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Context

And notations

Design algorithms with good complexity bounds for
fundamental operations on polynomials and matrices

Base Field K Algebraic Complexity

Upper bound on the
Z/pZ, ]Fpe' Q... number of operations in K

Exact Computations
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Context

And notations

Design algorithms with good complexity bounds for
fundamental operations on polynomials and matrices

Base Field K Algebraic Complexity

Upper bound on the
Z/pZ, ]Fpe' Q... number of operations in K

Exact Computations

Notations:

e O: asymptotic bound hiding logarithmic factors.
~ Fast polynomial multiplication: O(d) using FFT-based methods.

@ w: exponent of matrix multiplication, 2 < w < 3, best known w = 2.371.
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Introduction

Modular approximation

Problem and previous works
Problem 1:

ApproxMod(M,F € K[z]|"*™, v = {v1,...,vm})
find g such that F - g = 0 mod M and deg(g;) < v;
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Introduction

Modular approximation

Problem and previous works

Problem 1:
ApproxMod(M,F € K[z]|"*™, v = {v1,...,vm})

find g such that F - g = 0 mod M and deg(g;) < v;

Fundamental problems:

o Hermite-Padé approximation when M = z¢.

o Berlekamp—Massey algorithm when M = z¢ and m = 2.

o Rational interpolation when M = (z — a1) - - - (x — aq) with a;'s distinct.
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Introduction

Modular approximation

Problem and previous works

Problem 1:
ApproxMod(M,F € K[z]|"*™, v = {v1,...,vm})
find g such that F - g = 0 mod M and deg(g;) < v;
Family of polynomials Polynomial matrix
ApproxMultMod (91, F, v/) ApproxMatrixMod (M, F, v/)
M = (My,...,My) with M € K[z]**™
D =37, deg(M;) with D =37 | deg(My;)
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Introduction

Modular approximation

Problem and previous works

Problem 1:
ApproxMod(M,F € K[z]|"*™, v = {v1,...,vm})

find g such that F - g = 0 mod M and deg(g;) < v;

Family of polynomials Polynomial matrix

ApproxMultMod (901, F, v/) ApproxMatrixMod (M, F, v/)
M= (My,...,My) with M € K[z]™*™
D =377 deg(M;) with D = 37| deg(My;)

Polynomial approach:
o Beckermann and Labahn 1994: ApproxMultMod solved in O(m® - D).
o Neiger 2016: ApproxMultMod solved in O(max(n, m)“~1 . D).
o Neiger and Vu 2017: ApproxMatrixMod solved in O(max(n, m)“~1 . D).
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Introduction

Modular approximation

Problem and previous works

Problem 1:
ApproxMod(M,F € K[z]|"*™, v = {v1,...,vm})

find g such that F - g = 0 mod M and deg(g;) < v;

Family of polynomials Polynomial matrix

ApproxMultMod (901, F, v/) ApproxMatrixMod (M, F, v/)
M = (My,...,My) with M € K[z]™*™
D =37, deg(M;) with D =37 | deg(My;)

Structured approach:
o Chowdhury et al. 2015: ApproxMultMod solved in O(max(n, m)<¥~1 . n).
@ Not done yet for ApproxMatrixMod.
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Introduction

Modular approximation

Problem and previous works

Problem 1:
ApproxMod(M,F € K[z]|"*™, v = {v1,...,vm})

find g such that F - g = 0 mod M and deg(g;) < v;

Family of polynomials Polynomial matrix
ApproxMultMod (91, F, v/) ApproxMatrixMod (M, F, v/)

= (M1,...,My) with M e K[z]™*"™
D S deg(M;) with D =37 | deg(My;)

Structured approach:
o Chowdhury et al. 2015: ApproxMultMod solved in O(max(n, m)<¥~1 . n).

@ Not done yet for ApproxMatrixMod.

Reduction to a structured linear system
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Introduction

Structured matrices

Displacement rank approach

Example: Toeplitz matrix
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Structured matrices

Displacement rank approach

Example: Toeplitz matrix

K4><4
ap al az as
a_3 ag ay az
a_o a_1 aog aiy
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Structured matrices

Displacement rank approach

Example: Toeplitz matrix

K4><4
ap al az as
a_3 ag ay az
a_o a_1 aog aiy

A g Knxm

Displacement rank:
For P € K"*™ and Q € K™*™, we define it as the rank of the displacement operator A[P, Q]
such that:

AP,QI(A)=A—P-A-Q
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Introduction

Structured matrices

Displacement rank approach

Example: Toeplitz matrix

Kix4 Zp,o - A- Z;rn)o Displacement result
ag ax az as 0 0 0 0 LU NGl NP NEE
a_1 ao ai a2 _ 0 ao ai as _ O=11 0 0 0
a_2 a—q ao aq 0 a_1 ag ay a—_2 0 0 0
a_3 a_2 a—i aop 0 %a2e a1 ap a_3 0 0 0
A e K'/LXm

Displacement rank:
For P € K"*™ and Q € K™*™, we define it as the rank of the displacement operator A[P, Q]
such that:

AP, Q(A)=A—-P-A-Q

Quasi-Toeplitz Structure: P = Zy, 0, Q = ZIn.,O
0
1 0

Zn,o = . . e Knxn
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Introduction

Structured matrices

Displacement rank approach

Example: Toeplitz matrix

Kix4 Zmo-A-ZT Displacement result

m,0
ag ax az as 0 0 0 0 LU NGl NP NEE
a_1 ao ai a2 _ 0 ao ai as _ O=11 0 0 0
a_2 a—q ao aq 0 a_1 ag ay a—_2 0 0 0
a_3 a_2 a—i aop 0 %a2e a1 ap a_3 0 0 0
A e Kn)(m

Displacement rank:
For P € K"*™ and Q € K™*™, we define it as the rank of the displacement operator A[P, Q]
such that:

AP, Q(A)=A—-P-A-Q

Quasi-Toeplitz Structure: P = Zy, 0, Q = ZIn.,O

Generators:
(G,H) € KX x K™* are called a ¢-generator of length o for A if

AlZin0, 27, o](A) =G -HT.

m,0
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Introduction

Structured matrices

Displacement rank approach

Example: Toeplitz matrix

K4><4
ap al az as
a_3 ag ay az
a_o a_1 aog aiy

G
agp 1
a—1 0
(o) 0
a—3 0
Ge K4><2

Sara Khichane (MPRI)

0

aop aq
a—1 aop
a—2 a—1
HT

0 0
ai a2

He K4><2

az

ai

Algorithms for structured approximation

Displacement result

agp al as as

ag al az as

Displacement rank o« = 2



Structured linear system

Definition and previous works

A g Knxm

Problem 2:
LinearSystem|[Z, o, Z;rn,o, a](G,H,v)
Using generators of A: G € K"** H € K™*«
find u such that A - u = v
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Introduction

Structured linear system

Definition and previous works

A € Knxm
Problem 2:
LinearSystem|[Z, o, Z;'—n,o, a](G,H,v)
Using generators of A: G € K"*X® H € Km*«
find u such that A - u = v

Previous works:

o Kailath, Kung, Morf 1979: solved in O(a - max(n, m)?).
o Kaltofen 1994, 1995: solved in O(a? - max(n,m)). Better since o < min(n,m)

@ Bostan, Jeannerod, Schost, Mouilleron 2008, 2017: solved in O(a“’*l -max(n, m)).
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Introduction

Structured linear system

Definition and previous works

A € Knxm
Problem 2:
LinearSystem|[Z, o, Z;'—n,o, a](G,H,v)
Using generators of A: G € K"*X® H € Km*«
find u such that A - u = v

Previous works:
o Kailath, Kung, Morf 1979: solved in O(a - max(n, m)?).
o Kaltofen 1994, 1995: solved in O(a? - max(n,m)). Better since o < min(n,m)
@ Bostan, Jeannerod, Schost, Mouilleron 2008, 2017: solved in O(a“’*l -max(n, m)).

The algorithms are probabilistic.

The field K has to be large enough for the algorithms to work with positive probability.
e.g.,15000 x 15000 system with o = 30 solved in < 1 sec, but requires |K| > 2.25 - 108 = 150007
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Main results

Main results

Bridging the gap between the two approaches

Our contributions:

ApproxMultMod - Reduction (n=1) [2008,2017]

Polynomial approach [2016]

<_

) LinearSystem
! Reduction [2015, our work] —? Randomized algorithm [2017]

Deterministic algorithm [our work]

1
1
1
ApproxMatrixMod X
Polynomial approach [2017] 1

1

- Reduction [our work]
1 \ 1

s

Polynomial approach Structured approach
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Matrix modular approximation: reduction

Matrix modular approximation: reduction

ApproxMultMod — Reduction (n=1) [2008,2017]
Polynomial approach [2016]

LinearSystem
Reduction [2015, our work] ——» Randomized algorithm [2017]
Deterministic algorithm [our work]

ApproxMatrixMod
Polynomial approach [2017]

Reduction [our work]
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Matrix modular approximation: reduction

Matrix modular approximation

Modulus polynomial matrices

ApproxMatrixMod
Input: a modulus polynomial matrix M € K[z]"*",
a polynomial matrix F € K[z]?*™ such that rdeg(F) < rdeg(M),
a set of positive integers v = {v1,...,Um}.
Output:  nonzero g € K[z]™*! such that F-g =0 mod M and deg(g;) < v;.
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Matrix modular approximation: reduction

Matrix modular approximation

Modulus polynomial matrices

ApproxMatrixMod
Input: a modulus polynomial matrix M € K[z]|"*",
a polynomial matrix F € K[z]?*™ such that rdeg(F) < rdeg(M),
a set of positive integers v = {v1,...,Um}.
Output:  nonzero g € K[z]™*! such that F-g =0 mod M and deg(g;) < v;.

M

22 4+3x+2 bHr+3 6x
6 x4+ 1 2
5z + 3 3 2% +4

rdeg(M) = (2,1,2)
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Matrix modular approximation: reduction

Matrix modular approximation

Modulus polynomial matrices

ApproxMatrixMod

Input:

a modulus polynomial matrix M € K[z]"*",

a polynomial matrix F € K[z]?*™ such that rdeg(F) < rdeg(M),
a set of positive integers v = {v1,...,Um}.

Output:  nonzero g € K[z]™*! such that F-g =0 mod M and deg(g;) < v;.
F M
z+1 2z 3 x z2+3z+2 Br+3 6z
4 1 6 2 6 x+1 2
x 8 z+3 2 5z + 3 3 22 +4
rdeg(F) = (1,0,1) rdeg(M) = (2,1,2)
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Matrix modular approximation: reduction

Matrix modular approximation

Modulus polynomial matrices

ApproxMatrixMod

Input: a modulus polynomial matrix M € K[z]"*",

a polynomial matrix F € K[z]?*™ such that rdeg(F) < rdeg(M),
a set of positive integers v = {v1,...,um }.

Output:  nonzero g € K[z]™*! such that F-g =0 mod M and deg(g;) < v;.

F . g 0 mod M
z+1 2z 3 z g1(z) 224+3z+2 5z+3 6z
4 1 6 2 92() 6 z+1 2
7z 8 43 2z 93() 52 + 3 22 +4
ga(x)
rdeg(F) = (1,0, 1) deg(g;) < vj for j =1,2,3,4 rdeg(M) = (2,1, 2)
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Matrix modular approximation: reduction

Matrix modular approximation

Modulus polynomial matrices

ApproxMatrixMod

Input: a modulus polynomial matrix M € K[z]"*",

a polynomial matrix F € K[z]?*™ such that rdeg(F) < rdeg(M),
a set of positive integers v = {v1,...,um}.

Output:  nonzero g € K[z]™*! such that F-g =0 mod M and deg(g;) < v;.

F . g 0 mod M
z+1 2z 3 z g1(z) 224+3z+2 5z+3 6z
4 1 6 2 92() 6 z+1 2
7z 8 43 2z 93() 52 + 3 22 +4
ga(x)
rdeg(F) = (1,0, 1) deg(g;) < vj for j =1,2,3,4 rdeg(M) = (2,1, 2)
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Matrix modular approximation: reduction

Matrix modular approximation

Modulus polynomial matrices

ApproxMatrixMod
Input: a modulus polynomial matrix M € K[z]"*",
a polynomial matrix F € K[z]?*™ such that rdeg(F) < rdeg(M),
a set of positive integers v = {v1,...,um}.
Output:  nonzero g € K[z]™*! such that F-g =0 mod M and deg(g;) < v;.

The problem ApproxMatrixMod(M, F, ) can be solved in O(max(m,n)“~1 . D).

ApproxMatrixMod(M, F, v/) LinearSystem(G, H, 0)

R i .
eduction Using generators of A

find u such that
A-u =0

Find g such that
F-g = 0mod M
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Matrix modular approximation: reduction

Matrix modular approximation

Modulus polynomial matrices

ApproxMatrixMod
Input: a modulus polynomial matrix M € K[z]"*",
a polynomial matrix F € K[z]?*™ such that rdeg(F) < rdeg(M),
a set of positive integers v = {v1,...,um}.
Output:  nonzero g € K[z]™*! such that F-g =0 mod M and deg(g;) < v;.

The problem ApproxMatrixMod(M, F, ) can be solved in O(max(m,n)“~1 . D).

ApproxMatrixMod(M, F, v/) LinearSystem(G, H, 0)

Reduction Usi o £ A
Find g such that 5|frl1gdgenerahorsl;1 °
F-g = 0modM ind u such that
A-u =0
A ~"
K] K
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Matrix modular approximation: reduction

Multiplication matrix

From polynomials to coefficients

Multiplication matrix: For M(z) = &% + mg_12% ' + - + miz + mo € K[z]

0 - 0 —mg

1 - 0 —m
X(M) = .

0 1 —Mg—1
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Matrix modular approximation: reduction

Multiplication matrix

From polynomials to coefficients

Multiplication matrix: For M(z) = &% + mg_12% ' + - + miz + mo € K[z]

0o --- 0 —mo
1 -+ 0 —m1
X(M) = .
0 1 —Mg—1
Po
coefficient vector
X(M)*k > @k - (po + -+ pg—12¢7t) rem M
Pd—1

Sara Khichane (MPRI) Algorithms for structured approximation



Matrix modular approximation: reduction

Multiplication matrix

From polynomials to coefficients

Multiplication matrix: For M(z) = &% + mg_12% ' + - + miz + mo € K[z]

0o --- 0 —mo
1 --- 0 —m1
X(M) = .
0 1 —mg—1
Po
coefficient vector
X(M)* > z® - (po+ -+ pa—12?7!) rem M
Pd—1

Generalization to M: rdeg(M) = [d1, ..., dn]
Let D=3"",d;.

X(Mi1)  Ci2 Cin 0 - 0 —coeff(M,;, 0)
Co1 X(Mag) --- Con 0 0 —coeff(M;;,1)
X(M) = : : - : Cij = 1. : :
Cn1 Cn2 ce X(Mnn) o --- 0 —coefF(Mij, d; — 1)
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Matrix modular approximation: reduction

Definition of A

Reduction

Llet C =vi+ -+ vm.
Let D = |rdeg(M)| =di + - -+ + dn.

We define A=[A1 Ay - Ap] € KPXC with:
Aj=[Fo XM Fy o XMMTUF | €KX
Fuj z - F.jrem M i Fu;rem M

Here f*j is the vector of coefficients of F,; the j-th column of F.
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Definition of A

Reduction

Let C =v1 + -+ vim. Number of unknowns
Let D = |rdeg(M)| = d1 + - -+ + dn. Number of equations

We define A=[A1 Ay -+ Ap] € KPXC with:
= = vi—1l T Dxv;
Aj_[F*j X(M)-Fj -0 X(M)¥ -F*j]eK i
Fuj x-F.jremM ¥ F.;rem M

Here f*j is the vector of coefficients of F,; the j-th column of F.

Reduction:
ApproxMatrixMod (M, F, v/) LinearSystem(G, H, 0)

Reduction Using generators of A

Find g such that find h th
F.g = 0modM ind u such that
A-u =0

\_/

u is the coefficient vector of
each polynomial in g

Sara Khichane (MPRI) Algorithms for structured approximation September 1st, 2025 9/18



Generators of A

Reduction cost

Goal: Find (G, H) generators of length O(max(n,m)) for A.
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Matrix modular approximation: reduction

Generators of A

Reduction cost
Goal: Find (G, H) generators of length O(max(n,m)) for A.

We proceed by splitting the displacement operator:

A—Zpo-A-ZEg=A-XM)-A-Z{ o+ Y-A-Zf o —6-A-Z5Ho—N-E-A-Z5,

G=[Y R T NJeKRPXm+3m) andH=[Z U U Q]¢eKE*(m+3n)

Sara Khichane (MPRI) Algorithms for structured approximation



Matrix modular approximation: reduction

Generators of A

Reduction cost

Goal: Find (G, H) generators of length O(max(n,m)) for A.

We proceed by splitting the displacement operator:
A—Zpo-A-ZEg=A-XM)-A-Z{ o+ Y-A-Zf o —6-A-Z5Ho—N-E-A-Z5,

G=[Y R T NJeKPXm#m andH=[Z U U Q] eKEx(m+sn)

LinearSystem(G, H, 0)

Using generators of length O(max(n,m)) for A
find usuch that A - u = 0

O(max(n,m)“~1. D)
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Matrix modular approximation: reduction

Generators of A

Reduction cost
Goal: Find (G, H) generators of length O(max(n,m)) for A.

We proceed by splitting the displacement operator:

A—Zpo-A-ZEg=A-XM)-A-Z{ o+ Y-A-Zf o —6-A-Z5Ho—N-E-A-Z5,
G=[Y R T NJeKPX(m#3m)andH=[Z U U Q] eKE*(m+sn)

LinearSystem(G, H, 0)

Using generators of length O(max(n,m)) for A
find usuch that A - u = 0

O(max(n,m)“~1. D)

The total cost of the reduction: ~
O(n“~'. D+m-n*"2.D+nv"1.C) < O(max(n,m)*~1. D).
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Matrix modular approximation: reduction

High degree coefficients

Problem overview

LastCoeffModMat

Input: M € Klz]"*", F € K[z]"*™, v = {v1,...,Vm}
with D =rdeg(M) =d; +---+dp and C =v1 + -+ + v

Output: Forj=1,....mandk; =0,...,v; — 1,
akj,j = [coeff([xki -F rem M}”,dl - 1)]1’:1,4“,1’1
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Matrix modular approximation: reduction

High degree coefficients

Problem overview

LastCoeffModMat

Input: M € Klz]"*", F € K[z]"*™, v = {v1,...,Vm}
with D =rdeg(M) =d; +---+dp and C =v1 + -+ + v

Output: Forj=1,....mandk; =0,...,v; — 1,
akj,j = [coeff([xki -F rem M}”,dl — 1)]1':1"“’”

PO | _
Compact computation: z*i+1 . F ;=M (z - Quy,5 +an;,;) + @k, - M +z- R;Cj,j)
—_—

Qij+1,5

Qo,j =0,

0
Qi =2 -ap; +0=ao,;,

— Vi1 vi—2 0
Qu =7  caoj+ad a4t a1
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Matrix modular approximation: reduction

High degree coefficients

Problem overview

LastCoeffModMat

Input: M € Klz]"*", F € K[z]"*™, v = {v1,...,Vm}
with D =rdeg(M) =d; +---+dp and C =v1 + -+ + v

Output: Forj=1,....mandk; =0,...,v; — 1,
akj,j = [coeff([xki -F rem M}”,dl — 1)]1':1"“’”

PO | _
Compact computation: z*i+1 . F ;=M (z - Quy,5 +an;,;) + @k, - M +z- R;Cj,j)
—_—

Qij+1,5

Qo,j =0,

0
Qi =2 -ap; +0=ao,;,

— Vi1 vi—2 0
Qu =7  caoj+ad a4t a1

~Qy =M " .F rrem X¥
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Matrix modular approximation: reduction

High degree coefficients

Problem overview

LastCoeffModMat

Input: M € Klz]"*", F € K[z]"*™, v = {v1,...,Vm}
with D =rdeg(M) =d; +---+dp and C =v1 + -+ + v

Output: Forj=1,....mandk; =0,...,v; — 1,
ak;,j = [coeff([e*s - F rem M]yj, di — D]i=1,....n

PO | _
Compact computation: z*i+1 . F ;=M (z - Quy,5 +an;,;) + @k, - M +z- R;Cj,j)
—_—

Qo =0, Wt

0
Qi =2 -ap; +0=ao,;,

1 2

— vi— vi— 0
Qu =7  caoj+ad a4t a1

s Qy =M ' F rrem X¥

Truncated inverse product lemma: O(n*~1 . C)
o State of the art: the problem is solved under the assumption that max(v) <2 =.

Q

Applying the algorithm on a selected set of columns of F.
~ logy(m) steps since C'= 377" | v;.
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Structured linear system: deterministic algorithm

Structured linear system: deterministic algorithm

ApproxMultMod — Reduction (n=1) [2008,2017]
Polynomial approach [2016]

LinearSystem
Reduction [2015, our work] ——» Randomized algorithm [2017]
Deterministic algorithm [our work]

ApproxMatrixMod
Polynomial approach [2017]

Reduction [our work]
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Structured linear system: deterministic algorithm

Quasi-Toeplitz linear system

Deterministic algorithm

We recall:

ApproxMultMod - Reduction (n=1) [2008,2017]
Polynomial approach [2016]

LinearSystem
Reduction [2015, our work] —— Randomized algorithm [2017]

Deterministic algorithm [our work]

ApproxMatrixMod
Polynomial approach [2017]

Reduction [our work]

LinearSystem|Zy, o, Zjn’o, al
Input: G € KX H € K™X® are ¢ -generators of length o for A, v € K**1,

Output:  nonzero u € K”™*1 such that A - u = v if it exists, otherwise return (.

a] in O(a®~1 - max(n,m)) deterministically.

We can solve LinearSystem|[Zy o, Z;rmo,

~> no constraint on the size of the field K
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Structure:

Polynomial formulation

First step

LinearSystem[Zy, 0, Z ,,a](G,H,v)

m,0

Using generators of A, find u such that A - u = v
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Structured linear system: deterministic algorithm

Polynomial formulation

First step

LinearSystem[Zy, 0, Z ,,a](G,H,v)

m,0

Using generators of A, find u such that A - u = v

Y-LU decomposition of A:
64(A) =G -HT

A~u:v<:}Z]L(G*i)-IU(H*i)-u:v

i=1
a Ghi 0 0 Hyp Hai - Hpi
PN E : G Gu - |.lo Hu .o u=v
P C . L Hy
Gmi =+ G Gy 0 .- 0 Hy
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Structured linear system: deterministic algorithm

Polynomial formulation

First step

LinearSystem[Zy, 0, Z ,,a](G,H,v)

m,0
Using generators of A, find u such that A - u = v

Y-LU decomposition of A:
64(A) =G -HT

A~u:v<:}Z]L(G*i)-IU(H*i)-u:v

i=1
a Gy 0 - 0 Hy  Hyo -+ Hmi
PN E : G Gu o L0 H: o | =y
=l g : o
Gmi -+ Gz Gu 0 -+ 0 Hy

& Zfz(x) - (revi—1(gi) - u(x) quo 2"~ 1) mod z" = v(x)
i=1
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Structured linear system: deterministic

Polynomial formulation

First step

LinearSystem[Zy, 0, Z ,,a](G,H,v)

m,0

Using generators of A, find u such that A - u = v

Y-LU decomposition of A:
64(A) =G -HT

A~u:v<:}Z]L(G*i)-IU(H*i)-u:v
i=1

& Zfl(z) - (revp—1(gi) - u(z) quo "~ 1) mod z™ = v(x)
i=1

Let F=[fi(x) fa(x) - fa(@)].
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Structured linear system: deterministic

Polynomial formulation

First step

LinearSystem[Zy, 0, Z ,,a](G,H,v)

m,0

Using generators of A, find u such that A - u = v

Y-LU decomposition of A:
64(A) =G -HT

A~u:v<:}Z]L(G*i)-U(H*i)~u:v
i=1

& Zfl(z) - (revp—1(gi) - u(z) quo "~ 1) mod z™ = v(x)
i=1

Let F= [fi(z) fa(z) -+ fa(z)].
LinearSystem(G, H, v) Polynomial formulation Find the basis of solutions
Find u such that < ” {p € Kfz]**! |
A-u = v F.p = v(z) mod 2"}
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Structure:

Approximant basis

Second step

Find the basis of solutions
{p € K[z]**' | F-p = v(z) mod 2"}
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Structured linear system: deterministic

Approximant basis

Second step

Find the basis of solutions
{p € K[z]**' | F-p = v(z) mod 2"}

o P € K[z]*X the basis of solutions {q € K[z]**! | F.q =0 mod 2"}
e s € K[z]**! such that F - s = v(x) mod z™

p=P-A+s
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Structured linear system: deterministic

Approximant basis

Second step

Find the basis of solutions
{p € K[z]**' | F-p = v(z) mod 2"}

o P € K[z]*X the basis of solutions {q € K[z]**! | F.q =0 mod 2"}
e s € K[z]**! such that F - s = v(x) mod z™

p=P-A+s

g u(@)quoz" ' =P.-A+s
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Structured linear system: deterministic algorithm

Approximant basis

Second step
Find the basis of solutions
{p € K[z]**' | F-p = v(z) mod 2"}
o P € K[z]*X the basis of solutions {q € K[z]**! | F.q =0 mod 2"}

e s € K[x]**! such that F -s = v(x) mod 2™

p=P-A+s

g - u(x) quoz" ' =P.X+s

Find the basis of solutions
{p € Kz]**! | <
F-p = v(z) mod z™}

Approximant basis Find u(z) and A such that
g-u(@)quoz” I =P-\+s
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Structured linear system: deterministic

Simultaneous extended Hermite-Padé approximation
Third step

Find u(z) and X such that
g -u@) quoz! = P.-X+s
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Structured linear system: deterministic

Simultaneous extended Hermite-Padé approximation
Third step

Find u(z) and X such that

g -u@) quoz! = P.-X+s

< g-revy,_1(u) —rev,_1(s) = PX mod 2"
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Structured linear system: deterministic

Simultaneous extended Hermite-Padé approximation
Third step

Find u(x) and A such that
g -u@) quoz! = P.-X+s

< g-revy,_1(u) —rev,_1(s) = PX mod 2"
<P 1.g-revp_1(u) — P~ rev,_1(s) = X mod z”

P is in Popov form = P is invertible mod 2"
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Structured linear system: deterministic algorithm

Simultaneous extended Hermite-Padé approximation
Third step

Find u(x) and A such that
g -u@) quoz! = P.-X+s

< g-revy,_1(u) —rev,_1(s) = PX mod 2"
<P 1.g-revp_1(u) — P~ rev,_1(s) = X mod z”

P is in Popov form = P is invertible mod 2"

<[P l-g —P~1 . revp_1(s)] - [revﬂil(u)} = X mod z"
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Structured linear system: deterministic algorithm

Simultaneous extended Hermite-Padé approximation
Third step

Find u(x) and A such that
g -u@) quoz! = P.-X+s

< g-revy,_1(u) —rev,_1(s) = PX mod 2"
<P 1.g-revp_1(u) — P~ rev,_1(s) = X mod z”

P is in Popov form = P is invertible mod 2"

s [P l-g —P~1 . rev_1(s)] - [revﬂil(u)} = X mod z"

GEK[x]o X2
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Structured linear system: deterministic algorithm

Simultaneous extended Hermite-Padé approximation
Third step

Find u(x) and A such that
g -u@) quoz! = P.-X+s

& g-revy,_1(u) — rev,_1(s) = PA mod 2"
<P 1.g-revp_1(u) — P~ rev,_1(s) = X mod z”

P is in Popov form = P is invertible mod 2"

< [P1l-g —P~ 1 revp_1(s)] - [revnil(u)} =X mod z"
GeK[z](‘(XZ
Simulta s extended i
Find u(x) and A such that ﬁer%rﬂifP:tjgipztoiinm:tioq Fiie] {62 20 2 e Giee
g-u(z) quoz" 1 =P-\+s A G- {revnil(u)} = X mod 2"
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Structured linear system: deterministic algorithm

Overview of the algorithm

And final complexity

LinearSystem|Zy, 0, Z;rn,oa a](G,H,v)

Using generators of A, find u such that A - u = v

[

Find the basis of solutions
{p € Kz]**' | F-p = v(z) mod 2"}

!

Find u(x) and A such that
g ul@)quoz” !t = P.-X+s

T

Find u(x) and X such that

{revn,l(u)} = X mod z"
1

l

Computing rev,,—1(u)

G
~—
K[x]"XQ
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Structured linear system: deterministic algorithm

Overview of the algorithm

And final complexity

LinearSystem(Z, 0, ZT ,a](G, H,v)

'm,0?

Using generators of A, find u such that A - u = v

[

Find the basis of solutions
{p € Kz]**' | F-p = v(z) mod 2"}

Approximant basis (3(0/’"71 - n)
Jeannerod, Neiger and Villard [2020]

Find u(x) and A such that
g ul@)quoz” !t = P.-X+s

T

Find u(x) and X such that

G - {revn,l(u)} = X mod z"
~—~ 1
K[x]"XQ

Simultaneous extended Hermite-Padé O(a® ~ 1 - n)
Rosenkilde and Storjohann [2021]

Computing rev,,—1(u)
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Structured linear system: deterministic algorithm

Overview of the algorithm

And final complexity

LinearSystem(Z, 0, ZT ,a](G, H,v)

'm,0?
( Using generators of A, find u such that A - u = v

Find the basis of solutions
{p € Kz]**' | F-p = v(z) mod 2"}

Approximant basis (3(0/’"71 - n)
Jeannerod, Neiger and Villard [2020]

Ola®~1 Find u(x) and X such that
o - n)
Deterministic g - u(a:) quo "=l = P. )X+ s

T

Find u(x) and X such that

G - {revn,l(u)} = X mod z"
~—~ 1
K[x]"XQ

Simultaneous extended Hermite-Padé O(a® ~ 1 - n)
Rosenkilde and Storjohann [2021]

k Computing rev,,—1(u)
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Conclusion

Sara Khichane (MPRI) Algorithms for structured approximation September 1st, 2025 16/18



Conclusion

Conclusion

Summary and future work

_______ R P e
’ ’ A ’ - N AY

1 1
1 1
ApproxMultMod —|Reduction (n=1) [2008,2017] -
Polynomial approach [2016] ' .
1
'

1

1

1

'

1

1

! .

' ' LinearSystem
: ! Reduction [2015, our work] —? Randomized algorithm [2017]
1

'

'

1

1

1

|

Deterministic algorithm [our work]

Polynomial approach Structured approach

1
1
'
ApproxMatrixMod .
Polynomial approach [2017] 1

'

T Reduction [our work]
'
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Conclusion

Conclusion

Summary and future work

Polynomial approach [2016] |

1
1 1
ApproxMultMod —:Reduction (n=1) [2008,2017] : l
1
1
1
|

1 LinearSystem
! Reduction [2015, our work] —? Randomized algorithm [2017]

Deterministic algorithm [our work]

Polynomial approach Structured approach

1
1
'
ApproxMatrixMod .
Polynomial approach [2017] 1

'

Reduction [our work]

T
1

Perspectives:
o Extend our last result to other structured linear systems.

o Lift the O notation.
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Conclusion

Conclusion

Summary and future work

_______ PR P
K . . .

1 1
1 1
ApproxMultMod —|Reduction (n=1) [2008,2017] -
Polynomial approach [2016] ' .
1
'

1

1

1

'

1

1

! q

| 1 LinearSystem
: ! Reduction [2015, our work] —? Randomized algorithm [2017]
1

'

'

1

1

1

|

Deterministic algorithm [our work]

Polynomial approach Structured approach

|
'
ApproxMatrixMod .
Polynomial approach [2017] 1

'

Reduction [our work]

T
1

Perspectives:
o Extend our last result to other structured linear systems.
Lift the O notation.

Compute a basis of solutions for structured linear systems. \

Study cases with multiple nested structures.

g, F=[1,p,p%, ...,p™ 1] for some p € K[z]
BTTB
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Appendix

Polynomial matrices

Modulus polynomial and row reduced

M € K[z]? %™
Modulus polynomial:
M1 Miz -+ My,
M2; Mo - May,
M;; monic, deg(M;;) = d; . . ) . deg(M;;) < d; for j #1
Mnl Mn2 e Mnn

Row reduced:
A row reduced matrix is a matrix whose row leading coefficients matrix is invertible.

e r z+1 rlmfl 1
& |y x? 0 1

M modulus polynomial =—> M is row reduced.

Proof. rlm of M is the identity matrix.
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Appendix

Polynomial matrices

Euclidean division

For any row reduced M € K[z]"*" with

rdeg(M) = [d1, .. ., dn] M e Kla]™*m:

o rdeg(M) = [d1,...,dn] such that
and any F € K[z]"*™ with d; = max;j—1,....m(deg(My;))
rdeg(F) < [d1 + k,...,dn + K] o deg(M) =

max;—1,...,n,j=1,...,m(deg(Mi;))

There exists unique matrices Q, R € K[z]™*™ such that:
F=M-Q+R

with rdeg(R) < rdeg(M) and deg(Q) < k.
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Applications

Family of polynomials approximation:
o Block Wiedemann algorithm
o Factorization of integer numbers

@ Polynomial multivariate systems solving

Polynomial matrix approximation:
@ Acceleration of the computation of the characteristic polynomial

o Computations for univariate matrices

Structured linear systems:

@ Error correcting codes: Reed-Solomon
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Algorithms

Part 2

Algorithm 1: Coefficient d — 1 of each of the
polynomials ¥ P rem M for k =0,...,v

Input: M =mo+mixz+---+ mdzd,
P=po+piz+--+pg_1zdt,
Output: [coeff(P rem M,d —
1), coeff(zP rem M,d —
1),...,coeff(z¥~1P rem M,d —1)]
g =revy(M) rem z¥;
h = revg_y(P) rem z¥;
f=g' hrema¥;
fori=0tor—1do

L a; = coeff(f,1);

return [ag, ..., av—1];

v

Sara Khichane (MPRI)

Algorithm 2: Truncated Inverse Product

Input: G € K[z]"*" such that G is row
reduced, P € K[z]"*™ and
v=A{vi,...,um}.

Output: G~ ! - P rem X¥, where

X = diag(z1,z"2, ...

Initialization: P’ =P, v/ =

S={1,....m} £=1,C=3" v
R € K[a]"*™ with R = [Ruj]j=1,...m-

Sp={jeS|v;<2-S};// S

for £ =1 to [logy(C/m)] do

F’/’ c ]K[z]”X'Sfl, where P/ = [P*j]]gsz;

V= (vj)jes,;

,
XV € Klz]lSelxISel, where
XV = diag(z"4)jes,;

Computing B =G~ - P’ rem X"I;

1=1;

for j € Sy do

Rij = Bui;
i=1+1;

| Serr={ies|20-C <y <2tt.Cy

return R;

Javm).

Algorithms for structured approximation
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Algorithms

Part 2

Algorithm 3: Solving a structured linear sys-
tem

Input: G € K"*® He KmX%, v e Knx!

Output: LinearSystem(G, H,v)

// Transform to polynomial matrices

for j=0toa—1do

L fi@) = $i Giga's

F=[fo(x), fi(@), .., fam1(@)];

for j=0to a—1do

L gj(x) = ;151 Hija*;
-1

v(z) = Y7y izt

// Approximant basis computation

[P s] = ApproximantBasis([F  —v] ,n);

0 n
if deg(p) > 0 then
| retum 0;
else
| deg(p) =0
wz) =1;
// Retrieve the solution
B= [}5’1 .g —P1. revn_1(s)];
return [coeff(u, a — 1), ..., coeff(u,0)]T;

Sara Khichane (MPRI)

Algorithm 4: Family of polynomials approxi-
mation

Input: 9 € K[z]™, F € K[z]"*™,
v=A{v1,...,um}
Output: ApproxMultMod (M, F,v)
A € KPxC;
fori=1ton do
for j =1 to m do
fij € K9 is the vector of coefficients;

[fij  X(Mi)fij - X(My)¥i~ i)

Compute G, H € K*XO(max(m,n).
return
LinearSystem|[Z p,0, Z{; 5, O(max(m, n))](G, H);

Algorithms for structured approximation September 1st, 2025
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Appendix

High degree coefficients

Problem definition

The problem LastCoeffModMat(M, F,v) is solved in O(n®=1 . C).

Proof. For M, F and k, there exist unique Qi and Ry, such that z* - F =M - Qi + Ry,

M=x9. M@ ), F=M:Qx+a* Ry

Foxdlpe) We rewrite the identity with k = k; for each column j as:
= CF@ Yy,

Qe =a""" Q@ h), F*j:M'ij»jJFij “Rig; 55

Ry =x""" Re(@™h)

_— -1 = )
We get ij,j =M " -F,; rem ki,
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Appendix

High degree coefficients

Correctness

- Fuj rem ati

For each j, Qu; ; (the quotient with k; = v;) contains the coefficients of degree d; — 1 of

[z*3 - F rem M];; for each i.

Proof. For one column j
. P IC
We recall the euclidean division 2% - F,; = M - ij,j + Rkj 3

We multipliy by = and get 2%+ . F; =M. (z - Qp;,5) + (z - Ry;.5)
Note that zFi+1 . Fij =

dy
coeff([z"i - F rem M]1;,dq — 1) IO 1‘22 8
M'(x'ij,j)"'( : : : . : +R;€j,j)
coeff([z"i - F rem M],,;,dpn — 1) O 0 d

"l: n
For ease of notation, we denote z*i+1 . Foj =M (- ij,j) + (ak'j J SX4 4 R, j)
3

Since M is modulus polynomial, we can write M = X¢ — M’ and get:
e F = M (@ Qg+ ang ) + (g M 2Ry )
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Appendix

High degree coefficients

Correctness

-1 .
ij’]‘ =M . F*j rem a:kﬂ

For each j, Qu; ; (the quotient with k; = v;) contains the coefficients of degree d; — 1 of

[z*3 - F rem M];; for each i.

Proof. For one column j

Bt F =M (2 Qi .5 +ak; ;) + (ak,; ;- M +93-R;€j’j)

By uniqueness of the quotient and remainder, we have:
© Qujt1,5 = Qi 5+ 3k, 5

. = s / . /
° Rkj"rld 731‘,‘7#] M +x Rkj,j'
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Appendix

High degree coefficients

Correctness

-1 .
ij’]‘ =M . F*j rem a:kﬂ

For each j, Qu; ; (the quotient with k; = v;) contains the coefficients of degree d; — 1 of

[z*3 - F rem M];; for each i.

Proof. For one column j
We focus on the quotient:

Qijt+1,5 =2 Qi +an,,j
and enroll the recurrence:

Qo,; =0,
A _.0
Qi,j =2 -ap,j +0=agj,

5 _ 1 1
Q2 =2 -ag,j+a1; =z -ag,; +ai;,

A —1 —2 0
Qu;j =" rag; +a¥ T Ayt Ay
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Appendix

High degree coefficients
Complexity

We can compute Q, in O(nw—l -0).

Proof. -
We define Q, € K[z]"*™ as [Quy1 Qug2 - Quinym

Since we can verify that

-1 = =1 = -1 = L =
M " -F rrem X¥ = [M Fairemz¥t M " -Fyorema¥2 ... M . Fupy rem :r”m]

= Qul,l Qu2,2 Qum,m )

V1 0 .. 0
4 0 z¥2 0
it is equivalent to compute Q, =M - F rem X", where .
0 0 z¥m
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Appendix

High degree coefficients
Complexity

We can compute Q, in O(nw—l -0).

Proof. R
We compute Q, =M - F rem X"”.
@ State of the art: the problem is solved under the assumption that max(v) < 2 - %

Applying the algorithm on a selected set of columns of F:

i.e. For a given step ¢ of the algorithm, we have:
4 , o Number of steps: [log,(m)].
o Ly={je{l,....m}|y; <2°- =} Cost of each step: O(n*~1.(C),

o F/ =1[P,;]; c Klz]nxILel, (since ‘Lflzzﬂl)'
[ *J]JELe [z] 'I:otal cost:

o v = (vj)jeL, we get X' e K[x}?ﬂﬁx% O(n®~1.C -logy(m)) = O(n¥=1.C).
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Appendix

High degree coefficients

Summary

Correctness:

For each j, Ql,j .j contains the coefficients of degree d; — 1 of [xkj - F rem M];; for each i.

Complexity:

We can compute Q,, in O(nw—l -0).

Final result:

The problem LastCoeffModMat(M, F, ) is solved in O(n®~1 . C).
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Appendix

Notes

Berlekamp-Massey:
Finds the minimal recurrence (of order d) from the first 2d terms of a linearly recurrent sequence,
and this is equivalent to compute a basis of relations for F' = [S, —1] modulo x2¢, where the
input S is the polynomial defined from the 2d first terms of the sequence

o Dornstetter 1987 and Sugiyama et al. 1975: quadratic

@ Brent-Gustavson-Yun 1980: quasi-linear

Randomization in current structured linear system algorithms:

The pivots in a Gaussian elimination-type of algorithm must be on the diagonal, and authors
ensure this property by multiplying the input matrix by a random choice of matrices (with a
special form for efficiency).
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