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Abstract

We consider the problem of computing exact sums of squares (SOS) decompositions for certain
classes of non-negative multivariate polynomials, relying on semidefinite programming (SDP)
solvers.

We provide a hybrid numeric-symbolic algorithm computing exact rational SOS decomposi-
tions with rational coefficients for polynomials lying in the interior of the SOS cone. The first
step of this algorithm computes an approximate SOS decomposition for a perturbation of the
input polynomial with an arbitrary-precision SDP solver. Next, an exact SOS decomposition is
obtained thanks to the perturbation terms and a compensation phenomenon. We prove that bit
complexity estimates on output size and runtime are both polynomial in the degree of the input
polynomial and singly exponential in the number of variables. Next, we apply this algorithm to
compute exact Reznick, Hilbert-Artin’s representation and Putinar’s representations respectively
for positive definite forms and positive polynomials over basic compact semi-algebraic sets. We
also report on practical experiments done with the implementation of these algorithms and exist-
ing alternatives such as the critical point method and cylindrical algebraic decomposition.

Keywords: Real algebraic geometry, Semidefinite programming, sums of squares
decomposition, Reznick’s representation, Hilbert-Artin’s representation, Putinar’s
representation, hybrid numeric-symbolic algorithm.

1. Introduction

Let Q (resp. R) be the field of rational (resp. real) numbers and X = (Xi,...,X,) be a se-
quence of variables. We consider the problem of deciding the non-negativity of f € Q[X] either
over R” or over a closed semi-algebraic set S defined by some constraints g > 0,...,g, =0
(with g; € Q[X]). Further, d denotes the maximum of the total degrees of these polynomials.

This problem is known to be co-NP hard (Blum et al., [2012). The Cylindrical Algebraic
Decomposition algorithm due to|Collins|(1975) and |Wiitrich! (1976) allows one to solve it in time
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doubly exponential in n (and polynomial in d). This has been significantly improved, through the
so-called critical point method, starting from |Grigoriev and Vorobjov] (1988) which culminates
with Basu et al|(1998) to establish that this decision problem can be solved in time ((m+1)d)°™.
These latter ones have been developed to obtain practically fast implementations which reflect
the complexity gain (see e.g. [Bank et al.[| (2001} 2005); [Safey EI Din and Schost (2003); [Safey
El Din| (2007b); Bank et al.| (2010); (Guo et al.|(2010); |[Bank et al.| (2014)); |Greuet and Safey El
Din| (2014); |Greuet et al.| (2012)). These algorithms are “root finding” ones: they are designed
to compute at least one point in each connected component of the set defined by f < 0. This
is done by solving polynomial systems defining critical points of some well-chosen polynomial
maps restricted to f = —¢ for € small enough. Hence the complexity of these algorithms depends
on the difficulty of solving these polynomial systems (which can be exponential in n as the
Bézout bound on the number of their solutions is). Moreover, when f is non-negative, they
return an empty list without a certificate that can be checked a posteriori. This paper focuses on
the computation of such certificates under some favorable situations.

To compute certificates of non-negativity, an approach based on sums of squares (SOS) de-
compositions of polynomials (see Lasserre|(2001) and |P. A. Parrilo|[(2000)). Many positive poly-
nomials are not sums of squares of polynomials following Blekherman| (2006). However, some
variants have been designed to make this approach more general ; see e.g. the survey by [Laurent
(2009) and references therein. In a nutshell, the core and initial idea is as follows.

A polynomial f is non-negative over R” if it can be written as an SOS s% + o+ + 52 with
s; € R[X] for 1 <i < r. Also f is non-negative over the semi-algebraic set S if it can be written
as s% R Z'j’.':l o jg; where o7 is a sum of squares in R[X] for 1 < j < m. It turns out that,
thanks to the “Gram matrix method” (see e.g.|Choi et al.| (1995); Lasserre| (2001)); |P. A. Parrilo
(2000)), computing such decompositions can be reduced to solving Linear Matrix Inequalities
(LMI). This boils down to considering a semidefinite programming (SDP) problem.

For instance, on input f € Q[X] of even degree d = 2k, the decomposition f = sf oot 82
is a by-product of a decomposition of the form f = VZLTDka, where vy is the vector of all
monomials of degree < k in Q[X], L is a lower triangular matrix with non-negative real entries
on the diagonal and D is a diagonal matrix with non-negative real entries. The matrices L and
D are obtained after computing a symmetric matrix G (the Gram matrix), semidefinite positive,
such that f = vZGvk. Such a matrix G is found using solvers for LMIs. Such inequalities
can be solved symbolically (see [Henrion et al.|(2016)), but the degrees of the algebraic exten-
sions needed to encode exactly the solutions are prohibitive on large examples Nie et al.[(2010).
Besides, there exist fast numerical solvers for solving LMIs implemented in double precision,
e.g. SeDuMi by |Sturm| (1998)), SDPA by |Yamashita et al.| (2010) as well as arbitrary-precision
solvers, e.g. SDPA-GMP by [Nakata) (2010), successfully applied in many contexts, including
bounds for kissing numbers by Bachoc and Vallentin| (2008) or computation of (real) radical
ideals by J.B. Lasserre, M. Laurent, B. Mourrain, P. Rostalski and P. Trébuchet| (2013)).

But using solely numerical solvers yields “approximate” non-negativity certificates. In our
example, the matrices L and D (and consequently the polynomials si,..., s,) are not known
exactly.

This raises topical questions. The first one is how to use symbolic computation jointly with
these numerical solvers to get exact certificates? Since not all positive polynomials are SOS,
what to do when SOS certificates do not exist? Also, given inputs with rational coefficients, can
we obtain certificates with rational coefficients?

For these questions, we inherit from contributions in the univariate case by |Chevillard et al.
(2011); Magron et al.| (2018) as well as in the multivariate case by [Peyrl and Parrilo| (2008);
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Kaltofen et al.| (2008). Note that Kaltofen et al. (2008} |2012)) allow us to compute SOS with
rational coefficients on some degenerate examples. Moreover, [Kaltofen et al.[(2012) allows to
compute decompositions into sums of squares of rational fractions. Diophantine aspects are
considered in |Safey El Din and Zhi| (2010); |Guo et al.| (2013). When an SOS decomposition
exists with coefficients in a totally real Galois field, Hillar] (2009) and |Quarez| (2010) provide
bounds on the total number of squares.

In the univariate (un)-constrained case, given f € Q[X], the algorithm by [Chevillard et al.
(2011) computes an exact (weighted) SOS decomposition f = }!_, c,'gl.2 with ¢; € Q and g; €
Q[X]. We call such SOS decompositions weighted because the coefficients ¢; are considered
outside the square, which helps when one wants to output data with rational coefficients only. To
do that, the algorithm considers first a perturbation of f, performs (complex) root isolation to get
an approximate SOS decomposition of f. When the isolation is precise enough, the algorithm
relies the perturbation terms to recover an exact rational decomposition.

In the multivariate unconstrained case, Parillo and Peyrl designed a rounding-projection algo-
rithm in |Peyrl and Parrilo| (2008)) to compute a weighted rational SOS decompositon of a given
polynomial f in the interior of the SOS cone. The algorithm computes an approximate Gram
matrix of f, and rounds it to a rational matrix. With sufficient precision digits, the algorithm
performs an orthogonal projection to recover an exact Gram matrix of f. The SOS decomposi-
tion is then obtained with an exact LDL” procedure. This approach was significantly extended
in|Kaltofen et al.|(2008) to handle rational functions and in|Guo et al.|(2012])) to derive certificates
of impossibility for Hilbert-Artin representations of a given degree. In a recent work by|Laplagne
(2018)), the author derives an algorithm based on facial reduction techniques to obtain exact ra-
tional decompositions for some sub-classes of non-negative polynomials lying in the border of
the SOS cone. Among such degenerate sub-classes, he considers polynomials that can be written
as sums of squares of polynomials with coefficients in an algebraic extension of QQ of odd degree.

Main contributions. This work provides an algorithmic framework for computing exact ra-
tional weighted SOS decompositions in some favourable situations. The first contribution, given
in Section [3] is a hybrid numeric-symbolic algorithm, called intsos, providing rational SOS
decompositions for polynomials lying in the interior of the SOS cone. As for the algorithm
by |Chevillard et al.| (2011), the main idea is to perturb the input polynomial, then to obtain an
approximate SOS decomposition (through some Gram matrix of the perturbation by solving an
SDP problem), and to recover an exact decomposition using the perturbation terms.

In Section we rely on intsos to compute decompositions of positive definite forms
into SOS of rational functions, based on Reznick’s representations, yielding an algorithm, called
Reznicksos. In Section[d.2] we provide another algorithm, called Hilbertsos, to decompose
non-negative polynomials into SOS of rational functions, under the assumption that the numer-
ator belongs to the interior of the SOS cone.  In Section [5} we rely on intsos to compute
weighted SOS decompositions for polynomials positive over basic compact semi-algebraic sets,
yielding the Putinarsos algorithm.

When the input is an n-variate polynomial of degree d with integer coefficients of maximum bit
size T, we prove in Section [3 that Algorithm intsos runs in boolean time 72d°®™ and outputs
SOS polynomials of bit size bounded by 7d® ™. This also yields bit complexity analysis for Al-
gorithm Reznicksos (see Section #.T)) and Algorithm Putinarsos (see Section[5). To the best
of our knowledge, these are the first complexity estimates for the output of algorithms providing
exact multivariate SOS decompositions. The constants in the exponents are explicitely given in
the sequel.

The three algorithms are implemented within a Maple procedure, called multivsos, integrated
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in the RealCertify Maple library by [Magron and Safey EI Dinl (2018b). In Section [6] we
provide benchmarks to evaluate the performance of multivsos. We compare it with previous
approaches in [Peyrl and Parrilo| (2008)) as well as with the more general methods based on the
critical point method and Cylindrical Algebraic Decomposition.

This paper is the follow-up of our previous contribution (Magron and Safey El Dinl 2018a),
published in the proceedings of ISSAC’18. The main theoretical and practical novelties are the
following: we provide explicit bounds for the bit complexity analyzes of our algorithms. In
Section [3.4] we state formally the rounding-projection algorithm from [Peyrl and Parrilo (2008),
analyze its bit complexity and compare it with our algorithm intsos. We show that both algo-
rithms have the same bit complexity. Another novelty is in Section 4.2} where we explain how
to handle the sub-class of non-negative polynomials admitting an Hilbert-Artin’s representation,
for which the numerator belongs to the interior of the SOS cone. In Section [5.4] we state a
constrained version of the rounding-projection algorithm. Again, this algorithm has the same
bit complexity as Putinarsos. We have updated accordingly Section [6] by providing some re-
lated numerical comparisons. We also consider benchmarks involving non-negative polynomials
which do not belong to the interior of the SOS cone.
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2. Preliminaries

Let Z be the ring of integers and X = (Xy,...,X,). For @ = (a1,...,a,) € N", one has
lal == @y +--- + @, and X* := X{" ... X;". Forallk € N, we let N} := {o € N" : |o| <k},
whose cardinality is the binomial ("Zk). A polynomial f € R[X] of degree d = 2k is written as
f = 2ieiza fo X® and we identify f with its vector of coeflicients f = (f,) in the basis (X),
a € NJ. When referring to univariate polynomials, we use the indeterminate £ and we denote
by Z[E] the set of univariate polynomials with integer coefficients. Let £[X] be the convex cone
of sums of squares in R[X] and $[X] be the interior of [X]. We will be interested in those
polynomials which lie in Z[X] N X[ X]. For instance, the polynomial

f=4X] +4X:X, - TXi X5 - 2X, X5 + 10X5 = X, X2 + X3)* + (2X] + X1 X, — 3X3)?

lies in Z[X] N Z[X].

The complexity estimates in this paper rely on the bit complexity model. The bit size of an
integer b is denoted by 7(b) := [log,(|b])] + 1 with 7(0) := 1. For f = 3} ,<q foX® € Z[X] of
degree d, we denote ||fllo := maxy<q|fol and 7(f) := 7(||fllo) With slight abuse of notation.
Given b € Z and ¢ € Z\{0} with ged(b,c) = 1, we define 7(b/c) := max{r(b),7(c)}. For two
mappings g,h : N/ — R, we use the notation “g(v) = O (h(v))” to state the existence of b € N
such that g(v) < bh(v), for all v € N/,



The Newton polytope or cage C (f) is the convex hull of the vectors of exponents of mono-
mials that occur in f € R[X]. For the above example, C (f) = {(4,0),(3,1),(2,2),(1,3),(0,4)}.
For a symmetric real matrix G, we note G > 0 (resp. G > 0) when G has only non-negative
(resp. positive) eigenvalues and we say that G is positive semidefinite (SDP) (resp. positive def-
inite). For a given Newton polytope P, let Xp[X] be the convex cone of sums of squares whose
Newton polytope is contained in P. Since the Newton polytope P is often clear from the context,
we suppress the index P.

With f € R[X] of degree d = 2k, we consider the SDP program:

inf Tr(GBy st Ti(GB)=f. VyeNj-{0), 1)

where Tr(M) (for a given matrix M) denotes the trace of M, B, has rows (resp. columns) indexed
by N} with (@, 8) entry equal to 1 if @ + § = y and O otherwise.

Theorem 1. (Lasserre| 2001, Theorem 3.2) Let f € R[X] of degree d = 2k and global infimum
f* = infyepr f(x). Assume that SDP (1) has a feasible solution G* = Y[_ Liq;q!, with the
q; being the eigenvectors of G* corresponding to the non-negative eigenvalues A;, for all i =
L...,r. Then f — f* = ¥[_ ig>.

i=1

For the sake of efficiency, one reduces the size of the matrix G by indexing its rows and
columns by half of C (f):

Theorem 2. (Reznicki 1978 Theorem 1) Let f € Z[X] with f = Y\, s?, P:=C(f)and Q :=
P2NN". Then foralli=1,...,r,C(s;) € Q.

Given f € R[X], Theorem [1| states that one can theoretically certify that f lies in Z[X] by
solving SDP (I)). However, available SDP solvers are typically implemented in finite-precision
and require the existence of a strictly feasible solution G > 0 to converge. This is equivalent for
ftoliein ZDZ[X] as stated in (Choi et al.| |[1995| Proposition 5.5):

Theorem 3. Let f € Z[X] with P := C(f), Q := P/2NN" and v; be the vector of all monomials
with support in Q. Then [ € Z[X] if and only if there exists a positive definite matrix G such that
f= vZGvk.

Eventually, we will rely on the following bound for the roots of polynomials with integer
coefficients:

Lemma 4. (Mignotte||1992, Theorem 4.2 (ii)) Let f € Z[E] of degree d, with coefficient bit size
bounded from above by 1. If f(e) = 0 and e # 0, then ﬁ <le| <27+ 1.

3. Exact SOS representations

The aim of this section is to state and analyze a hybrid numeric-symbolic algorithm, called
intsos, computing weighted SOS decompositions of polynomials in Z[X] N X[X]. This algo-
rithm relies on perturbations of such polynomials. We first establish the following preliminary
result.

Proposition 5. Let f € Z[X] N X] of degree d = 2k, with T = 7(f), P = C(f) and Q :=
P/2 N N". Then, there exists N € N — {0} such that for € := 2LN’ S = €20 X2 e 3[X], with
N < 1(8) < O (1 (4d + 2)>3).
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The proof of this result relies on the following technical statement whose proof is postponed
in the Appendix.

Proposition 6. Let g € Z[X] of degree d and let T = 71(g). Assume that the algebraic set
V(g) c C" defined by g = 0 is smooth. Then, there exists a polynomial w € Z[X,] of degree
< d" with coefficients of bit size < T - (4d + 2)*" such that its set of real roots contains the critical
values of the restriction of the projection on the X;-axis to V(g).

Proof of Proposition[5] Let vy be the vector of all monomials X?, with @ in Q. Note that each
monomial in v; has degree < k and that v,ka = Yeeo X% Since f € ¥[X], there exists by
Theorem |3 a matrix G > 0O such that f = v,{Gvk, with positive smallest eigenvalue 1. Let us
define N := [log, }l] + 1, i.e. the smallest integer such that £ = 2LN < % Then, A4 > & and the
matrix G — &/ has only positive eigenvalues. Hence, one has

fei=f- SZXZ[' = v,{Gvk - svglvk = v,{(G —ehvy,
aeQ

yielding f, € 2[X].
For the second claim, let us consider the algebraic set V defined by
of _ _9of

f(X)—E=0—X1— i

Let us note A the projection of V N R” on the E-axis. Note that A contains the minimizers of
f(x).

Note that the algebraic set defined by f — E = 0 is smooth (since it is a graph). Applying
Proposition@to f — E, we deduce that there exists a polynomial in Z[E] of degree less than d™*!
with coefficients of bit size less than 7 - (4d + 2)>**3 such that its set of real roots contains A. By
Lemma@ it follows that it is enough to select N < O (- (4d + 2)3+3),

O

The following can be found in (Bai et al., |1989, Lemma 2.1) and (Bai et al., [1989) Theo-
rem 3.2).

Proposition 7. Let G > 0 be a matrix with rational entries indexed on N)\. Let L be the factor of
G computed using Cholesky’s decomposition with finite precision 6.. Then LLT = G + F where

(r+ 127Gy 0 Gpgl?

Fopl < 2
Fagl 1= (r+ 1)27% @

In addition, if the smallest eigenvalue A of G satisfies the inequality
27% < 4 3)

P+r+@r-D1"

Cholesky’s decomposition returns a rational nonsingular factor L.



Algorithm 1 intsos

Input: f € Z[X], positive € € Q, precision parameters §, R € N for the SDP solver, precision
0. € N for the Cholesky’s decomposition

Output: list c_list of numbers in Q and list s_1list of polynomials in Q[X]

. P:=C(f),Q:=P2NN"
2 1= Yaeo X f.i=f—et
3: while f, ¢ E[X]doe:= £, f, = f—et
4: done
5. ok := false
6: while not ok do
7. (G, A) := sdp(f;, 6, R)
8  (s1,...,5,) := cholesky(G,1,6,) > fe= D, si2
9 ui=fo— Y87
10: c_list:=[1,...,1],s_1list :=[s1,..., 5]
11: foraeQdog, :=¢
12:  done
13:  c_list,s_list,(g,) := absorb(u, Q,(&,),c_list,s_list)
14:  if mingegle,} > 0 then ok := true
15: elsed :=26,R :=2R, 6. := 20,
16: end
17: done
18: fora € Qdo c_list :=c_list U{g,}, s_list :=s_list U {X%}
19: done
20: return c_list,s_list
Algorithm 2 absorb
Input: u € Q[X], multi-index set Q, lists (g,) and c_list of numbers in Q, list s_list of

polynomials in Q[X]
Output: lists (&,) and c_list of numbers in Q, list s_list of polynomials in Q[X]
1: for y € supp(u) do

2 ifye(2N)"thena =1, &, := &, +u,

3:  else

4 Find @, B € Q suchthaty = a + 8

5 8ai=8a—%,8ﬁi=8ﬁ—@

6 c_list:=c_listU (%)

7 s_list := s_list U{X? + sgn (u,) X"}
8:  end

9: done




3.1. Algorithm intsos

We present our algorithm intsos computing exact weighted rational SOS decompositions
for polynomials in Z[X] N ZOI[X].

Given [ € Z[X] of degree d = 2k, one first computes its Newton polytope P := C(f) (see
line[) and Q := P/2 N N" using standard algorithms such as quickhull by Barber et al.| (1996).
The loop going from line [3|to line |4| finds a positive £ € Q such that the perturbed polynomial
Jfe = f—€Xue0 X2 js also in 3[X]. This is done thanks to any external oracle deciding the non-
negativity of a polynomial. Even if this oracle is able to decide non-negativity, we would like
to emphasize that our algorithm outputs an SOS certificate in order to certify the non-negativity
of the input. In practice, we often choose the value of £ while relying on a heuristic technique
rather than this external oracle, for the sake of efficiency (see Section @ for more details).

If f € Z[X] N Z[X], then the set {e € R™ : Vx € R", f(x) — e Yoo ¥’ > 0} is non
empty (see the proof of Proposition . If the oracle asserts that x +— f(x) — e XY e0 X2 is
non-negative on R”, the? e belongs to this set and it is enough to select € = /2 to ensure that
Jei=f—&Xaeo X2 € ¥[X].

Next, we enter in the loop starting from linefg] Given f; € Z[X], positive integers 6 and R, the
sdp function calls an SDP solver and tries to compute a rational approximation G of the Gram
matrix associated to f; together with a rational approximation A of its smallest eigenvalue.

In order to analyse the complexity of the procedure (see Remark [8), we assume that sdp
relies on the ellipsoid algorithm by |Grotschel et al.|(1993).

Remark 8. In|de Klerk and Vallentin| (2016), the authors analyze the complexity of the short
step, primal interior point method, used in SDP solvers. Within fixed accuracy, they obtain a
polynomial complexity, as for the ellipsoid method, but the exact value of the exponents is not
provided.

Also, in practice, we use an arbitrary-precision SDP solver implemented with an interior-
point method.

SDP problems are solved with this latter algorithm in polynomial-time within a given ac-
curacy ¢ and a radius bound R on the Frobenius norm of G. The first step consists of solving
SDP (T)) by computing an approximate Gram matrix G > 27°I such that

ITr(GBy) = (f) =1 ) Gap—(f) <27

a+p=y

and /Tr(G?) < R. We pick large enough integers ¢ and R to obtain G > 0 and A > 0 when
f. € S[X].

The cholesky function computes the approximate Cholesky’s decomposition LL” of G with
precision 6.. In order to guarantee that L will be a rational nonsingular matrix, a preliminary
step consists of verifying that the inequality (3) holds, which happens when &, is large enough.
Otherwise, cholesky selects the smallest §, such as (3)) holds. Let v be the size r vector of all
monomials X* with @ belonging to Q. The output is a list of rational polynomials [sy, ..., s,]
such that foralli = 1,...,r, s; is the inner product of the i-th row of L by v;. By Theorem E], one
would have f; = >\, si2 with s; € R[X] after using exact SDP and Cholesky’s decomposition.
Here, we have to consider the remainder u = f — £} ,¢0 X% - - sl.z, with s; € Q[X].

After these steps, the algorithm starts to perform symbolic computation with the absorb
subroutine at line The loop from absorb is designed to obtain an exact weigthed SOS de-

composition of &7 + u = €3¢0 X2 4 2.y uyX”, yielding in turn an exact decomposition of f.



Each term u,X” can be written either quz” or qu‘”ﬁ , for @, B8 € Q. In the former case (line ,
one has
X + u, X2 = (& + up) X

In the latter case (line EI), one has
X% + XY + u, X = |u |/2(X” + sgn (u,)XP)* + (& — Juy|/2)(X** + XP).

If the positivity test of line[14fails, then the coefficients of u are too large and one cannot ensure
that et + u is SOS. So we repeat the same procedure after increasing the precision of the SDP
solver and Cholesky’s decomposition.

In prior work [Magron et al.| (2018]), the authors and Schweighofer formalized and analyzed
an algorithm called univsos2, initially provided in Chevillard et al.[(2011). Given a univariate
polynomial f > 0 of degree d = 2k, this algorithm computes weighted SOS decompositions of
f. With ¢t := f:o X2, the first numeric step of univsos2 is to find & such that the perturbed
polynomial f; := f — et > 0 and to compute its complex roots, yielding an approximate SOS
decomposition s1 + 52 The second symbolic step is very similar to the loop from hnelto hne|§l
in intsos: one considers the remainder polynomial u := f, — s2 and tries to computes an
exact SOS decomposition of &t + u. This succeeds for large enough precision of the root isolation
procedure. Therefore, intsos can be seen as an extension of univsos2 in the multivariate case
by replacing the numeric step of root isolation by SDP and keeping the same symbolic step.

Example 9. We apply Algorithm intsos on
f=4X] +4X:X, - 71X X5 - 2X,X; + 10X5,
withe=1,6 =R =60and 6. = 10. Then

Q:=C(NH/2NN"={(2,0),(1,1),(0,2)}

(line . The loop from lineto lineends and we get f —et = [ — (Xf + X12X§ + X%) € 3[X].
The sdp (line[7) and cholesky (linels) procedures yield
2

8 4 3
s = 2X12 + X1 X — gX%, Sy = §X1X2 + EX% and s3 = 7X§

The remainder polynomial is u = f — et — s1 - s% - s3 —X4 X2X2 X1X3 - %X“
At the end of the loop from line |i| to lmeB we obtain g0y = (s - X4 = 0, which is the

coefficient 0fX4 in &t + u. Then,

2 1 1
sXIX2 + X3) - gx, X3 = g(X, X, - X2 + (e - §)(XfX§ +X3).

In the polynomial &t + u, the coefficient ofoxg iseqny =&— % - é = g and the coefficient oin

. _ 1 _ 781 _ 395
IS$€02 = €737 1764 = 1764

Eventually, we obtain the weighted rational SOS decomposition:
395 4
—X
17642
8 4 3 2
+ (X2 + XX, — gXg)2 +GXX+ §X§)2 + (7X§)2)-
9

1 5
4X} +4X3 X, - TXI X3 - 2X, X5 + 10X; =§(X1x2 - X3 + §(X1X2)2 +



3.2. Correctness and bit size of the output
Let f € Z[X] N S[X] of degree d = 2k, 7 := 7(f) and Q := C(f)/2 "N N".

Proposition 10. Let G be a positive definite Gram matrix associated to f and take 0 < € € Q as

in Proposztzonlso that fo = f— & Xae0 X% € 3[X]. Then, there exist positive integers 9, R such

that G — €l is a Gram matrix associated to fs, satisfies G — &l > 27°I and \/Tr (G — €I)?) < R.
Also, the maximal bit sizes of 6 and R are upper bounded by O (t - (4d + 2)*"*3) and O (t - (4d + 2)*"*3),
respectively.

Proof. Let A be the smallest eigenvalue of G. By Proposition G > el for e = 2%, < % with
N < O(t-(4d +2)**3). By defining 6 := N+1,27° = 7 < 4 < 4, yielding G—& > 41 > 271
AsN <O(r-(4d +2)**3),one has 6 < O (7 - (4d + 2)%’“3)

As in the proof of Proposition |5 we consider the largest eigenvalue A’ of the Gram matrix G
of f and prove that the set {¢’ € R : Vx € R", = f(x) + € Y,c0 ¥** > 0} is not empty. We apply
again Proposition 6] as in the proof of Proposition [5to establish that this set contains an interval

10, = sw[with N < O (7 - (4d + 2)>*+3). This allows in turn to obtain a rational upper bound &’ of A’
with bit size O (t - (4d + 2)*'*?)). The size of G is bounded by ("Zk), thus the trace of G is less
than (”;k)s’z. Using that for all k > 2,

_a+8ae K 1)--~(1+k)§k”‘1(1+k)32k"sd",
n n-—

n n!

(n+k)_ m+k)---(k+1)

one has \Tr ((G — &I)?) < Tr(G?) < die’ = O (r - (4d + 2)***3). O

Proposition 11. Let f be as above. When applying Algorithm intsos to f, the procedure
always terminates and outputs a weighted SOS decompositon of f with rational coefficients. The
maximum bit size of the coefficients involved in this SOS decomposition is upper bounded by
O (1 - (4d + 2)*+3).

Proof. Let us first consider the loop of Algorithm intsos deﬁned from line 3 to line 4} From
Prop051t10n this loop terminates when f; € £[X] for & = st and N < O (1 (4d + 2)**3).

When calling the sdp function at line [7]to solve SDP @ with precision parameters ¢ and R,
we compute an approximate Gram matrix G of f, such that G > 2°I and Tr(G?) < R*>. From
Proposition [T0] this procedure succeeds for large enough values of § and R of bit size upper
bounded by O (t - (4d + 2)*"*3). In this case, we obtain a positive rational approximation A > 279
of the smallest eigenvalue of G.

Then the Cholesky decomposition of G is computed when calling the cholesky function at
line[8] The decomposition is guaranteed to succeed by selecting a large enough &, such that (3)
holds. Let r be the size of G and &, be the smallest integer such that 27% < 22 Since the

P12
function is increasing on [0, o0) and A > 279, (B) holds. We obtain an approximate

X
weighted SOS decomposition Y,/_; s? of f, with rational coefﬁcients

Let us now consider the remainder polynomial u = f, — >.._; s7. The second loop of Algo-
rithm intsos defined from line[gto line[[7]terminates when for all @ € Q, &, > 0. This condition
is fulfilled when for all @ € Q, € — pe0 a+pl/2 + uy > 0. This latter condition holds when for
all y € supp(w), |u,| < 2.

Next, we show that this happens when the precisions ¢ of sdp and ¢, of cholesky are both
large enough. From the definition of u, one has for all y € supp(u), u, = f, — &, — (X1, 1)7’
10



where g, = £ when y € (2N)" and &, = 0 otherwise. The positive definite matrix G computed by
the SDP solver is an approximation of an exact Gram matrix of f;. At precision 9, one has for all
y € supp(f), G = 27°I and

fy =&y = Tr (GBI =If,—8,— ), Gapl <27,
a+f=y

In addition, it follows from (2)) that the approximated Cholesky decomposition LLT of G
performed at precision 6 satisfies LL" = G + F with

(r+ 1)27%

~ 1
T— G+ o e Gl

|F(Y,ﬁ| <

for all @, 8 € Q. Moreover, by using Cauchy-Schwartz inequality, one has

ZG(I,(I =TrG < NTrl \'TI'G2 < \/;R,
aeQ
For all y € supp(u), this yields
0a+G .
l Z GaaGBﬂ| Z m—ﬁﬁ <TrG < \/;R,
2
a+p=y a+B=y

where the first inequality comes again from Cauchy-Schwartz inequality.
Thus, for all y € supp(u), one has

| > Gos - (ZS W=D Gap= DL UL | =] D Fag,

a+f=y a+f=y a+f=y a+f=y
which is bounded by
(r+ 1)27% Vr(r + 1)27%R

= Goo G <y s 2

1-(r+ 127 a; (Goar Gpal? < 1= (r+ )25
Now, let us take the smallest & such that 27° < > = ﬁ as well as the smallest 6. such that

r ¢

% < £, thatis § = [N + 1 +log, r] and &, = [log, R + log,(r + 1) + log, N ryr + 1)].

From the previous inequalities, for all y € supp(u), it holds that

r s ~ ~ r ) P P
|uy|=|fy—sy—<;s,->y|s|fy—ey— 2, Gagl+1 ), Ga,ﬁ—gsims 2ty =

a+p=y a+p=y

S| m

This ensures that Algorithm intsos terminates.
Let us note

Aw) :={(a,B) : @ + B € supp(u),a,f € Q,a #f}.

When terminating, the first output c_list of Algorithm intsos is a list of non-negative rational

numbers containing the list [1,..., 1] of length r, the list {@ . (@,B) € A(u)} and the list

{eq : @ € O}. The second output s_list of Algorithm intsos is alist of polynomials containing
11



the list [sy,..., s,], the list {X* + sgn (u(Hﬁ)Xﬁ : (@, B) € A(w)} and the list {X* : @ € Q}. From
the output, we obtain the following weigthed SOS decomposition

r

|”a+,8|

2 @ 2 2a

f= Z 57+ Z T(X + sgn(umﬁ)Xﬁ) + ZSQX .
i=1 (@,p) € Au) aeQ

Now, we bound the bit size of the coefficients. Since r < (”;k) <d"and N <O (t- (4d + 2)’"3),

one has 6 < O(7-(4d +2)**3). Similarly, 6. < O(r-(4d +2)*"*3). This bounds also the

maximal bit size of the coefficients involved in the approximate decomposition };_, sl.2 as well as

the coefficients of u. In the worst case, the coefficient g, involved in the exact SOS decomposition
is equal to & — Y 5c( lUaspl/2 + u, for some a € Q. Using again that the cardinal r of Q is less

than ("*k) < d", we obtain a maximum bit size upper bounded by O (7 - (4d + 2)3"*3). O

n

3.3. Bit complexity analysis

Theorem 12. For f as above, there exist &, 8, R, 6. of bit sizes upper bounded by O (t - (4d + 2)*"*3)
such that intsos(f, &, 6, R, d.) runs in boolean time O (> - (4d + 2)'>"*9),

Proof. We consider &, 8, R and &, as in the proof of Proposition [T} so that Algorithm intsos
only performs a single iteration within the two while loops before terminating. Thus, the bit size
of each input parameter is upper bounded by O (r - (4d + 2)**3).

Computing C(f) with the quickhull algorithm runs in boolean time O (V?) for a polytope
with V vertices. In our case V < (";d) < 2d", so that this procedure runs in boolean time

O(d""). Next, we investigate the computational cost of the call to sdp at line [7l Let us note
Nsdp = 1 (resp. myqp) the size (resp. number of entries) of G. This step consists of solving SDP (T)),
which is performed in O(nfdp log,(27ns4p R 29)) iterations of the ellipsoid method, where each

iteration requires O (ny, (mgqp + Nsgp)) arithmetic operations over log,(27ngqp R 2%)-bit numbers

2
sdp
(see e.g. (Grotschel et al.| (1993)). Since myqp, nsqp are both bounded above by (";d) < 2d", one
has

log,(27ny4p R2°) < O (1 - (4d + 2)*),
Mgp(Misap + nsap) < O (d™),

ngdp log, (2 ngap R 2y <0 (t-(4d + 2)8n+3) .

Overall, the ellipsoid algorithm runs in boolean time O (72 - (4d + 2)'>"*%) to compute the ap-
proximate Gram matrix G. We end with the cost of the call to cholesky at line (s} Cholesky’s
decomposition is performed in O(ng dP) arithmetic operations over d.-bit numbers. Since §. <
O (7 - (4d + 2)**+3), the function runs in boolean time O (1 - (4d + 2)""*3). The other elementary
arithmetic operations performed while running Algorithm intsos have a negligible cost w.r.t. to
the sdp procedure. O

3.4. Comparison with the rounding-projection algorithm of Peyrl and Parrilo

We recall the algorithm designed in |Peyrl and Parrilo| (2008). We denote this rounding-
projection algorithm by RoundProject.
The first main step in Line [5| consists of rounding the approximation G of a Gram matrix
associated to f up to precision ¢;. The second main step in Line [§| consists of computing the
12



Algorithm 3 RoundProject

Input: f € Z[X], rounding precision ¢; € N, precision parameters d, R € N for the SDP solver
Output: list c_list of numbers in Q and list s_1list of polynomials in Q[X]

. P:=C(f),Q:=P/2NN"

2: ok := false

3: while not ok do

4 (G,Q) := sdp(f,6,R)

5. G’ :=round(G,4;)

6: fora,fe Qdo

T na+p) = #@.B)e Q|+ = a+p)

5 G@p) =GB~ g (Zaep-aes G (@) = fusp)

9: done

10: (ClyersCryS1s...,8,) :=1d1L(G) >f =20, c,-s[2

ifcr,...,c, € Q% s1,..., 5 € Q[X] then ok := true
12: elsed :=26,R :=2R, 6. := 20,

13:  end

14: done

15: c_list :=[cy,...,¢,], s_1list := [s1,...,5/]

16: return c_list, s_list

—
—_

orthogonal projection G of G’ on an adequate affine subspace in such a way that 35—, Gop =
Jy, for all v € supp(f). For more details on this orthogonal projection, we refer to (Peyrl and
Parrilo|, [2008], Proposition 7). The algorithm then performs in (I0) an exact diagonalization of
the matrix G via the LDLT decomposition (see e.g. (Golub and Loan, 1996, § 4.1)). It is proved
in (Peyrl and Parrilo, 2008}, Proposition 8) that for f € fl[X], Algorithm RoundProject returns a
weighted SOS decomposition of f with rational coefficients when the precision of the rounding
and SDP solving steps are large enough.

The main differences w.r.t. Algorithm intsos are that RoundProject does not perform a
perturbation of the input polynomial f and computes an exact LDL" decomposition of a Gram
matrix G. In our case, we compute an approximate Cholesky’s decomposition of G instead
of a projection, then perform an exact compensation of the error terms, thanks to the initial
perturbation.

The next result gives upper bounds on the bit size of the coefficients involved in the SOS
decomposition returned by RoundProject as well as upper bounds on the boolean running time.
Even though intsos and RoundProject have the same exponential bit complexity, the upper
bound estimates are larger in the case of RoundProject. It would be worth investigating whether
these bounds are tight in general.

Theorem 13. For f as above, there exist &;, 6, R of bit sizes < O(t - (4d + 2)*™3) such that
RoundProject(f,d;,d, R) outputs a rational SOS decomposition of f with rational coefficients.
The maximum bit size of the coefficients involved in this SOS decomposition is upper bounded by
O (7 - (4d + 2)%"3) and the boolean running time is O (72 - (4d + 2)1>7+6),

Proof. Let us assume that Algorithm RoundPro ject returns a matrix G > 0 associated to f with
smallest eigenvalue A and let N € N be the smallest integer such that 27V < A. As in Proposi-
tion 10} one proves that the bit size of N is upper bounded by O (7 - (4d + 2)***3). By (Peyrl and
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Parrilo|, 2008} Proposition 8), Algorithm RoundProject terminates and outputs such a matrix G
together with a weighted rational SOS decomposition of f if 27% + 279 < 27N where ¢’ stands
for the euclidean distance between G’ and G, yielding

Z (Gmﬁ - G:y,ﬁ)z = 2_6/ .

aBeQ
For all @, 8 € Q, one has IG;,ﬁ — G pl <279, As in the proof of Proposition |11} at SDP precision
8, one has for all y € supp(f), G = 27°I and
fy= D Gapl <27,
a+f=y

Forall @, € O, let us define ey 5 := Yy 1p—a+p G (@', ') — fo+p and note that

eagl s D |G@BY-G@ B +| D G B~ furg| <@+ p2 4270

o'+ =a+f '+ =a+p

For all o, € Q, we use the fact that n(a + 8) > 1 and that the cardinal of Q is less than the size
rof G, with r < d", to obtain

e
270 = B o P8 4070,
{;‘Q (@ +p) ( :

To ensure that 27% + 279 < 27V it is sufficient to have (2" + 1)27% + d?"279 < 27N which is
obtained with §; and & with bit size upper bounded by O (- (4d + 2)3+3) The bit size of the
coefficients involved in the weighted SOS decomposition is upper bounded by the output bit size
of the LDLT decomposition of the matrix G, that is O (6;%) = O (t - (4d + 2)®"*3).

The bound on the running time is obtained exactly as in Theorem[T1] O

4. Exact Reznick and Hilbert-Artin’s representations

Next, we show how to apply Algorithm intsos to decompose positive definite forms and
positive polynomials into SOS of rational functions.

4.1. Exact Reznick’s representations

Let G, := )., Xl.2 and ™! := {x € R" : G,(x) = 1} be the unit (n — 1)-sphere. A positive
definite form f € R[X] is a homogeneous polynomial which is positive over S"~!. For such a
form, we set
mineg-1 f(x)
maXyesi-1 f(X) |

which measures how close f is to having a zero in $"~'. While there is no guarantee that
f € Z[X], Reznick| (1995) proved that for large enough D € N, fG,? € X2[X]. Such SOS de-
compositions are called Reznick’s representations and D is called the Reznick’s degree. The next
result states that for large enough D € N, fGY € $[X], as a direct consequence of Reznick
(1995).

e(f) =

14



Lemma 14. Let f be a positive definite form of degree d = 2k in Z[X] and D > 47:)1&_31(),«') - %+1.
Then f GP € $[X].

Proof. First, for any positive e < minyeg-1 f(x), the form (f — eG*) is positive on S"~!. Then,
for any nonzero x € R”, one has

F(x) = eGu(0)* = G (f(

G;x))—e) >0,

implying that (f — eG¥) is positive definite. Next, (Reznickl |1995, Theorem 3.12) implies that
for any positive integer D, such that

D,>D, = nd(d —1) _n+d
—  4log2e(f - eGF) 2

b}

one has (f — eG¥) Gy € Z[X]. One has G,™” = Fyyun, (172 )X, Let veup, (X) be the

apla,!
. . . . D. .
vector of monomials with exponents in Ny, D.- Then, one can write G],T' ¢ = VZ+DeAvk+De with

k+D,
aylay!

A being a diagonal matrix with positive entries ( ), thus A > 0. Next we select e small
enough so that there is no term cancellation in (f — eG*), ensuring that the Newton polytope of
(f — eG*) is equal to N7.- This in turn implies that the Newton polytope of (f — eG’;)GnD ¢ is
equal to N3, . Since (f — eG*) GL* € Z[X], there exists A’ > 0 indexed by N, p, such that
fGR = eGytPe = VI | A'viup,. This yields fGL = vI | (eA + A')iup,. Since eA + A’ > 0,
Theoremimplies that f G e S[X].

Next, with D := 4?55;1(}) - %, we prove that there exists a large enough N € N such that
fore = Mt /0 ' < 4 1. Since £GP € £[X] for all D, > D, this will yield the desired

result. For any x € S"!, one has G,(x)f = 1, thus

min (f(x) = €G,(x)) = min f(x)—e,  max(f(x) - eG,(x)") = max f(x)—e.

Hence,
Mineegt fOOI1 - 1/NT _ e(HIN = 1)
mingeg-1 f(x)[1/e(f) — 1/N] N —&(f)

N—e&(f) nd(d-1) n+d . _ 1=e(f) ndd-1)
N-1 dlog2e(f) | 2 ° yielding D, = D = — Tlog2e(f)"

+ 1], one ensures that & — D < 1, which concludes the proof. O

e(f — eGr) =

Therefore, one has & =

(I-&(f))nd(d-1)
N> a7

By choosing

Algorithm Reznicksos takes as input f € Z[X], finds the smallest D € N such that f G? €
$[X], thanks to an oracle which decides if some given polynomial is a positive definite form.
Further, we denote by interiorS0Scone a routine which takes as input f, G, and D and returns
true if and only if f G2 € $[X], else it returns false. Then, intsos is applied on f G2,

Example 15. Let us apply Reznicksos on the perturbed Motzkin polynomial
=0 +2729XS + X1X3 + X1X3) - 3X1X3 X3,

With D = 1, one has f G, = (X% + X% + X%)f € 3[X] and intsos yields an SOS decomposition
of fG, withe =272, 6 =R =60, 5. = 10.
15



Algorithm 4 Reznicksos

Input: f € Z[X], positive € € Q, precision parameters d, R € N for the SDP solver, precision
0. € N for the Cholesky’s decomposition

Output: list c_list of numbers in Q and list s_1list of polynomials in Q[X]

1: D:=0

2: while interiorS0Scone(f G,,D) =falsedo D := D + 1

3: done

4: return intsos(f G2, ¢,6,R,5,)

n?

Theorem 16. Let f € Z[X] be a positive definite form of degree d, coefficients of bit size at most
7. On input f, Algorithm Reznicksos terminates and outputs a weighted SOS decomposition
for f. The maximum bit size of the coefficients involved in the decomposition and the boolean
running time of the procedure are both upper bounded by 2° (r(dd+2)"3),

Proof. By Lemma@ the while loop from line P to [f]is ensured to terminate for a positive
nd(d-1

integer D > Tlog2e(f) ~ %’. By Proposition when applying intsos to f G2, the procedure
always terminates. The outputs are a list of non-negative rational numbers [cy, ..., c,] and a list
of rational polynomials [sy, . . ., 5,] providing the weighted SOS decompositon f G2 = 31, ¢; siz.

Thus, we obtain f = )7, c,-é—i), yielding the first claim.

Since, (X7 + -+ + X2)P = Yjo=p ﬁ X%, each coeflicient of G2 is upper bounded by
Dlal=D ﬁ = nP. Thus 7(fG?) < 7 + Dlogn. Using again Proposition the maxi-
mum bit size of the coefficients involved in the weighted SOS decomposition of f G? is upper
bounded by O ((r + Dlog n)(4d + 8D + 2)***3). Now, we derive an upper bound on D. One has
Minyegt f(x) := minfe e R*%: f(x)—e=0,x e S"!}.

Again, we rely on Proposition (6] to show that mingeg-1 f(x) > 2-0@@HD™) - Similarly, we
obtain maxyeg1 f(x) < 20T@HD™) and thus ff) < 20@@d 2™ Qyerall, we obtain

nd(d-1) n+d

— +1<DX<L 20(T-(4d+2)3n+3) '
dlog2e() 2

This implies that
O((r+ Dlogn)(4d + 8D + 2)3n+3) < 2(3n+3)0(1-(4d+2)3"+3) < 20(7-(4d+2)4”*3) )

From Theorem the running time is upper bounded by O ((t + D log n)?(4d + 8D + 2)15+%),
which ends the proof. O

The bit complexity of Reznicksos is polynomial in the Reznick’s degree D of the represen-
tation. In all the examples we tackled, this degree was rather small as shown in Section[6]

4.2. Exact Hilbert-Artin’s representations

Here, we focus on the subclass of non-negative polynomials in Z[X] which admit an Hilbert-
Artin’s representation of the form f = 5, with & being a nonzero polynomial in R[X] and

& € S[X].
We start to recall the famous result by Artin, providing a general solution to Hilbert’s 17th prob-

lem:
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Theorem 17. (Artin| |1927, Theorem 4) Let f € R[X] be a polynomial non-negative over the
reals. Then, f can be decomposed as a sum of squares of rational functions with rational coeffi-
cients and there exist a nonzero h € Q[X] and o € X[X] such that f = h%

Given f € R[X] non-negative over the reals, let us note deg f = d = 2k, and 7 = 7(f). Given
D e N, we denote by S p the convex hull of the set

supp(f) + N3, = {a + B | a € supp(f),8 € N3} € Ny .
Finally, we set Qp :=Sp/2 N N7

To compute Hilbert-Artin’s repréggntation, one can solve the following SDP program:
sup TrG 4)
G.H>0
st. Tr(HF,)=Tr(GB,), Vye€O0p,
Tr(H)=1.

where B, is as for SDP (II]), with rows (resp. columns) indexed by QOp, and F, has rows
(resp. columns) indexed by N7, with (a, ) entry equal t0 3’,,4.s=, f5. Let us now provide the
rationale behind SDP (@). The first set of trace equality constraints allows one to find a Gram
matrix H associated to 2, with rows (resp. columns) indexed by N | as well as a Gram matrix
G associated to o, with rows (resp. columns) indexed by Qp. The last trace equality constraint
allows one to ensure that H is not the zero matrix. Note that we are only interested in finding
a stricly feasible solution for SDP (@), thus we can choose any objective function. Here, we
maximize the trace, as we would like to obtain a full rank matrix for G.

Proposition 18. Let f € Z[X] be a polynomial non-negative over the reals, with deg f = d = 2k.
Let us assume that f admits the Hilbert-Artin’s representation f = %, with o € X[X], h € Q[X],

degh = D € Nand dego = 2(D+k). Let Qp be defined as above. Then, there exist 6p, 0 € i[X]
such that

opf =0,

ensuring the existence of a strictly feasible solution G, H > 0 for SDP (@).

Proof. By applying Propositionto h* f, there exists & > 0 such that & := h? f — £ Y e, X** €
i[X]. In addition, for all 2 > 0, one has

Rf=Rf+af Y X=2f 3 X =(R+2 Y X)) f-Af . X =G+e ) X
aeNy aeNy, aeNy, aeNy a€Qp

Let us define u, := Af ZQENE X?®. As in the proof of Proposition we show that for small
enough A, the polynomial €3} ,¢0, X?* + u, belongs to £[X]. Fix such a A, and define 6 :=
0+ &geop X?* + uy and &p = h* + /lzaeN;g X2 Since & € ¥[X], there exists a positive
definite Gram matrix G associated to ¢. Similarly, there exists a positive definite Gram matrix H
associated to & p. By Theorem this implies that &, 6p € X[X], showing the claim. O

To find such representations in practice, we consider a perturbation of the trace equality
constraints of SDP (@) where we replace the matrix G by the matrix G — €l:

PP : sup TrG
G,H=0

st. Tr(HF,) =Tr(GB,) -€Tr(B,)), VYyeQp,
Tr(H)=1.
17



For D € N, let us note £p(X) := (Z:o¢ $[X], op € T[X] with degop < 2D},

Algorithm Hilbertsos takes as input f € Z[X], finds op € X[X] of smallest degree 2D such
that fop € EOJ[X], thanks to an oracle as in intsos (i.e., the smallest D for which f € Z°)D(X)).
Then, the algorithm finds the largest rational € > 0 such that Problem P* has a strictly feasible
solution. Problem P? is solved by calling the sdp function, relying on an SDP solver. Eventu-
ally, the algorithm calls the procedure absorb, as in intsos, to recover an exact rational SOS
decomposition.

Algorithm 5 Hilbertsos

Input: f € Z[X] of degree d = 2k, positive £ € Q, precision parameters §,R € N for the
SDP solver, precision d, € N for the Cholesky’s decomposition lists c_list;,c_list, of
numbers in QQ and lists s_list;,s_list, of polynomials in Q[X]

1: D:=1

2: while f ¢ 3[X]/Zp[X]do D := D + 1

3: done

4: Compute the convex hull S p of supp(f) + N/,

5: D::SD/20N2+D

6 1= Yaeo, X

7. while Problem P* has no strictly feasible solution do & := £
8: done

9: ok := false

10: while not ok do

11: (G,H, 11, 2;) := sdp(f,&,6,R)

122 (S11,...,814) 1= cholesky(é,/f],(ic.)

13 (S21,...,82,) = cholesky(I:I, A2, 6.)

14 0= s, 0p = X7, 85

152 u:=0pf—-0—¢t

16:  c_listy:=[1,...,1], s_1list; := [S11,...,Sn1]

17 c_listy:=[1,...,1], s_1listy 1= [s12,..., Sp2]

18: foraeQpdog, :=¢

19: done

20:  c_listy,s_listy,(&,) := absorb(u, Op,(g,), c_list;,s_list;)
21:  if min,eg,{€,} > O then ok := true

22: elsed :=26,R:=2R, 6, := 26,

23:  end

24: done

25: fora € Op do c_list; := c_list; U{g,}, s_list; := s_list; U {X9}
26: done

27: return c_listy, c_list,, s_list;, s_list,

Theorem 19. Let f € Z[X] N fD(X) and assume that the SOS polynomials involved in the de-
nominator of f have coefficients of bit size at most Tp > 1. On input f, Algorithm Hilbertsos
terminates and outputs a weighted SOS decomposition for f. There exist g, 0, R, 6. of bit sizes up-
per bounded by O (tp - (4d + 4D + 2)*"*3) such that Hilbertsos(f,&, 6, R, d.) runs in boolean
running time O (712) - (4d + 4D + 2)15+6),

Proof. Since f € 2p(X), the first loop of Algorithm Hilbertsos terminates and there exists
18



a strictly feasible solution for SDP (@), by Proposition (I8). Thus, there exists a small enough
& > 0 such that Problem P? has also a strictly feasible solution. This ensures that the second
loop of Algorithm Hilbertsos terminates. Then, one shows as for Algorithm intsos that the
absorption procedure succeeds, yielding termination of the third loop. Let us note

Ap(u) :={(a,B) : a + B € supp(u) ,a,B € Op,a # f}.

The first output c_list; of Algorithm Hilbertsos is a list of non-negative rational numbers
containing the list [1, ..., 1] of length r, the list {@ : (@, B) € Ap(u)} and the list {&, : @ € Qp}.
The second output s_list; of Algorithm intsos is a list of polynomials containing the list
[S115.-., 8411, the list {X* + sgn (ua+,;)Xﬂ . (a,B) € Ap(u)} and the list {X* : @ € Qp}. From
these two outputs, one reconstructs the weighted SOS decomposition of the numerator o of f.
The third output c_list, is a list of non-negative rational numbers containing the list [1,..., 1]
of length r, and the fourth output is a list of polynomials [sy2, ..., s.,2]. From these two outputs,
one reconstructs the weighted SOS decomposition of the denominator o of f. At the end, we
obtain the weighted SOS decomposition f = al,) with

n n

[tta+]
op = Z s%i , o= Z si. + Z GTW(X" + sgn (uwﬁ))(’ﬁ)2 + Z X2

i=1 i=1 (@) € Ap(u) aeQp

Writing f = (;—’D, one shows as in Proposition |5| that the largest rational number belonging to
the set {¢ € R*? : Vx € R",op(x)f(x) — £ Yueop x>® > 0} has bit size upper bounded by
O(tp - (4d + 4D + 2)*"*3). We conclude our bit complexity analysis as in Proposition [11| and
Theorem [121 O

Remark 20. Note that even if the bit complexity of Hilbertsos is polynomial in the degree D of
the denominator, this degree can be rather large. In|Lombardi et al.|(2018)), the authors provide
an upper bound expressed with a tower of five exponentials for the degrees of denominators
involved in Hilbert-Artin’s representations.

5. Exact Putinar’s representations

We let f,g1,...,8n in Z[X] of degrees less than d € N and 7 € N be a bound on the bit size

of their coefficients. Assume that f is positive over § := {x € R" : g1(x) > 0,...,gn(x) > 0}
and reaches its infimum with f* := minyes f(x) > 0. With f = 3,4 fox®, we set ||f]| :=
MaXq|<g foertanl and go o= 1.

al!

We con‘si‘der the quadratic module Q(S) := {¥,,0,g; : 0; € Z[x]} and, for D € N, the
D-truncated quadratic module Qn(S) := {¥".,0,g; : 0, € Z[x], deg(o;g;) < D} generated
by g1,...,8m. We say that Q(S) is archimedean if N — G,, € Q(S) for some N € N (recall that
G, 1= Y, X?). We also assume in this section:

Assumption 21. The set S is a basic compact semi-algebraic set with nonempty interior, in-
cluded in [-1,1]" and Q(S) is archimedean.

Under Assumption [21] f is positive over S only if f € Qp(S) for some D € 2N (see [Putinar
(1993)). In this case, there exists a Putinar’s representation f = Y o ;g; with o; € X[X] for
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0 < j < m. One can certify that f € Qp(S) for D = 2k by solving the next SDP with k > [d/2]:

inf Tr (Gy By) +

coc™s Lo 8i(0)Tr (G, Cj) ®)

i=1
s.t.  Tr(GoBy) + ZTr(Gjij) =f,, VYyeN,—{0},
j=1
where B, is as for SDP () and C;, has rows (resp. columns) indexed by Ny_,,. with (a, B) entry
equal to 3, g,5-y &js- SDP (3) is a reformulation of the problem

fhi=supfb: f-beQpS)}.

Thus f5 is also the optimal value of SDP @) The next result follows from (Lasserrel 2001},
Theorem 4.2):

Theorem 22. We use the notation and assumptions introduced above. For D € 2N large enough,
one has

0<fp<r*.
In addition, SDP @ has an optimal solution (G, Gy, ...,Gy), yielding the following Putinar’s

representation:
r m rj
f=i= 090 8j ij4ij
i=1 =1 =l

where the vectors of coefficients of the polynomials q;; are the eigenvectors of G; with respective
eigenvalues A;j, forall j=0,...,m.

The complexity of Putinar’s Positivstellensidtz was analyzed by Nie and Schweighofer|(2007)):

Theorem 23. With the notation and assumptions introduced above, there exists a real ys > 0
depending on S such that
(i) for all even D > s exp(dznd‘%)‘“, feQp(S).

(ii) for all even D > ys exp(2d®n?y*, 0 < f* - f5 < S,

- xg flog )(%

From a computational viewpoint, one can certify that f lies in Qp(S) for D = 2k large
enough, by solving SDP (3). Next, we show how to ensure the existence of a strictly feasible
solution for SDP (3] after replacing the set defined by our initial constraints S by the following
one

S':={xeS:1-x*>0,YaeNy}.

5.1. Preliminary results
We first give a lower bound for f*.

Proposition 24. With the above notation and assumptions, one has

f* 3 p(rrdediog, DA™ gt Dd™ S =0 (d™?)
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Proof. LetY = (Y),...,Y,) and f € Z[Y] be the polynomial obtained by replacing ¥; by 2nY; — 1
in f. Note that if x = (x1,...,%x,) € S C [-1,1]", then y = (()ﬂz—;'))m lies in the standard
simplex A,, so the polynomial f takes only positive values over A,. Since x; = 2ny; — 1 and
(2n - 1) < (2n)?, the polynomial f has coefficients of bit size at most 7 + d + d log, n. Then, the

inequality follows from (Jeronimo and Perrucci, [2010, Theorem 1), stating that

miAn f(y) > 2_(T(f)+1)d”+1d_(n+|)dll+l .
YEA,

We obtain the second inequality after noticing that for all d > 2, one has d log, nd™! < d*'*?,
nd"! < 424 < 24 and 2d2n+2dd2n+1 < 22d2n+2. 0

Theorem 25. We use the notation and assumptions introduced above. There exists D € 2N such
that:
(i) f € Qp(S) with the representation

m
f=f5+zo'jgj,
=0

for f >0, o; € Z[X] with deg(o;g;) < D forall j=0,...,m.
(ii) f € Qp(S’) with the representation

f= idljgﬂr an(l - X,
=

|o|<k

foroj e SIX] with deg(c*jg;) < D, forall j=0,...,m, and some sequence of positive numbers
(Ca)\a\sk-
(iii) There exists a real Cs > 0 depending on S and € = 2LN with positive N € N such that

f-e Z X2 e Qp(S’), N <2057,
lal<k
where T is the maximal bit size of the coefficients of f,g1,...,8&m-

Proof. Let x5 be as in Theorem[23]and D = 2k be the smallest integer larger than

1287 £
(2
Theoremimplies that f € Qp(S) and f* — £ < "iﬁ"f“ <L

X OgE
(i) This yields the representation f — f5 = X', 08, with f5 > f?* > 0, oj € Z[X] and
deg(ojgj) < Dforall j=0,...,m.
(i) For 1 < j < m, let us define

tj = Z X%, t0::ZX2", t:

|er|<k—w; lal<k Jj=0

D := max{ys exp )" xs @dPndys).

1]
o
~
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For a given v > 0, we use the perturbation polynomial —v¢ = —v 3., ,X”. For each term
—t,X”, one has y = a + § with @, 8 € N}, thus

1 1 1
~6,X7 = |t (-1 + E(l - Xy 4 E(l - X?) 4+ E(X“ - sgn (t,)X")%).

As in the proof of Proposition[TT] let us note
A0 :={(a,p) : @+ B € supp(t) ,a,B € N} ,a # B}
Hence, for all @ € N}, there exists d, > 0 such that
m ty
f=f-vt+vt = f} - Z v|ty|+z Tig ,+w+z dy(1=X2) 1y Z %(X"—sgn (tasp)XP)?.
lyl<D j=0 lrl<k (a,BeA()

Since one has not necessarily d, > 0 for all @ € N, we now explain how to handle the case when
dy = 0 for a € N}. We write

= Yl D A (=X == Y = v Y v =X+ Y X

lyl<D |er|<k lyl<D a:dy=0 a:d,=0 a:d,=0
+ Z do(1 — X2 + Z do(1 — X2y
lal:d,=0 lal:d,>0

For @ € N}, we define ¢, := vif d, = 0 and ¢, := d, otherwise, a := X, <plt,l + Xo:q,=0 1,
0j:=0j+vtjforeach j=1,...,mand

. |20+l
&0 = f —va+og+vig+v Z —"2+ﬁ (XY = 5gn (ta:p)X") + Z vx2
(a,B)eA(t) a:d,=0

So, there exists a sequence of positive numbers (¢, )joj<k such that

f= iogjg,- + ) call = X2,
=0

la|<k

Now, let us select v := 2LM with M being the smallest positive integer such that 0 < v < % This

implies the existence of a positive definite Gram matrix for ¢, thus by Theorem oy € ZQZ[X ].
Similarly, for 1 < j < m, &; belongs to X[X], which proves the second claim.
(iii) Let N := M + 1 and & := 37 = }. One has

f—aZXZO‘ = f—ety =5'0—8t0+z&jgj+ an(l — X%y,
la|<k j=1 lal<k
Thus, o + (v — &)ty € S[X]. This implies that & — &t € S[X] and f — &ty € Qp(S’). Next, we
derive a lower bound of f;” Since

t:ZXZ‘Y+zm:gj > ox,

lal<k j=1 || <k—w;
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one has

il <27 m+ 1)(” ;D).

lyl<D

This implies that

a<2(m+ 1)(”;D)+("Zk) < 2T(m+2)(n-’:D).

Recall that ’% < f}, implying

B r !

> > ,
a arel(m+2)("P) T (m+2)270CE D

where the last inequality follows from Theorem 24} Let us now give an upper bound of log, D.
First, note that for all @ € N, al',“"a 7 2 1, thus ||f]| < 27. Since D is the smallest even integer
larger than D, one has

log2 D<1+ lOgZQ <1+ logXS + (12d3n2d2T20(‘rd2n+2))X5 .

Next, since N is the smallest integer such that & = 2LN =3< %, it is enough to take

N <1 +log,(m+2)+ 20 @) nlog, D < ACsTd" ’

for some real Cy > 0 depending on S, the desired result. O

5.2. Algorithm Putinarsos

We can now present Algorithm Putinarsos.

For f € Z[X] positive over a basic compact semi-algebraic set S satisfying Assumption
the first loop outputs the smallest positive integer D = 2k such that f € Qp(S).
Then the procedure is similar to intsos. As for the first loop of intsos, the loop from line g
to lineallows us to obtain a perturbed polynomial f, € Qp(S’), with " :={x € S : 1 — x> >
0,Va € NJ}.
Then one solves SDP (B with the sdp procedure and performs Cholesky’s decomposition to
obtain an approximate Putinar’s representation of f, = f — &t and a remainder u.
Next, we apply the absorb subroutine as in intsos. The rationale is that with large enough
precision parameters for the procedures sdp and cholesky, one finds an exact weighted SOS
decomposition of u + &t, which yields in turn an exact Putinar’s representation of f in Qp(S”)
with rational coefficients.

Example 26. Let us apply Putinarsos o f = —Xi = 2X1X, = 2X5 + 6, S := {(x;,x,) € R? :

1- x% >0,1- x% > 0} and the same precision parameters as in Example@] The first and second

loop yield D = 2 and € = 1. After running absorb, we obtain the exact Putinar’s representation

23853407 23 130657269 1
f=or—— 1+ X X2+ +(X1=X2)+(

X
= +_
292204836 497! 291009481 2 24422

2437

11 13
>2+(7>2<1—X%>+<7>2(1—X§).
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Algorithm 6 Putinarsos.

Input: f,g1,...,8n € Z[X] of degrees lessthand e N, § := {x e R" : g;(x) > 0,...,gu(x) >
0}, positive € € Q, precision parameters d, R € N for the SDP solver , precision 6. € N for
the Cholesky’s decomposition

Output: lists c_listg,...,c_list,,c_alpha of numbers in @ and lists
s_listy,...,s_list,, of polynomials in Q[X]

1: k:=[d/2],D :=2k, gy :=1

2: while f ¢ Qp(S)dok:=k+1,D:=D+2

3: done

4 P:=N}), Q:=N, S :={xeS:1-x>0,Ya e N}

50 1= Yaep X2 f, = f—st

6: while f, ¢ Qp(S")do s := 5, f; == f — et

7: done

8: ok := false

9: while not ok do

10: [GQ, ceey Gm, ;l(), Ceey ;lm, (5(y)|azlsk], = Sdp(fg, o,R,S)

11:  c_alpha = (C¢)jai<k

12: for je{0,...,m}do

13: (S1joeeesSrj)i= cholesky(Gj, ;lj, 0c), O0j = Z:;l sizj
14: c_list;:=[1,...,1], s_list; := [s1j,..., 5]

15:  done

16 U= fom Y68 = Diajek Ca(l = X>%)

17:. forae Qdog, :=¢

18: done

19:  c_list,s_list,(&,) ;= absorb(u, Q,(g,),c_list,s_list)
20:  if minyepfe,} > O then ok := true

21:  elsed :=26,R :=2R, 6, := 20,

22:  end

23: done

24: for @ € Q do

25  c_listgp:=c_listgU{g,}, s_listy:=s_listo U {x?}
26: done

27: return c_listp,...,c_list,,c_alpha,s_listg,...,s_list,
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5.3. Bit complexity analysis

Theorem 27. We use the notation and assumptions introduced above.  For some constants
Cs > 0 and Ks depending on S, there exist g, 6, R, 6. and D = 2k of bit sizes less than
O(ZCSTdZM) for which Putinarsos(f,S,e,06,R,0d.) terminates and outputs an exact Putinar’s
representation with rational coefficients of f € Q(S’), with S’ :={x €S : 1-x** >0,Ya N¢

The maximum bit size of these coefficients is bounded by O (25 T

42n+2

boolean time O (22°™ ).

) and the procedure runs in

d2n+2 1

Proof. The loops going from line 2] to line [ and from line [¢] to line [7] always terminate as re-
spective consequences of Theorem [25|(i) and Theorem [25|(iii) with log, D < 2657 ¢ = s

N < 2657”7 for some real Cs > 0 depending on S. What remains to prove is similar to Propo-
sition[IT]and Theorem [12}

Let v, 0o, ..., m, (Ca)ei<k be as in the proof of Theorem Note that v (resp. € — v) is a lower
bound of the smallest eigenvalues of any Gram matrix associated to ¢; (resp. d) for 1 < j < m.
In addition, ¢, > v for all @ € N}. When the sdp procedure at line |10 succeeds, the matrix G,

is an approximate Gram matrix of the polynomial &; with G; > 2°I, |[Tr ((N}f) < R, we obtain
a positive rational approximation 1 ; = 27° of the smallest eigenvalue of G j» Co 1s a rational ap-
proximation of ¢, with ¢, > 2% and ¢, < R, forall j=0,...,mand @ € NZ. This happens
when 279 < gand 279 < & — v, thus for § = O (257",

As in the proof of Proposition[T0] we derive a similar upper bound of R by a symmetric argument
while considering a Putinar representation of f, — f € Qp(S’), where

fpi=inf{b:b— feQpS)).

As for the second loop of Algorithm intsos, the third loop of Putinarsos terminates when the

remainder polynomial
u=fo= Y Figi— Y Gl - X*)
j=0

la|<k

satisfies |u,| < %, where rg = (”;k) is the size of Q0 = N. As in the proof of Proposition one
can show that this happens when ¢ and ¢, are large enough. To bound the precision ¢, required
for Cholesky’s decomposition, we do as in the proof of Proposition [T} The difference now is
that there are m + (":k) = m + ry additional terms in each equality constraint of SDP (@), by
comparison with SDP (). Thus, we need to bound for all j = 1 ...,m, @ € N} and y € supp(u)
each term | Tr (G ;C},) — (g;6),| related to the constraint g; > 0 as well as each term (omitted for
conciseness) involving ¢, related to the constraint 1 — X% > 0.

By using the fact that Tr (G ;Cy) = Y5 8js Zaspss=y G jas, We Obtain

VF(rj+ 1)27%R

ITr(GCjy) ~ (8100 < ; el

where r; is the size of G -
Note that the size g of the matrix Gy satisfies ro > r; forall j = 1,...,m. In addition, deg g; < D

implies
+d - +D
Z g6l < (n neg g’)ZT < (n ; )2’ < D27,
6
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Vio(ro+1)27% R

T—(ro+1)2 % *
conciseness) for each term involving ¢,. Then, we take the smallest ¢ such that 279 < ﬁ and the
smallest ¢, such that

This yields an upper bound of D"27! We obtain a similar bound (omitted for

Vro(ro + 1)27% R - £

D"2" - .
1—(ro+1)27% = 2rg((m+ 1) + rg)

Thus, one can choose & and &, of bit size upper bounded by O (2¢5™"™) in order to ensure that

Putinarsos terminates. As in the proof of Proposition (TT]), one shows that the output is an exact
Putinar’s representation with rational coefficients of maximum bit size bounded by O (2¢5 'y
As in the proof of Theorem@, let nyq, be the sum of the sizes of the matrices involved in SDP @
and mgqp, be the number of entries. Note that

+D +D
nsdps(m+1)r0+r0s(m+2)(nn ) msdp;:(” )

n

To bound the boolean run time, we consider the cost of solving SDP (&), which is performed in

0] (n‘s‘dp log,(27nsep R 29)) iterations of the ellipsoid method, where each iteration requires O (n?d b (Mmggp + Ndp))

arithmetic operations over log,(2n, R 2%)-bit numbers. Since mggp is bounded by (";D ) <2D"
and log, D = O (255™""), one has

2n+2

7d2n+2 +1)rd?
D=0 )y<o@*™ ).
We obtain a similar bound for 44y, which ends the proof. O

As for Reznicksos, the complexity is polynomial in the degree D of the representation. On
all the examples we tackled, it was close to the degrees of the involved polynomials, as shown in
Section

5.4. Comparison with the rounding-projection algorithm of Peyrl and Parrilo

We now state a constrained version of the rounding-projection algorithm from [Peyrl and
Parrilo| (2008).

For f € Z[X] positive over a basic compact semi-algebraic set S satisfying Assumption 21]
Algorithm RoundProjectPutinar starts as in Algorithm Putinarsos (see Section [5.2): it
outputs the smallest D such that f € Qp(S), solves SDP () in Line[] and performs Cholesky’s
factorization in Line [9] to obtain an approximate Putinar’s representation of f. Note that the
approximate Cholesky’s factorization is performed to obtain weighted SOS decompositions as-
sociated to the constraints gy, ..., g, (i.e. &1,...,0,, respectively).

Next, the algorithm applies in Line[15|the same projection procedure of Algorithm RoundProject
(see Section on the polynomial  := f — Z?:l 0 ;g . Note that when there are no constraints,
one retrieves exactly the projection procedure from Algorithm RoundProject. Exact LDLT is
then performed on the matrix G corresponding to u.

If all input precision parameters are large enough, G is a Gram matrix associated to u# and
G1,...,0, are weighted SOS polynomals, yielding the exact Putinar’s representation f = u +
27’:1 7 ;gj. As for Theorem (13{and Theorem Algorithm RoundProjectPutinar has a simi-
lar bit complexity than Putinarsos.
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Algorithm 7 RoundProjectPutinar

Input: f,g1,...,8m € Z[X] of degrees lessthand e N, S ;= {x e R" : g;(x) > 0,...,gn(x) >
0}, rounding precision ¢; € N, precision parameters J, R € N for the SDP solver, precision
0. € N for the Cholesky’s decomposition

Output: lists c_listy,...,c_list,, of numbersin Q and lists s_listy,...,s_list,, of poly-
nomials in Q[X]

1: k:=[d/2],D =2k, gy :=1

2. while f ¢ Qp(S)dok:=k+1,D:=D+2

3: done

4: ok := false

5. while not ok do

6 [Goy.... Gy Ags. .., Apl, = sdp(f,6, R, S)

7. G’ :=round(Gy, 5;)

8: for je{l,...,m}do

9: (S1js-ves8rj) = cholesky(G;j,4;,6.), & := Z;il sizj

10: c_list;:=[l,..., 1], s_list; ;= [s1j,..., 5]

11: done

122 wu:=f- Z’}Ql o

13: Q:=N}

14: fora,feQdona+p) =#{(.,B)eQ* | +B =a+p)
15 G@f) = G (@) = 12 (Barsp-aep G (@) = hasp)
16: done

17: (€105 -+ 5 Cry0s $105 - - - » Sr0) = 1dL(G) > f = ergl CiOS?() + ZT:] 5’j
18:  ifcio,...,Cmr, € Q% 501, ..., Smr, € Q[X] then ok := true
19:  else o; := 20;, 0 :=26,R :=2R, 6. := 26,
20:  end
21: done

22: c_listg :=[c10,..-, Cro()], s_listg :=[S105-- -, SrOO]
23: return c_listp,...,c_list,,s_listg,...,s_list,,
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Table 1: multivsos vs univsos2|Magron et al. (2018) for benchmarks from |Chevillard et al.|(2011).
. multivsos univsos?2
dod TO) T bits) 6 (s) | T (bits) 1 (5)
#1 13 22 682 387178 0.84 | 51992 0.83
#3 32 269958 - — | 580335 2.64
#4 22 47019 1229036 2.08 | 106797 1.78
#5 34 117307 | 10271899 69.3 | 265330 5.21
#6 17 26 438 713 865 1.15 59926 1.03
#7 43 67 399 | 10360 440 16.3 | 152277 11.2
#8 22 27581 1123152 1.95 63630 1.86
#9 20 30414 896342 154 | 68664 1.61
#10 25 42749 | 2436703 3.02 | 98926 2.76

6. Practical experiments

We provide experimental results for Algorithms intsos, Reznicksos and Putinarsos.
These are implemented in a procedure, called multivsos, and integrated in the RealCertify
library by Magron and Safey El Din| (2018b), written in Maple. More details about installation
and benchmark execution are given on the dedicated webpage{ﬂ All results were obtained on an
Intel Core i7-5600U CPU (2.60 GHz) with 16Gb of RAM. We use the Maple Convex packageE]
to compute Newton polytopes. Our subroutine sdp relies on the arbitrary-precision solver SDPA-
GMP by [Nakata (2010) and the cholesky procedure is implemented with LUDecomposition
available within Maple. Most of the time is spent in the sdp procedure for all benchmarks. To
decide non-negativity of polynomials, we use either RAGLib or the sdp procedure as oracles. Re-
call that RAGLib relies on critical point methods whose runtime strongly depends on the number
of (complex) solutions to polynomial systems encoding critical points. While these methods are
more versatile, this number is generically exponential in n. Hence, we prefer to rely at first on a
heuristic strategy based on using sdp first (recall that it does not provide an exact answer).

In Table[T] we compare the performance of multivsos for nine univariate polynomials being
positive over compact intervals. More details about these benchmarks are given in (Chevillard
et al., 2011, Section 6) and (Magron et al., 2018} Section 5). In this case, we use Putinarsos.
The main difference is that we use SDP in multivsos instead of complex root isolation in
univsos2. The results emphasize that univsos2 is faster and provides more concise SOS
certificates, especially for high degrees (see e.g. # 5). For # 3, we were not able to obtain a
decomposition within a day of computation with multivsos, as meant by the symbol — in the
corresponding column entries. Large values of d and 7 require more precision. The values of &,
d and 6, are respectively between 273 and 27240, 30 and 100, 200 and 2000.

Next, we compare the performance of multivsos with other tools in Table 2] The two
first benchmarks are built from the polynomial f = (X7 + 1)? + (X7 + 1)? + 2(X; + Xo + 1)* -
268849736/108 from (Lasserre, 2001, Example 1), with fi, := > and foo := f°. For these two
benchmarks, we apply intsos. We use Reznicksos to handle My (resp. Mioo), obtained as in
Example (15| by adding 2720 (resp. 27'%) to the positive coefficients of the Motzkin polynomial

Ihttps://gricad-gitlab.univ-grenoble-alpes.fr/magronv/RealCertify
Zhttp://www.home.math.uwo.ca/faculty/franz/convex
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Table 2: multivsos vs RoundProject|Peyrl and Parrilo| (2008) vs RAGLib vs CAD (Reznick).

d 0 d multivsos RoundProject RAGLib | CAD
71 (bits) 21 (8) T (bits) H () | 5(S) | t4(s)
Sz 2 12 316479  3.99 3274148 3.87 0.15 0.07
fro 2 20 754168  113. 53661174 137. 0.16 0.03
My 3 8 4397 0.14 3996 0.16 0.13 0.05
My 3 8 56261 0.26 12200 0.20 0.15 0.03
r 2 4 1680 0.11 1031 0.12 0.09 0.01
T4 4 4 13351 0.14 47133 0.15 0.32 -
T6 6 4 52446 0.24 475359  0.37 623. -
rs 8§ 4 145933  0.70 2251511 1.08 - -
710 10 4 317906 3.38 8374082 432 - -
ré 6 81180699 134 146103466 112. 10.9 -

and r;, which is a randomly generated positive definite quartic with i variables. We implemented
in Maple the projection and rounding algorithm from [Peyrl and Parrilo| (2008)) (stated in Sec-
tion [3.4) also relying on SDP, denoted by RoundProject. For multivsos, the values of &, 6
and 6, lie between 2719 and 2719, 60 and 200, 10 and 60.

In most cases, multivsos is more efficient than RoundProject and outputs more concise
representations. The reason is that multivsos performs approximate Cholesky’s decomposi-
tions while RoundProject computes exact LDL” decompositions of Gram matrices obtained
after the two steps of rounding and projection. This observation matches with the theoretical
complexity estimates established in Proposition [TT] and Theorem [I3] Note that we could not
solve the examples of Table 2| with less precision.

We compare with RAGLib [Safey El Din| (2007a) based on critical point methods (see e.g.
Safey El Din and Schost (2003); [Hong and Safey El Din| (2012)) and the SamplePoints pro-
cedure [Lemaire et al.| (2005) (abbreviated as CAD) based on CAD |Collins| (1975)), both available
in Maple. Observe that multivsos can tackle examples which have large degree but a rather
small number of variables (n < 3) and then return certificates of non-negativity. The runtimes
are slower than what can be obtained with RAGLib and/or CAD (which in this setting have polyno-
mial complexity when n < 3 is fixed). Note that the bit size of the certificates which are obtained
here is quite large which explains this phenomenon.

When the number of variables increases, CAD cannot reach many of the problems we con-
sidered. Note that multivsos becomes not only faster but can solve problems which are not
tractable by RAGLib.

Recall that multivsos relies first on solving numerically Linear Matrix Inequalities ; this is
done at finite precision in time polynomial in the size of the input matrix, which, here is bounded
by (”;d). Hence, at fixed degree, that quantity evolves polynomially in n. On the other hand,
the quantity which governs the behaviour of fast implementations based on the critical point
method is the degree of the critical locus of some map. On the examples considered, this degree
matches the worst case bound which is the Bézout number 4". Besides, the doubly exponential
theoretically proven complexity of CAD is also met on these examples.

These examples illustrate the potential of multivsos and more generally SDP-based meth-
ods: at fixed degree, one can hope to take advantage of fast numerical algorithms for SDP and
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tackle examples involving more variables than what could be achieved with more general tools.

Recall however that multivsos computes rational certificates of non-negativity in some
“easy” situations: roughly speaking, these are the situations where the input polynomial lies
in the interior of the SOS cone and has coefficients of moderate bit size. This fact is illustrated
by Table[3]

Table 3: multivsos vs RAGLib vs CAD for non-negative polynomials which are presumably not in S[X].

d n d mu.lt ivsos RAGLib | CAD
7y (bits) 11 (s) 1 (s) | 13(8)
S, 4 24 - - 1788. -
S, 4 24 - - 1840. -
Vi 6 8 - - 5.00 -
Vv, 5 18 - - 1180. -
M, 8 8 — - 351. -
M, 8 8 - - 82.0 -
M; 8 8 - - 120. -
My 8 8 - - 84.0 -

This table reports on problems appearing enumerative geometry (polynomials S; and S,
communicated by Sottile and appearing in the proof of the Shapiro conjecture Sottile| (2000)),
computational geometry (polynomials V; and V, appear in|Everett et al.|(2009)) and in the proof
of the monotone permanent conjecture in|Haglund et al.|(1999) (M| to M,).

We were not able to compute certificates of non-negativity for these problems which we pre-
sume do not lie in the interior of the SOS cone. This illustrates the current theoretical limitation
of multivsos. These problems are too large for CAD but RAGLib can handle them. Note that
some of these examples involve 8 variables ; we observed that the Bézout number is far above
the degree of the critical loci computed by the critical point algorithms in RAGLib. This explains
the efficiency of such tools on these problems. Recall however that RAGLib did not provide a
certificate of non-negativity.

This whole set of examples illustrates first the efficiency and usability of multivsos as well
as its complementarity with other more general and versatile methods. This shows also the
need of further research to handle in a systematic way more general non-negative polynomials
than what it does currently. For instance, we emphasize that certificates of non-negativity were
computed for M; (1 <i < 4) in|Kaltofen et al.|(2009) (see also Kaltofen et al.| (2008))).

Finally, we compare the performance of multivsos (Putinarsos) on positive polynomials
over basic compact semi-algebraic sets in Table @ The first benchmark is from (Lasserrel, 2001},
Problem 4.6). Each benchmark f; comes from an inequality of the Flyspeck project/Hales|(2013).
The three last benchmarks are from Munoz and Narkawicz| (2013)). The maximal degree of the
polynomials involved in each system is denoted by d. We emphasize that the degree D = 2k of
each Putinar representation obtained in practice with Putinarsos is very close to d, which is in
contrast with the theoretical complexity estimates obtained in Section[5] The values of &, § and
8. lie between 2730 and 2719, 60 and 200, 10 and 30.

As for Table 2] RAGLib and multivsos can both solve large problems (involving e.g. 8 vari-
ables) but note that multivsos outputs certificates of emptiness which cannot be computed with
implementations based on the critical point method. In terms of timings, multivsos is some-
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Table 4: multivsos vs RoundProjectPutinar vs RAGLib vs CAD (Putinar).

d 0 d mul‘Fivsos RoundP.roj ect RAGLib | CAD
k 71 (bits) 1 (s) 75 (bits) £ (s) t; (8) t4 (8)
Das 2 413 45168  0.17 230 101 0.19 0.15 0.81
J260 6 3|2 251411 235 5070043 3.60 0.12 -
Jao1 6 312 245392  4.63 4949017  5.63 0.01 0.05
fis2 6 212 23311 0.16 74536  0.15 0.07 -
f3s9 6 714 13596376 299. 2115870194 5339. | 5896. -
fs63 4 211 12753  0.13 30470  0.13 0.01 0.01
Jss4 4 413 423325 137 10 122 450 16.1 0.21 -
J390 4 4|2 80587 048 775547  0.56 0.08 -
butcher 6 312 538 184 1.36 8963044  3.35 47.2 -
heart 8 4|2 1316128  3.65 35919 125 14.1 0.54 -
magnetism 7 2 | 1 19606 0.29 16022  0.28 434. -

times way faster (e.g. magnetism, fgso) but that it is hard here to draw some general rules. Again,
it is important to keep in mind the parameters which influence the runtimes of both techniques.
As before, for multivsos, the size of the SDP to be solved is clearly the key quantity. Also, it
is important to write the systems in an appropriate way also to limit the size of those matrices
(e.g. write 1 — x> < 0 to model —1 < x < 1). For RAGLib, it is way better to write —1 < x
and x < 1 to better control the Bézout bounds governing the difficulty of solving systems with
purely algebraic methods. Note also that the number of inequalities increase the combinatorial
complexity of those techniques.

Finally, note that CAD can only solve 3 benchmarks out of 10 and all in all multivsos and
RAGL1iD solve a similar amount of problems; the latter one however does not provide certificates
of emptiness. As for Table [2] multivsos and RoundProjectPutinar yield similar perfor-
mance, while the former provides more concise output than the latter.

7. Conclusion and perspectives

We designed and analyzed new algorithms to compute rational SOS decompositions for sev-
eral sub-classes of non-negative multivariate polynomials, including positive definite forms and
polynomials positive over basic compact semi-algebraic sets. Our framework relies on SDP
solvers implemented with interior-point methods. A drawback of such methods, in the context
of unconstrained polynomial optimization, is that we are restricted to non-negative polynomials
belonging to the interior of the SOS cone. We shall investigate the design of specific algorithms
for the sub-class of polynomials lying in the border of the SOS cone. We also plan to adapt our
framework, either for problems involving non-commutative polynomial data, or for alternative
certification schemes, e.g. in the context of linear/geometric programming relaxations.

Appendix A. Appendix

Let f € Z[X;,...,X,] of degree d and 7 be the maximum bit size of the coefficients of f in
the standard monomial basis.
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Let V c C” be the algebraic set defined by

_of _ . _9f _
f‘axz‘ T oX,

0 (A.D)

By the algebraic version of Sard’s theorem (see e.g. (Safey El Din and Schost, 2017, Appendix
B)), when V is equidimensional and has at most finitely singular points, the projection of the set
V N R" on the X;-axis is finite (and hence a real algebraic set of R); we denote it by Zg. Hence,
it is defined by the vanishing of some polynomial in Z[X].

The goal of this Appendix is to provide a proof of Proposition [6] which states that under

the above notation and assumption, there exists a polynomial w € Z[X,] of degree < d" with
coefficients of bit size < 7 - (4d + 2)*" such that its set of real roots contains Zg. To prove
Proposition [6] our strategy is to rely on algorithms computing sample points in real algebraic
sets: letting C C V be a finite set of points which meet all connected components of V N IR”, it is
immediate that the projection of C on the X)-axis contains Zp.
From the computation of an exact representation of such a set C, one will be able to analyze
the bit size of a polynomimal whose set of roots contains Zg. We focus on algorithms based on
the critical point method. Those yield the best complexity estimates which are known in theory
and practical implementations reflecting these complexity gains have been obtained in Safey EIl
Din| (2007a) from e.g. [Safey El Din and Schost (2003); [Hong and Safey El Din| (2012). Here,
we focus on (Basu et al., [2006, Algorithm 13.3) since it is the more general one and it does not
depend on probabilistic choices which make it easy to analyze from a bit complexity perspective.
It starts by computing the polynomial

N EIAY af \'
e=re (5] ()

Observe that the set of real solutions of g = 0 coincides with V N R”. Next, one introduces two
infinitesimals € and 7 (see (Basu et al.,|2006, Chap. 2) for an introduction on Puiseux series and
infinitesimals). Consider the polynomial:

2
gr=g+ X7+ -+ X,)-1) .

Its vanishing set over R(17)"*! corresponds to the intersection of the lifting of the vanishing set of
g in R with the hyperball of R{;;)"*! centered at the origin of radius %
Let d; be the degree of g; in X;. Without loss of generality, up to reordering the variables, we
assume that d; > d, > --- > d, ; we assume that after this process X has been sent to X;. Now,
we let

h=gi(l—e)+eX] D 4.4 X2 4 X

n+1

—(n+ D

We finally focus on the polynomial system:

_Oh O
S 0Xa  0Xp

The rationale behind the last infinitesimal deformation is twofold (see (Basu et al.| 2006, Chap.
12 and Chap. 13)):

e the algebraic set defined by the vanishing of / is smooth ;
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o the above polynomial system is finite and forms a Grobner basis G for any degree lexico-
graphical ordering with X > --- > X, .

Besides, (Basu et al.l 2006, Prop. 13.30) states that taking the limits (when infinitesimals tend
to zero) of projections on the (Xi, ..., X,)-space of a finite set of points meeting each connected
component of the real algebraic set defined by & = 0 provides a finite set of points in the real
algebraic set defined by g = 0.

In our situation, we do not need to to go into such details. We only need to compute a non-zero
polynomial w € Z[X;] whose set of real roots contains Zg. Using Stickelberger’s theorem (Basu
et al.,2006, Theorem 4.98) and the process for computing limits in (Basu et al.| 2006}, Algoroithm
12.14) and Rouillier et al.| (2000), it suffices to compute the characteristic polynomial of the
multiplication operator by X; in the ring of polynomials with coefficients in Q[#, {] quotiented
by the ideal (G). This is done using (Basu et al., 2006, Algorithm 12.9).

In order to analyze the bit size of the coefficients of the output characteristic polynomial, we need
to bound the bit size of the entries in the matrix output by (Basu et al., 2006, Algorithm 12.9).
Following the discussion in the complexity analysis of (Basu et al., 2006, Algorithm 13.1), we
deduce that the coefficients of these entries have bit size dominated by 7 (2(2d + 1))*". Besides,
this matrix has size bounded by (2(2d + 1))*". We deduce that the coefficients of its characteristic
polynomial have bit size bounded by (2(2d + 1))3".
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