduce that W) (Sr) is not empty. Since b belongs to
@ there exists a point (y*, z) € Q* with

1

(Bups1(2)s - Bun1(2),1) = —(bpir, - ., bu).

1
y* = —(b1,...,b,1) and 2
p

1
by B, p(2)
We may assume z € Q°. Since Sg is smooth and W) (Sr) is not empty, we
may suppose without loss of generality

Wk () (S) ar(xym=(x 47y 7 0-

For 1 <7 <n—p let W} be the affine subvariety of it defined by the vanishing of all
Bi(z)

before we obtain a descending chain of affine varieties, namely Wy > --- D W7

which are empty or smooth codimension one subvarieties one of the other. In order

to rule out the possibility of emptiness we are going to show Wy 0.

(n—i+1)-minors of the polynomial ((n—i+1)xn)-matrix [

For this purpose we consider an arbitrary element = € S+ (x)m=(x,y). Then all
(p+ 1) -minors of the polynomial ((p+ 1) X n)-matrix [J(Fl’ 'b‘ - )} vanish at

J(Fy,...,F)]
x if and only if the same is true for [ (7, 1y ) and this is equivalent to the

condition that the polynomial ((p+ 1) X n)—matrix

0---01 ébpﬂ"'ibn_ )

and hence also

0---0bpbp1---by o 0"'0Bn,p(z)"'Bn,n—1(Z), 1]

have rank at most p at x. This implies

WK(@) (S)M*(X)m*(X,y*) = W*i whence W;fp 7£ @

n—p?

In order to retrieve finitely many real algebraic sample points for the connected
components of the real algebraic variety Sg we may now proceed by applying the
general algorithm described in [4, 5] or [6] as follows: For each choice of indices
1 <h; <---<h, <n and any sub-selection A} < --- < h,_; of them we generate
the equations and the inequation that define the descending chain of affine varieties
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corresponding to Wy O --- D Wy in order to find the (finitely many) real points
contained in the last one.

The set of real points obtained in this way is by virtue of [4], Theorem 2 a set of
sample points for the connected components of Sg. For details of the algorithm
we refer to [4].

We are now going to explain how the affine varieties W;*,1 <4 < n—p may be in-
terpreted as Zariski open subsets of polar varieties of suitable complete intersection
varieties.

Suppose we have already fixed indices 1 < h; < --- < h, < n and have made a
sub-selection h} < --- < h,_y. For the sake of notational simplicity we suppose
again hy =1,... . h,=p, by =1,... h,_, =p—1. Furthermore, we suppose that
we have chosen a point (y*,z) of O*. Let Q = (24,...,9,) be an n—tupel of
new indeterminates and let us consider the coordinate transformation matrix

C*(y*) Opn— }
D = pn—p
{On—p,p Inp

and the polynomials
G, =G (Q) = F(QDY),....G,:=GyQ) := F,(QD"),

where DT denotes the transposed matrix of D. Let G := (Gy,...,G,), Sg =
{G1=0,...,G, =0} and Mg the (p x p)—minor of J(Gy,...,G,) which corre-
sponds to the columns number 1,...,p.

From the identity
J(G)(X(D™)T) = J(F)D = [U* C*(y") V]

we deduce now that for any point x € A™ and any index 1 < i < n — p the
conditions
w(D)" e Wk Bi(2))(Se)my and x € W

are equivalent. Therefore W;* is isomorphic to the polar variety W (p,.)) (Sq)-

Example 2

We are going to consider simultaneously two meagerly generic algebraic families
of Zariski open subsets of polar varieties of .S, one in the classic and the other in
the dual case.

Let m be the (p —1)-minor of J(F,...,F,) introduced in Example 1, namely

m = det [% . We fix now an index 1 <7 <n—p and an (n—1)-tupel

GXZ] 1<k,l<p—1

of rational numbers v = (vq,..., Vi) with ~,_; #0.

Let Z = (Zn—it1,--.,Zy,) be an i—tupel of new indeterminates and let B = B; -
be the polynomial ((n —p —i+ 1) X n) -matrix defined by

B = [On—p—i,p—l [n—p—i On—p—i,i—i—l
Moo Vp=1 VpeVn—iel Vn—i Ln—it1---Zn
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By B:= By, and B := B(;, we denote the polynomial ((n—p—i+1) x (n+
1)) —matrices obtained by adding to B as column number zero the transposed
(n—p—i+1)-tupel (0,...,0,0)7 and (0,...,0,1)T, respectively. So we have
B,=B,=B.

Let E := B(A?). Then FE is a closed irreducible subvariety of A™=P=+1x" which
is isomorphic to A’.

From ~,_; # 0 we deduce that for any instance z € A" with 2 = (2,441, ..., 2n)
the complex ((n —p —1i+ 1) x n)-matrix B;(z) = B(z), = B(2), has maximal
rank n —p — i+ 1 and this gives rise to two polar varieties of S, one classic and
the other dual, namely Wi (p(.))(S) and W ge,(5).

We shall limit our attention to the algebraic family of Zariski open subsets of dual
polar varieties {Wg 55 (S)m}zeai - The case of the algebraic family {Wi(p()(S)m}zeai
is treated similarly. o

We consider now the polynomial ((n —i+ 1) X n)-matrix N := N(i,7) defined
by

N.: Onfpfi,pfl Infpfi Onfpfi,z#»l
X101 —Xp1 Yo —XpoooYn—ict — Xn—it1 Yn—i — Xn—i Zn—it1 — Xn—it1-.-Zn —Xn

Observe that the (n—¢)—minor of N, which corresponds to the rows and columns

1,...,n—1, has value m. For n—z+1<]<nletusdenotebyM M(X Z)
the ( — i+ 1)-minor of N that corresponds to the columns number 1,...,n—1
and j. One verifies immediately for n —i+ 1 < j' < n the identities a];, =0 in

J

oM; . gy
gz, — M incase j =7.

Let us now consider the polynomial map ® : A" x A’ — AP™ defined for
(z,2) € A, x A" by ®(z,2) = (Fi(x),...,E(x), My_iy1(z, 2),..., M,(z,2)).
The Jacobian J(®)(z,z) of ® at (z,z) has the following form:

[ J(Fy,. .., Fy)(x) N Opi
OMoicr (g z) von OMnisag o)
T(@)(z, ) = , B
| 8Z(975\i[?+1 (Q?,Z) %AZ/[:<$7’Z)
-J(Flv va)@;) OP”L ]
m(z) 0 0
— 0  m(x) 0
* .
I 0 0 - m(x)

and is of maximal rank p + 7, since = belongs to A” . In particular 0 € AP* is
a regular value of ®. From the Weak Transversality Theorem of Thom—Sard we
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deduce now that there exists a non—empty Zariski open subset O of A such that
for any point z € O the equations

(9) F(X)=0,...,F)(X) =0, My_s1(X,2)=0,..., Mp(X,2) =0
intersect transversally at any of their common solutions in A} .

Let O be the image of O under the given isomorphism which maps A’ onto E.
Then O is a non—empty Zariski open subset of E.

Fix for the moment a point z € O. From our previous argumentation and [4],
Lemma 1 we conclude that at any point x € A7 with

Fi(x)=0,...,F)(z) =0, My_ia(z,2) =0,..., My(z,2) =0

all (n —i+ 1)—minors of N(z,z) are vanishing.

This means that the equations (9) define the intersection of the dual polar variety
WF(@)(S) with A” . Ther'efore .Wmm)(S)m is either empty or a smooth affine
subvariety of S of pure codimension 7.

Re-parametrizing the algebraic family of affine varieties {Wex gy (S)n}.c5 by
the non—empty Zariski open subset O of E we obtain finally a meagerly generic
algebraic family of empty or smooth Zariski open subsets of polar varieties of S'.

Let v = (7,...,7) be a generically chosen point of Q™ and assume that the real
variety Sg is smooth. Then we deduce from [5] and [6], Proposition 2 that the
generic polar variety WF(@(SR) is not empty. Hence, without loss of generality,
we may assume W (S)m # 0.

For 1 <i<n-—plet z;:= (Yn—it1,---,7n)- Then, similarly as in Example 1, we
may argue that

(10) Weaey) (S)m D - D W) (S)m = W) (S)m

is a descending chain of smooth affine varieties which are codimension one subva-
rieties one of the other.

Again, in order to retrieve finitely many real algebraic sample points for the con-
nected components of the real variety Sg, we may proceed like in Example 1,
applying the general algorithm of [4, 5, 6] as follows: For any choice of indices
1 <h; <---<h, <n we generate the equations and the inequations that define
the descending chain of affine varieties corresponding to (10) in order to find the
(finitely many) real points contained in the last one. The set of points obtained
in this way is again a set of sample points for the connected components of Sg.

A variant of Example 2 is used in [7] in order to find efficiently smooth algebraic
sample points for the (non-degenerated) connected components of singular real
hypersurfaces.

5 A computational test

In this short section we try to get some feeling about the sharpness of the bound
contained in Proposition 9. To this end we performed a series of computer exper-
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iments with generic classic polar varieties of smooth complete intersection mani-

folds.

More precisely, for a given a triple (n,p,7) of integer parameters with 1 <p < n-—1
and 1 <i<n—p, we did the following:
we

e chose random polynomials Fi, ..., F, of degree two in Z[X],

e verified that Fy,..., F, form a regular sequence in Q[X] whose set of com-
mon zeros S contains no singular point,

e chose a random integer ((n —p) X n)-matrix a = [ag ] 1<k<n—p-i+1 , and
1<i<n

e determined the dimension of the singular locus of the classic polar variety
WK(Q(“) (5)-

The results of such experiments should be interpreted with caution, since we cannot
guarantee that the matrix a satisfies the necessary genericity condition. However,
running the procedure for several random choices of ¢ may increase our confidence
into the experimental results.

Moreover, the aim was not to test the efficiency of the root finding procedures pro-
posed in [4, 5, 6], but to check experimentally a mathematical thesis (the sharpness
of the bound contained in Proposition 9). Therefore we chose a rather modest sam-
ple of equation systems and relied on the most comfortable software, disregarding
its efficiency.

More specifically, we chose equations of degree two in order to avoid a complexity
explosion of our computations. In the same vein, we had to control the bit—
size of the coefficients of the polynomials created during our procedure. To get
rid of this situation, we performed our computations modulo the prime number
g := 10000000019, taking into account that for any system Fi,...,F, of Z[X]
and any integer ((n —p) X n)—matrix a there are only finitely many primes r for
which the dimension of the singular locus of Wi, (S) differs from that of its
counterpart obtained over the finite field Z, by reducing F, ..., F), and a modulo
r. Hence we guess that the experimental results given here reflect the expected
generic behavior of the system Fj,..., F, over Q.

The computations were performed using the MAGMA package, on a Core2 DUO
processor with 4 Gb of RAM. The search space consisted of all values of the triple
(n,p,1) with 2<n <11, 1<p<n-—1and 1 <i<n-—p. Nevertheless, we had
to discard all triples of the form (10,p,i) with p = 6,...,9 and (11,p,i) with
p=>5,...,10, since computations ran out of memory.

The experimentation showed that in the hypersurface case, i.e., p = 1, the result-
ing polar varieties were always smooth, as expected. For p > 1 we found that the
dimension of the singular locus of the polar varieties was always max{—1,n—p —
(24 2)}, where the dimension of the empty set is defined by —1. In other words,
in case (2¢ + 2) > n — p, the singular locus was empty, as predicted for generic
polar varieties in Proposition 9, and in case (2i+2) < n— p, the experimentation
returned exactly the value n —p — (2i +2) as the dimension of the singular locus,
as predicted by the vector bundle viewpoint for generic classic polar varieties.
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It turned out that in case 2i + 2 < n — p the singular locus of the polar variety
under consideration contained always a real subvariety of the codimension 2¢+ 2.

Observe that by Lemma 12 the value 2¢+ 2 coincides with the expected codimen-
sion of the stratum L0+ (7)), in case 2i+2 < n—p. This finding suggests that
in this case Ui<j§n_p YU (1)) contains the singular locus of Wic(aty M Sreg -
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