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1 Introduction

1.1 General context
Approximation problems are a central topic in computer algebra, with historical roots tracing back to the
pioneering work of Hermite and Padé in the 19th century [23, 11]. Given a modulus M and a vector of
elements [f1, . . . , fm], the goal is to find a vector of polynomials [g1, . . . , gm] that are a solution to g1f1 + . . . +
gmfm = 0 mod M . This formulation encompasses several fundamental problems, in particular: Hermite-Padé
approximation (taking M = xd); Padé approximation (taking M = xd and m = 2), which applies to the search
of relations for linearly recurrent sequences [5]; and rational interpolation (taking M = (x − a1) · · · (x − ad),
where a1, . . . , ad are distinct known elements of the base field K) [13].
Scientists have explored two main approaches to design efficient algorithms for this problem: one based on
polynomial matrix computations, the other on structured linear algebra. Structured matrices are compactly
represented by generators. A smaller displacement rank (the number of columns of the generators) yields a
stronger structure, enabling faster algorithms for tasks like solving linear systems [3, 1].
In this work, the field K for coefficients of polynomials and matrices is left unspecified: it can be a prime field
Z/pZ, the rational numbers Q, extensions of them, etc. We focus on the complexity of algorithms performing
exact algebraic computations, thus with no issues related to e.g. rounding errors or numerical stability.

1.2 Research problem
Let d1, . . . , dn, n, m be positive integers. We consider the following general approximation problem:
▶ Problem 1. ApproxProblem

Input: A modulus denoted by M , F = [fij ] ∈ K[x]n×m, where fij is of degree strictly less than di for
i = 1, . . . , n and j = 1, . . . , m, and ν = [ν1, . . . , νm] a set of positive integers.
Output: nonzero g = [g1, . . . , gm]T ∈ K[x]m×1 such that F · g = 0 mod M and deg(gj) < νj for
j = 1, . . . , m. If no such vector exists, return ∅.

We study two versions of Problem 1, each arising from a different form of the modulus M :
1. ApproxMultMod(M, F, ν): the modulus is a list of polynomials M = [Mi]1≤i≤n ∈ K[x]n with deg(Mi) = di.
2. ApproxMatrixMod(M, F, ν): the modulus is a polynomial matrix M = [Mij ] ∈ K[x]n×n, with deg(Mii) = di

and deg(Mij) < di for all i ̸= j.
The fastest known algorithms to solve these versions are based on polynomial matrix computations, with
complexity Õ(max(n, m)ω−1 · D) in [20] and [22]. Here, D =

∑n
i=1 di, Õ is the O-notation ignoring logarithmic

factors and ω is the exponent of matrix multiplication such that 2 ≤ ω ≤ 3 (see Chapter 15 of [6]).
In [7], ApproxMultMod(M, F, ν) is solved in Õ(max(n, m)ω−1 · D), which is the best known complexity. This is
done via a reduction to a linear system with a quasi-Toeplitz structure, generalizing the reduction developed
in [3] for the special case n = 1 (where the modulus is then a single polynomial M ∈ K[x]).
We next formalize such problems of type A · u = v, where A has a quasi-Toeplitz structure. The generators of
this structure are defined with respect to specific displacement operators (cyclic down and right shift matrices).
▶ Problem 2. LinearSystem

Input: G ∈ Kn×α, H ∈ Km×α, v ∈ Kn×1 such that G and H are the generators of a quasi-Toeplitz matrix
A ∈ Kn×m, and v = [v1, . . . , vm]T ∈ Km×1 is a vector of coefficients.
Output: nonzero u ∈ Kα×1 such that A · u = v if it exists, otherwise return ∅.

The best known algorithms for solving Problem 2 are given in [3, 1] and run in Õ(αω−1 · max(n, m)). These
algorithms are randomized and thus require a large enough field K to ensure that they work with a positive
probability of success.

1.3 Contribution
Let C =

∑m
j=1 νj . We can classify our results into two main categories: the reduction of approximation

problems to structured linear systems, and the design of a deterministic algorithm for solving such structured
linear systems.
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I. Reducing approximation problems to structured linear systems
We present a new reduction of ApproxMatrixMod(M, F, ν) to a quasi-Toeplitz linear system (Algorithm 4), not
previously done in the literature, built from an alternative reduction of ApproxMultMod(M, F, ν) (Algorithm 2).
Both achieve the best known complexity Õ(max(n, m)ω−1 · D) for Problem 1.
The reduction for ApproxMatrixMod(M, F, ν) is deterministic and relies on the construction of a quasi-Toeplitz
matrix A = [A1, . . . , Am] ∈ KD×C where for each j, we have

Aj =
[
F∗j X(M) · F∗j · · · X(M)νj−1 · F∗j

]
∈ KD×νj .

Here F∗j is the vector of coefficients of the j-th column of F and X(M) a generalization of companion matrices.
We compute G, H, generators of A, with only O(max(n, m)) columns, which is key to achieving the target
complexity. Solving LinearSystem(G, H, [0, . . . , 0]T) yields u ∈ KC×1 solution of A · u = [0, . . . , 0]T, from which
we recover g, the solution to our approximation problem; u is the vector of coefficients of all polynomials in g.
A central step in the ApproxMatrixMod case is the computation of the high-degree coefficients of polynomial
matrix divisions xk · F∗j mod M for k = 1, . . . , νj − 1 and j = 1, . . . , m. We provide an efficient algorithm for
this task (see Theorem 36) that runs in less than Õ(max(n, m)ω−1 · D) operations, which is essential for the
reduction and, to our knowledge, does not appear in the literature.
II. Solving structured linear systems deterministically
We eliminate the need for randomization and solve Problem 2 deterministically in Õ(αω−1 · max(n, m)) (see
Algorithm 5). Similarly to [24], which provides polynomial formulations for some linear systems such as Toeplitz
(displacement rank 2) and block-Toeplitz, we find a polynomial formulation for any quasi-Toeplitz system,
exploiting the known Σ-LU representation of quasi-Toeplitz matrices (that uses the generators). We manage to
efficiently solve the resulting equation, with an unknown polynomial, via two extended approximation problems:
computing an approximant basis [14] and performing a simultaneous extended Hermite-Padé approximation
[25]. Solving them yields the unknown polynomial, from which we recover the solution to Problem 2.

1.4 Arguments supporting its validity
We provide detailed proofs of correctness and complexity for all our algorithms. Our first contribution is
most importantly the reduction from ApproxMatrixMod to LinearSystem, achieving the same complexity as the
best-known polynomial-approach based algorithms (see [20], [22] respectively). This shows that the structured
approach can be as efficient as the polynomial one, even for a general modulus M, which provides more clarity
on the relation between both frameworks. The reduction holds for any nonsingular M. Note that, the degree
constraints on M can be lifted without loss of generality, as any instance with a nonsingular M can be reduced
to one satisfying these constraints (see Appendix B).
Our second contribution, where we present a deterministic algorithm for solving quasi-Toeplitz linear systems,
is a clear improvement as it eliminates the need for randomization and thus provides a robust solution over
any field K. We show that it runs in Õ(αω−1 · max(n, m)), matching the best-known randomized bounds.

1.5 Summary and future work
We present a summary of our results in Figure 1. We got a better understanding of the links between the
structured approach and the polynomial matrix computations one, and removed the need for randomization in
solving quasi-Toeplitz linear systems. Our results open the door to further research in this area.

ApproxMultMod
Polynomial approach [20]

ApproxMatrixMod
Polynomial approach [22]

LinearSystem
Randomized algorithm [3, 1]

Deterministic algorithm [our work]

Reduction (n=1) [3, 1]

Reduction [[7], our work]

Reduction [our work]

Figure 1 Summary of the results

In particular, our next step is to extend our last result to other structured linear systems, such as quasi-
Vandermonde systems and other variations of the displacement operators introduced in [1]. We also aim to
provide finer complexity bounds for our algorithms and thus avoid the Õ notation. Longer-term goals include
computing a basis of solutions, rather than a single solution, for our approximation problems, and studying
cases with multiple nested structures, such as block-Hankel matrices, or approximations involving iterated
powers or derivatives. For example, one can consider Problem 1 with F = [1, p, p2, . . . , pm−1] for some p ∈ K[x].
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2 Preliminaries

In this section, we introduce some notions and existing results that are the basis of our work. We classify them
into two categories: structured matrices related notations and polynomial matrices ones. We consider for the
rest of the report that n and m are positive integers. We start with some general notations.
We consider coeff(p, k) the coefficient of the polynomial p ∈ K[x] with respect to the monomial xk and
coeff(p, i, k) as the coefficient of the polynomial, at the k-th column of the vector p ∈ K[x]n×1, with respect to
the monomial xk.
For a given matrix M, we denote by Mi∗ the i-th row of the matrix M and by M∗j the j-th column of the
matrix M. Moreover, we define elem(p, i) as the element at row i of a vector p and elem(A, i, j) as the element
at row i and column j of a matrix A.
For a polynomial p ∈ K[x], we denote by deg(p) the degree of the polynomial p such that deg(p) = −∞
if p = 0. Moreover, we define revk(p) as the polynomial p reversed with respect to the monomial xk, i.e.,
revk(p) =

∑deg(p)
i=0 coeff(p, i)xk−i. We extend this definition to a vector by reversing each polynomial in it.

The notation P = ϕ mod M means that there exists Q such that P = M · Q + ϕ, where P and M will be
defined in the context (see Remark 18). If ϕ = 0 then P is divisible by M .
For a polynomial matrix P ∈ K[x]n×m such that P = [pij ]i=1,...,n

j=1,...,m, we have P(x−1) = [pij(x−1)]i=1,...,n
j=1,...,m.

We use diag(A1, . . . , An) to denote the block diagonal matrix with blocks A1, . . . , An on the diagonal.
We denote by |L| the number of elements of a list L and by

∑
(L) the sum of elements of L.

As the notion of probabilistic algorithms is mentioned, we define it as follows.

▶ Definition 3. An algorithm is probabilistic of type P (k, d) if when choosing less than k elements in K, the
probability of success is at least 1 − d

|K| .
In regards to ω, the exponent of matrix multiplication, i.e., the smallest real number such that two n × n
matrices can be multiplied in O(nω) operations in K, we have that the best known value is ω < 2.371552 [29].
M(n) is the cost of multiplying two polynomials in K[x]≤n. Note that O(M(n)) = Õ(n).

2.1 Structured matrices
Matrices with a specific structure play a crucial role in the design of efficient algorithms in computer algebra.
For instance, a structured matrix with size n × n will be represented by O(n) elements instead of n2 elements
in the general case. This reduction in the number of elements yields significant improvements in the complexity
of algorithms that manipulate these matrices, such as solving a linear system. Some structured matrices are
well-known, such as Toeplitz matrices, that are defined by their first row and first column, and are invariant
along diagonals. However, the notion of structure is not limited to specific cases. In fact, any matrix that can
be represented by a small number of elements can be considered structured. As introduced in [16], we define
the notion of structure as the measure of to what extent a matrix can be represented by a small number of
elements. We call this measure the displacement rank.

▶ Definition 4. Let P ∈ Kn×n and Q ∈ Km×m be two matrices. We define the displacement operator ∆[P, Q]
as follows:

∆[P, Q] : Kn×m −→ Kn×m

A 7−→ A − P · A · Q

▶ Definition 5. Let P ∈ Kn×n and Q ∈ Km×m be two matrices. We define the displacement rank of a matrix
A ∈ Kn×m with respect to the matrices P and Q as the rank of ∆[P, Q](A).

▶ Definition 6. Let P ∈ Kn×n and Q ∈ Km×m be two matrices. We call two matrices Y ∈ Kn×α and Z ∈ Km×α

P, Q-generators of length α for a matrix A ∈ Kn×m, if they satisfy the following property:

∆[P, Q](A) = Y · ZT

The goal of this notion of structure is to use these generators as entries for problems such as linear systems
instead of the matrix A itself. Therefore, if the displacement rank α is smaller than the size of the matrix A,
the number of elements to manipulate is reduced. Note that if α ∈ O(n, m), then A has no structure.
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▶ Definition 7. We define the cyclic down-shift matrix Zn,φ ∈ Kn×n, for a given φ ∈ K, as follows:

Zn,φ =


0 0 . . . 0 φ

1 0 . . . 0 0
... . . . . . . ...

...
0 · · · 1 0 0


▶ Definition 8. Let A ∈ Kn×m. We define the quasi-Toeplitz structure as the structure that corresponds to
the operators Zn,0 and ZT

m,0.
We denote by ϕ+(A) the displacement operator associated with the quasi-Toeplitz structure, i.e. ϕ+(A) =
A − Zn,0 · A · ZT

m,0, which corresponds to A − (A shifted down and right by one unit).
We call two matrices Y ∈ Kn×α and Z ∈ Km×α ϕ+-generators of length α for A, if ϕ+(A) = Y · ZT.
One can represent the classical structured matrices (Toeplitz, Hankel, Vandermonde, Sylvester, Cauchy, etc.)
using the right displacement operators. For instance, a Toeplitz matrix is a quasi-Toeplitz matrix with a
displacement rank of 2.
▶ Definition 9. Let M ∈ K[x] be a polynomial of degree at most n. We define X(M) the matrix of multiplication
by x in K[x]/⟨M⟩, commonly called companion matrix in the literature (see [15, 24]), as follows:

X(M) =


0 · · · 0 −m0

1 · · · 0 −m1
... . . . ...

...
0 · · · 1 −mn−1


where mi = coeff(M, i) for i = 0, . . . , n − 1.
▶ Definition 10. Let v ∈ Kn×1 a vector of elements v1, . . . , vn ∈ K. We define the lower Toeplitz matrix
L(v) ∈ Kn×n as follows:

L(v) =


v1 0 · · · 0
v2 v1 · · · 0
...

... . . . ...
vn vn−1 · · · v1


Likewise, we define the upper Toeplitz matrix U(v) ∈ Kn×n as U(v) = L(v)T.
For the rest of this subsection, we consider α a positive integer such that α ≤ n.
▶ Definition 11. Let P ∈ Kn×n, Q ∈ Km×m and v ∈ Kn×1. Given Y ∈ Kn×α and Z ∈ Km×α; P, Q-generators
of length α for a matrix A ∈ Kn×m, we define the problem LinearSystem[P, Q, α](Y, Z, v) as follows:

LinearSystem[P, Q, α]
Input: Y ∈ Kn×α, Z ∈ Km×α, v ∈ Kn×1.
Output: nonzero u ∈ Km×1 such that A · u = v if it exists, otherwise return ∅.

For ease of notation, when v is the zero vector, we denote this problem as LinearSystem[P, Q, α](Y, Z). Note
that, the solution u has to be nonzero, otherwise the problem in this case becomes trivial.
Furthermore, we only specify the parameters P, Q and α when clarity is needed, otherwise we denote the
problem as LinearSystem(Y, Z, v). The parameters P, Q and α can be retrieved from the inputs.
Kailath, Kung and Morf managed to solve quasi-Toeplitz systems in O(α · n2) (see [16]). A more rapid
version was given by Morf in [19] achieving a complexity of O(α2 · M(n) · log(n)), under some hypotheses that
Kaltofen managed to remove in [17]. The complexity improved significantly in [3], where authors managed to
introduce rapid matrix multiplication and show that the problem LinearSystem[Zn,0,ZT

n,0, α] for any Zn,0,ZT
n,0-

generators and any v ∈ Kn×1 can be solved in O(αω−1 · M(n) · log2(n)), by a probabilistic algorithm of type
P (3n − 2, n2 + n). Later in [1], they generalized this result to the case of non-square systems and improved
the complexity by a logarithmic factor, as follows.
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▶ Theorem 12 (Theorem 1.1 [1]). The problem LinearSystem[Zn,0,ZT
m,0, α] for any Zn,0,ZT

m,0-generators and
any v ∈ Kn×1 can be solved in O(αω−1 · M(max(n, m)) · log(max(n,m)

α )), by a probabilistic algorithm of type
P (m + n − 2, max(m, n)2 + max(m, n)).

A significant result of the previous theorem is the approximation problem defined in Problem 1 with n = 1.

▶ Corollary 13 (Corollary 1 [3]). Let M ∈ K[x] be a polynomial of degree d, let f1, . . . , fm ∈ K[x] be
polynomials of degrees strictly less than d, and let ν1, . . . , νm ∈ N be such that

∑m
i=1 νi = d + 1. One can find

g1, . . . , gm ∈ K[x], not all zero, of respective degrees strictly less than ν1, . . . , νm, such that

g1f1 + · · · + gmfm = 0 mod M,

in time O(mω−1 · M(d) · log2(d)). The algorithm is probabilistic of type P (3d − 2, d2 + d).

2.2 Polynomial matrices
Polynomial matrices are matrices whose entries are polynomials. Their theory was first introduced by
Gantmacher in [9] and [18]. It has been, since, applied in the context of linear systems and approximation
problems. In this section, we introduce some basic definitions and properties related to polynomial matrices,
which will be useful in our study. We start with row reduced matrices (or their column reduced counterparts).
The notion was introduced by Wolovich in [30] but the term was suggested by Heymann in [12].

▶ Definition 14. Let M = [Mij ]i,j=1,...,n ∈ K[x]n×m be a polynomial matrix.
Given s = [s1, . . . , sm] a list of non-negative integers, we define rdegs(M) as the list [d1, . . . , dn] where
di = maxj=1,...,m(deg(Mij) + sj) for i = 1, . . . , n.
Given s = [s1, . . . , sn] a list of non-negative integers, we define cdegs(M) as the list [d1, . . . , dm] where
dj = maxi=1,...,n(deg(Mij) + si) for j = 1, . . . , m.
We define deg(M) as the maximum degree of the entries of the polynomial matrix M, i.e., deg(M) =
maxi=1,...,n

j=1,...,mdeg(Mij).

For ease of notation, if s = [0, . . . , 0], we write rdeg(M) for rdeg0(M) and cdeg(M) for cdeg0(M).

▶ Definition 15. Let M = [Mij ]i,j=1,...,n ∈ K[x]n×n be a polynomial matrix, s = [s1, . . . , sm] be a list of
non-negative integers and rdegs(M) = [d1, . . . , dn]. We define the row leading coefficients matrix of M with
respect to s as the matrix [coeff(Mij , di − sj)]i,j=1,...,n ∈ Kn×n. We denote this matrix by rlms(M).

▶ Definition 16. Let s = [s1, . . . , sn] be a list of non-negative integers. A nonsingular matrix M =
[Mij ]i,j=1,...,n ∈ K[x]n×n, such that rdegs(M) = [d1, . . . , dn] is called s-row reduced if the matrix rlms is
invertible. We say that M is row reduced if s = [0, . . . , 0].

For instance, the matrix M =
[
x x + 1
x x2

]
is row reduced, while the matrix M =

[
x x2

x x3

]
is not row reduced.

The following theorem is the counterpart of Theorem 6.3.15 in [15], where the division is done on the right and
the matrix we divide by is column reduced.

▶ Theorem 17. For any row reduced M = [Mij ]i,j=1...n ∈ K[x]n×n, and any F = [fij ]i=1,...,n
j=1,...,m ∈ K[x]n×m, there

exist unique matrices Q = [qij ]i=1,...,n
j=1,...,m ∈ K[x]n×m and R = [rij ]i=1,...,n

j=1,...,m ∈ K[x]n×m such that rdeg(R) < rdeg(M)
and

F = M · Q + R,

where R is the left remainder matrix and Q is the left quotient matrix.
We consider the left euclidean division of a polynomial matrix F by a polynomial matrix M to be the default
division. Thus, we denote by F quo M the matrix quotient Q and by F rem M the matrix remainder R for the
left euclidean division of the polynomial matrix F by the polynomial matrix M.

Similarly, we denote by F rrem M and F rquo M the right remainder matrix R and the right quotient matrix
Q respectively, for the right division of the polynomial matrix F by the polynomial matrix M. We refer to
Appendix A for the formal definition of a column reduced matrix and the right euclidean division theorem.



6 Algorithms for structured approximation and interpolation

▶ Remark 18. We use the notation R mod M to denote the class of equivalence, i.e. all F such that F = M ·Q+R
for some Q. We use, however, rem to denote the remainder of a division.

▶ Lemma 19. Let M = [Mij ]i,j=1,...,n ∈ K[x]n×n a row reduced polynomial matrix such that rdeg(M) =
[d1, . . . , dn]. Let F = [fij ]j=1,...,m

i=1,...,n ∈ K[x]n×m, such that rdeg(F) < [d1 + k, . . . , dn + k] where k is a positive
integer. Let Q = [qij ]i=1,...,n

j=1,...,m ∈ K[x]n×m be F quo M. Then, we have deg(Q) < k.

Proof. We start this proof by proving the following property: rlm0(M) = clm−rdeg(M)(M).
We have on one side, ∀i, j ∈ {1, . . . , n}:

elem(rlm0(M), i, j) = elem(clm0(MT)T, i, j) = elem(clm0(MT), j, i)
= coeff(Mij , elem(cdeg(MT), j)) = coeff(Mij , maxk=1,...,n(deg(MT

kj) + 0))
= coeff(Mij , maxk=1,...,n(deg(Mjk))) = coeff(Mij , elem(rdeg(M), j))

On the other side, we have ∀i, j ∈ {1, . . . , n}:

elem(clm−rdeg(M)(M), i, j) = coeff(Mij , elem(cdeg−rdeg(M)(M), i) + elem(rdeg(M), j)) (by Definition 15)
= coeff(Mij , maxk=1,...,n(deg(Mki) − elem(rdeg(M), k)) + elem(rdeg(M), j))
= coeff(Mij , maxk=1,...,n(deg(Mki) − maxℓ=1,...,n(deg(Mkℓ) + 0)) + elem(rdeg(M), j))
= coeff(Mij , elem(rdeg(M), j)) (since deg(Mki) ≤ maxℓ=1,...,n(deg(Mkℓ)) for all i, k)

Thus, we conclude that clm0(M) = rlm−cdeg(M)(M).
Now, we show that cdeg−rdeg(M)(M) = [0, . . . , 0]. Since we shift the degrees of each row of M by its leading
coefficient degree, we have that all degrees after the shifts are either 0 or negative. We consider that an entry
with negative degree is equivalent to a zero entry and thus has a degree of −∞. Therefore, the only possible
values for the degrees of the entries of cdeg−rdeg(M)(M) are 0 or −∞. Moreover, if we have −∞ in the degree
of an entry, then all degrees of that column in the shifted matrix are −∞, which means that the column is
entirely zero. If we assume this, then clmrdeg(M)(M) is a matrix with a column of zeros, which implies that the
matrix is not invertible. This is a contradiction since we know that rlm0(M) = clm−rdeg(M)(M) by the above
and rlm0(M) is invertible by Definition 15. Thus, we conclude that cdeg−rdeg(M)(M) = [0, . . . , 0].
Let R = F rem M. By Theorem 17, we have F = M · Q + R and rdeg(R) < [d1, . . . , dn]. Since F − R = M · Q, we
have rdeg(F − R) = rdeg(M · Q). We use the fact that rdeg(F) < [d1 + k, . . . , dn + k] and rdeg(R) < [d1, . . . , dn]
to deduce rdeg(F − R) < [d1 + k, . . . , dn + k] and thus rdeg(M · Q) < [d1 + k, . . . , dn + k]. By the same argument
as above, we have cdeg−rdeg(M)(M · Q) < [k, . . . , k].
Since M is −rdeg(M)-column reduced (as it is row reduced) and cdeg−rdeg(M)(M) = [0, . . . , 0], we can apply the
predictable degree property (see Theorem 6.3.13 in [15]) on each column Q∗j of Q for j = 1, . . . , m to get:

cdeg−rdeg(M)(M · Q∗j) = maxi=1,...,n(deg(Qij) + cdeg−rdeg(M)(M∗j))
= maxi=1,...,n(deg(Qij) + 0) = cdeg(Q∗j).

Thus, we have cdeg(Q∗j) < k for j = 1, . . . , n, which means that cdeg(Q) < [k, . . . , k]. Finally, we conclude
with deg(Q) = max(cdeg(Q)) < k. ◀

Let In be the identity matrix of size n.

▶ Definition 20. A square polynomial matrix U ∈ K[x]n×n is called unimodular if it is invertible over K[x],
i.e., there exists a polynomial matrix V ∈ K[x]n×n such that U · V = In. Equivalently, the determinant of U is
a nonzero element of K.

▶ Definition 21. Let s = [s1, . . . , sn] be a list of non-negative integers. A polynomial matrix M ∈ K[x]n×n is
in s-Popov form if clm0(M) = In and rlms(M) is a unit lower triangular matrix (lower triangular matrix with
all diagonal entries equal to 1). We say that M is in Popov form if s = [0, . . . , 0].

We introduce polynomial matrices with a specific structure, which will be useful in the design of our algorithms.
We call these matrices modulus polynomial matrices.
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▶ Definition 22. Let M = [Mij ]i,j=1,...,n ∈ K[x]n×n be a polynomial matrix, such that rdeg(M) = [d1, . . . , dn].
We call M a modulus polynomial matrix if for i, j = 1, . . . , n, we have:

Mii is a monic polynomial of degree di,
Mij is a polynomial of degree strictly less than di for all j ̸= i.

▶ Lemma 23. Given a modulus polynomial matrix M, M is a row reduced polynomial matrix.

Proof. rlm0(M) = In, as the diagonal entries are monic polynomials of degree di and the off-diagonal entries at
row i are polynomials of degree strictly less than di. Thus, rlm0(M) is nonsingular and by Definition 16, M is
row reduced. ◀

3 Multiple modular approximations

In this section, we solve efficiently multiple simultaneous approximation problems, i.e. where different moduli
intervene. We use structured linear algebra techniques to achieve the same bound, that polynomial computations
managed to get (see [20]). Note that a reduction to a structured linear system was done [7] in the same
complexity bound. Here, we provide an alternative reduction to a quasi-Toeplitz system. We consider the
approximation problem defined in Definition 24.

▶ Definition 24. Given
M = M1, . . . , Mn of degrees d1, . . . , dn respectively, such that Mi ∈ K[x] for i = 1, . . . , n and d1, . . . , dn

positive integers.
F = [fij ]i=1,...,n

j=1,...,m ∈ K[x]n×m, such that rdeg(F) < [d1, . . . , dn].
ν = {ν1, . . . , νm} be a set of positive integers.

We define the set of solutions

S =
{

g ∈ K[x]m×1 | F · g = 0 mod M
}

, (1)

where F ·g = 0 mod M means that Fi∗ ·g = 0 mod Mi (i.e., ∃q ∈ K[x] such that Fi∗ ·g = q ·Mi) for i = 1, . . . , n.
We define the problem ApproxMultMod(M, F, ν), as follows:

ApproxMultMod
Input: M ∈ K[x]n, F ∈ K[x]n×m, ν = {ν1, . . . , νm}.
Output: g ∈ S such that g is not the zero vector and deg(gj) < νj for j = 1, . . . , m.

We denote by C =
∑m

j=1 νj the total number of unknown coefficients of the unknown polynomial vector g and
by D =

∑n
i=1 di the total degree of the moduli polynomials Mi for i = 1, . . . , n.

3.1 Intermediate results: modular polynomial multiplication
The results presented in this section were used in structured linear systems related works, such as [3] and [1].
We present them here for completeness and to provide detailed proofs.

▶ Lemma 25. Let M ∈ K[x] of degree d > 0, and P ∈ K[x] of degree less than d. Let ν > 0. One can compute
the coefficients of xνP rem M in O(M(d)) if ν < d and more generally in O(M(d) · log(ν)) even if ν ≫ d.

Proof. We distinguish two cases:
If ν < d, we can compute xνP and then reduce it modulo M using the fast polynomial division algorithm
[27]. The cost is O(M(d)).
If ν ≫ d, we use the fact that xνP rem M = ((xν rem M) ·(P rem M)) rem M . We can compute xν rem M
in O(M(d) · log(ν)) using a fast modular polynomial exponentiation algorithm. The fastest known algorithm
for this is presented in [4], and has a cost of 2(M(d) · log(ν)). Since P is of degree less than d, we have
P rem M = P . Moreover, xν rem M is also a polynomial of degree less than d, thus we can compute the
product (xν rem M) · P in O(M(d)) and get a polynomial of degree less than 2d. Finally, we reduce the
result modulo M using the fast polynomial division algorithm [27] in O(M(d)). Therefore, the total cost is
bounded by O(M(d) · log(ν)). ◀
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Algorithm 1 Coefficient d − 1 of each of the polynomials xkP rem M for k = 0, . . . , ν

Input: M = m0 + m1x + · · · + mdxd, P = p0 + p1x + · · · + pd−1xd−1, ν
Output: [coeff(P rem M, d − 1), coeff(xP rem M, d − 1), . . . , coeff(xν−1P rem M, d − 1)]

1 g = revd(M) rem xν ;
2 h = revd−1(P ) rem xν ;
3 f = g−1 · h rem xν ;
4 for i = 0 to ν − 1 do
5 ai = coeff(f, i);
6 return [a0, . . . , aν−1];

▶ Lemma 26. Let M ∈ K[x] of degree d > 0, and P ∈ K[x] of degree less than d. Let ν > 0. One can compute
coeff(xkP rem M, d − 1), for k = 0, . . . , ν − 1 in O(M(ν)) operations in K using Algorithm 1.

Proof. We denote by aT = [a0, . . . , aν−1] ∈ K1×ν the vector where ak = coeff(xkP rem M, d − 1) for k =
0, . . . , ν − 1. The goal is to compute the vector a.

Correctness

For M, P and k, There exist unique Qk, Rk such that xk ·P = M ·Qk +Rk where deg(Rk) < d and deg(Qk) < k
(see Theorem 17 and Lemma 19). We replace x by x−1 and multiply the identity by xd+(k−1) to get:

xd+(k−1) · (x−k · P (x−1)) = xd+(k−1) · M(x−1) · Qk(x−1) + xd+(k−1) · Rk(x−1)
⇔ xd−1 · P (x−1) = xd · M(x−1) · xk−1 · Qk(x−1) + xd+(k−1) · Rk(x−1)
⇔ revd−1(P ) = revd(M) · revk−1(Qk) + xk · revd−1(Rk)

We reduce the last equation modulo xk to get revd−1(P ) rem xk = revd(M) · revk−1(Qk) rem xk. Thus, we get
that revk−1(Qk) = revd(M)−1 · revd−1(P ) rem xk, which is what we compute in Algorithm 1 for k = ν.
We show in what follows that revν(Qν) =

∑ν−1
k=0 ak · xk+1. We can write Rk = ak · xd−1 + Sk, where Sk is a

polynomial of degree strictly less than d − 1. Moreover, we can write M = xd − M ′ where M ′ is a polynomial
of degree d − 1. We multiply the identity xk · P = M · Qk + Rk by x and we get:

xk+1 · P = x · M · Qk + x · Rk = x · M · Qk + ak · xd + x · Sk

= x · M · Qk + ak · (M + M ′) + x · Sk = (x · Qk + ak) · M + ak · M ′ + x · Sk

Moreover, we have xk+1 · P = M · Qk+1 + Rk+1, and by the uniqueness of the quotient and remainder
(Theorem 17), we have Qk+1 = x · Qk + ak and Rk+1 = ak · M ′ + x · Sk. We replace x by x−1 in the first
equation, then multiply it by xk+1 to get:

xk+1 · Qk+1(x−1) = xk+1 · (x−1 · Qk(x−1) + ak)
⇔ revk+1(Qk+1) = revk(Qk) + xk+1 · ak

We can deduce that Q0 = 0 since Q0 has degree less than 0. Thus, we unroll the recurrence relation to get:

rev0(Q0) = 0,

rev1(Q1) = rev0(Q0) + x1 · a0 = a0 · x

...
revν(Qν) = revν−1(Qν−1) + xν · aν−1 = a0 · x + a1 · x2 + · · · + aν−1 · xν

We conclude that revν(Qν) =
∑ν−1

k=0 ak · xk+1.

Complexity

We need to compute the coefficients of f = g−1 · h rem xν . The computation of g−1 rem xν can be done using
the Newton’s polynomial inversion method [10] in O(M(ν)). The product g−1 · h can be computed in O(M(ν))
as well. Finally, we reduce the result modulo xν and get the coefficients of f and thus a in O(M(ν)). ◀
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3.2 Main result: multiple modular approximations
▶ Theorem 27. Let M = M1, . . . , Mn monic polynomials of degrees d1, . . . , dn respectively, F = [fij ]i=1,...,n

j=1,...,m ∈
K[x]n×m, such that rdeg(F) < [d1, . . . , dn] and ν = {ν1, . . . , νm} a set of positive integers. We define C =∑m

j=1 νj and D =
∑n

i=1 di.
The problem ApproxMultMod(M, F, ν) can be solved in Õ(max(m, n)ω−1 · max(D, C)) operations in K by
Algorithm 2.

Proof. The idea is to reduce the given problem to the problem of solving a quasi-Toeplitz linear system. We
can use known algorithms [3, 1] to solve such a linear system in the desired complexity (see Theorem 12).
Note that such algorithms are randomized. To adress this limitation, we present a deterministic alternative in
Section 5 that maintains the same complexity (see Algorithm 5). Formally, we reduce ApproxMultMod(M, F, ν)
to a problem of type LinearSystem[ZD,0,ZT

C,0, O(max(m, n))] as presented in Algorithm 2.

Algorithm 2 Simultaneous modular approximations
Input: M ∈ K[x]n, F ∈ K[x]n×m, ν = {ν1, . . . , νm}
Output: ApproxMultMod(M, F, ν)

1 A ∈ KD×C ;
2 for i = 1 to n do
3 for j = 1 to m do
4 fij ∈ Kdi is the vector of coefficients of the polynomial fij ;
5 Aij =

[
fij X(Mi)fij · · · X(Mi)νj−1fij

]
;

6 Compute G, H ∈ K∗×O(max(m,n)) such that ϕ+(A) = G · HT as in the proof of Lemma 28;
7 return LinearSystem[ZD,0,ZT

C,0, O(max(m, n))](G, H);

Thus, we construct ZD,0,ZT
C,0-generators of length in O(max(m, n)) for a given matrix A ∈ KD×C , where A

has a quasi-Toeplitz structure and is such that solving the linear system A · u =
[
0 · · · 0

]T
, where u ∈ KC×1,

is equivalent to solving the problem ApproxMultMod(M, F, ν).
For this, we have defined the matrix A as the matrix A = [Aij ]i=1,...,n

j=1,...,m ∈ KD×C , such that Aij ∈ Kdi×νj , for
i = 1, . . . , n and j = 1, . . . , m, corresponds to the Krylov matrix

Aij =
[
fij X(Mi)fij · · · X(Mi)νj−1fij

]
(2)

where fij is the vector of coefficients of the polynomial fij .
The matrix A is quasi-Toeplitz with a displacement rank in O(max(m, n)), and to show this, we compute two
matrices G and H such that G has O(max(m, n)) columns and ϕ+(A) = G · HT, as done in Lemma 28.

▶ Lemma 28. Let A be the matrix defined in (2). We construct ϕ+-generators of length O(max(m, n)) for A
in O(max(m, n)ω−1 · M(max(D, C))) operations in K.

Proof. We know by Definition 8 that, if A is a quasi-Toeplitz matrix, then ϕ+(A) = A − ZD,0 · A · ZT
C,0.

We define X ∈ KD×D as the matrix diag(X(M1), . . . ,X(Mn)), i.e.,

X =


X(M1) 0 · · · 0

0 X(M2) · · · 0
...

... . . . ...
0 0 · · · X(Mn)

 .

We define δ ∈ KD×D as the matrix [δab]a,b=1,...,D where δab = 1 if a =
∑i

k=1 dk + 1 and b =
∑i

k=1 dk for
i = 1, . . . , n, and δab = 0 otherwise, for a, b = 1, . . . , D.
Let X′ ∈ KD×D be the matrix X + δ. We represent this matrix in Figure 2 for a better understanding of its
structure.
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X′ =



X(M1) 0 · · · 00 · · · 0
0 · · · 01 X(M2) · · · 0
0 · · · 00 0 · · · 01 · · · 0

...
... . . . ...

0 · · · 00 0 · · · 00 · · · X(Mn)


=



0 · · · 0 −m0,1

1 · · · 0 −m1,1
... . . . ...

...
0 · · · 1 −md1−1,1

0 · · · 0

0 · · · 0 1
0 · · · 0 0
... . . . ...

...
0 · · · 0 0

0 · · · 0 −m0,2

1 · · · 0 −m1,2
... . . . ...

...
0 · · · 1 −md2−1,2

· · · 0

0
0 · · · 0 1
0 · · · 0 0
... . . . ...

...
0 · · · 0 0

. . . 0

...
... . . . ...

0 0
0 · · · 0 1
0 · · · 0 0
... . . . ...

...
0 · · · 0 0

0 · · · 0 −m0,n

1 · · · 0 −m1,n

... . . . ...
...

0 · · · 1 −mdn−1,n



.

Figure 2 Matrix X′ = X + δ.

We notice that ZD,0 = X′ + M · E, where M ∈ KD×n and E ∈ Kn×D are block diagonal matrices such that
M = diag(m1, . . . , mn) with mi ∈ Kdi×1; the vector of coefficients of the polynomial Mi, and E = diag(e1, . . . , en)
with ei ∈ K1×di ; the vector [0, . . . , 0, 1] for i = 1, . . . , n.
We get ZD,0 = X + δ + M · E and can now rewrite ϕ+(A) as follows:

ϕ+(A) = A − X · A · ZT
C,0 − δ · A · ZT

C,0 − M · E · A · ZT
C,0. (3)

In order to construct the generators, we proceed as follows:

For A − X · A · ZT
C,0:

Let B = A − X · A · ZT
C,0 ∈ KD×C , such that B = [Bij ]i=1,...,n

j=1,...,m where Bij ∈ Kdi×νj , for i = 1, . . . , n and
j = 1, . . . , m, corresponds the matrix

Bij =


[
fij 0 · · · 0

]
if j = 1[

fij − X(Mi)νj−1 · fi(j−1) 0 · · · 0
]

if j > 1

We can write B = Y · ZT, with Y and Z defined below.
Let Y ∈ K[x]D×m as Y = [Yij ]i=1,...,n

j=1,...,m with Yij ∈ Kdi×1 such that

Yij =
{

fi1 for i = 1, . . . , n and j = 1
fij − X(Mi)νj−1 · fi(j−1) for i = 1, . . . , n and j = 2, . . . , m

We define Z ∈ K[x]C×m as Z = [Zj ]j=1,...,m with Zj ∈ KC×1 for j = 1, . . . , m such that Z1 is the vector of
all zeros except for the first position, which is 1, and Zj , for j = 2, . . . , m, is the vector of all zeros except
for the first position and the

∑j−1
k=1 νk + 1-th position, which are 1.

The computation of X(Mi)νj−1 · fi(j−1); the coefficient vector of the polynomial xνj−1 · fi(j−1) rem Mi, can
be done using Lemma 25 in O(M(di) · log(νj−1)) operations in K. Thus, the total cost of computing Y is:

O(
∑m

j=1
∑n

i=1 M(di) · log(νj−1)) = O(
∑m

j=1 M(D) · log(νj−1)) (by the superlinearity property of M)
= O(M(D) · log(

∏m
j=1 νj))

= O(M(D) · log((maxj=1,...,mνj)m))
= O(m · M(D) · log(maxj=1,...,mνj)).
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For M · E · A · ZT
C,0:

Let P ∈ KC×n such that P = AT·ET and Q ∈ KC×n such that Q = ZC,0·P. We can write M·E·A·ZT
C,0 = M·QT.

In order to compute Q, we need to compute P first. We have P = [Pij ]i=1,...,n
j=1,...,m where Pij ∈ K1×νj , and

PT
i =

[
coeff(fij , di − 1), . . . , coeff(fij · xνj−1 rem Mi, di − 1)

]
for i = 1, . . . , n and j = 1, . . . , m.
We use Lemma 26 to compute Pij in O(M(νj)) operations in K. Thus, the total cost of computing P is:

O(
∑n

i=1
∑m

j=1 M(νj)) = O(
∑n

i=1 M(C)) = O(n · M(C)).

For δ · A · ZT
C,0:

We can write δ ·A·ZT
C,0 = R·ST where R ∈ KD×n and S ∈ KC×n are the matrices such that R = [Rij ]i=0,...,n−1

j=1,...,m

and S = [Sji]i=0,...,n−1
j=1,...,m , where Rij ∈ Kdi×1 and Sji ∈ Kνj×1 correspond to the vectors:

Rij =


0
...
0

 for
{

j = 1
i = 0, . . . , (n − 1)

Rij =


1
0
...
0

 for
{

j = 2, . . . , n

i = 0, . . . , (n − 1)

Sji =


0
...
0

 for
{

j = 1
i = 0, . . . , (n − 1)

Sji =



0
elem(fij , di − 1)

elem(fij · X(Mi), di − 1)
...

elem(fij · X(Mi)νj−2, di − 1)


for

{
j = 2, . . . , m

i = 0

Sji =



elem(f(i−1)j · X(M(i−1))νj−1, d(i−1) − 1)
elem(fij , di − 1)

elem(fij · X(Mi), di − 1)
...

elem(fij · X(Mi)νj−2, di − 1)


for

{
j = 2, . . . , m

i = 1, . . . , (n − 1)

The computation of one Sji is again done using Lemma 26 and thus can be done in O(M(νj)). Therefore,
the total cost of computing S is bounded by:

O(
∑n

i=1
∑m

j=1 M(νj)) = O(
∑n

i=1 M(C)) = O(n · M(C)).

Therefore, we get

ϕ+(A) = Y · ZT − R · ST − M · QT (4)

We define G =
[
Y −R −M

]
∈ KD×(m+2n) and H =

[
Z S Q

]
∈ KC×(m+2n) such that ϕ+(A) = G · HT.

Therefore, we were able to compute G and H in O(m · M(D) + n · M(C)) operations in K. We, thus, obtain
ϕ+-generators of length O(max(m, n)) for the matrix A in O(max(m, n)ω−1 · M(max(D, C))). ◀

After computing the ϕ+-generator of length O(max(m, n)) for the matrix A, we have formally reduced the
problem ApproxMultMod(M, F, ν) to the problem of solving a linear system of equations with a quasi-Toeplitz
matrix A, i.e., LinearSystem[ZD,0,ZT

C,0, max(m, n)](G, H), where G and H are the matrices defined in the proof
of Lemma 28, which can be solved in Õ(max(m, n)ω−1 · max(D, C)) operations in K (see Theorem 12).
Finally, we recover the solution g of the problem ApproxMultMod(M, F, ν) from the solution u of the linear
system A · u =

[
0 · · · 0

]T
by taking the coefficients of the polynomials gj from the vector u. More formally,

we have gj =
∑νj−1

k=0 xk · elem(u, k +
∑j−1

ℓ=1 νℓ − 1), for j = 1, . . . , m.
We conclude that the problem ApproxMultMod(M, F, ν) can be solved in Õ(max(m, n)ω−1 · max(D, C)). ◀
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4 Matrix modular approximation

After efficiently solving simultaneous modular polynomial approximations, we tackle a more general problem,
which is the matrix modular approximation problem, where we work modulo a matrix M. We can suppose
without loss of generality here that M is a modulus polynomial matrix. The key idea is that we can always
reduce the problem given a modulo that is simply a nonsingular matrix M to a problem with a modulus
polynomial matrix. We formalize this notion of no loss of generality in Lemma 52, which can be found in
Appendix B, along with its proof.
▶ Definition 29. Given

M = [Mij ]i,j=1,...,n ∈ K[x]n×n, where M is a modulus polynomial matrix and rdeg(M) = [d1, . . . , dn].
F = [fij ]i=1,...,n

j=1,...,m ∈ K[x]n×m, such that rdeg(F) < [d1, . . . , dn],
ν = {ν1, . . . , νm} a set of positive integers.

We define the set of solutions

S =
{

g ∈ K[x]m×1 | F · g = 0 mod M
}

, (5)

where F · g = 0 mod M means that F · g = M · q for some q ∈ K[x]n×1; or in other words, the vector F · g lies in
the K[x]-module generated by the columns of M.
We define the problem ApproxMatrixMod(M, F, ν), as follows:

ApproxMatrixMod
Input: M ∈ K[x]n×n, F ∈ K[x]n×m, ν = {ν1, . . . , νm}.
Output: g ∈ S such that g is not the zero vector and deg(gj) < νj for j = 1, . . . , m.

We denote by C =
∑m

j=1 νj the total number of unknown coefficients of the unknown polynomial vector g and
by D =

∑n
i=1 di the sum of diagonal degrees of the modulus polynomial matrix M.

We note that this version is the most general version of our approximation problems; it includes the polynomial
case as a particular instance where n = 1 and the simultaneous multiple polynomial approximations case where
we consider a diagonal matrix M, with the diagonal entries being the polynomials of the family of moduli.
We introduce in what follows the matrix X(M), which is an attempt to generalize the notion of the multiplication
matrix for a single polynomial, defined in Definition 9. This matrix can be found in Section 9 of [26]. Here, we
manage to use it to define a matrix that will help us reduce the problem of matrix modular approximation to
a linear system of equations with a quasi-Toeplitz structure.
▶ Definition 30. Given a modulus polynomial matrix M = [Mij ]i,j=1,...,n ∈ K[x]n×n, where M is a modulus
polynomial matrix and rdeg(M) = [d1, . . . , dn]. Let D =

∑n
i=1 di. We define the matrix X(M) ∈ KD×D as

follows

X(M) =


X(M11) C12 · · · C1n

C21 X(M22) · · · C2n

...
... . . . ...

Cn1 Cn2 · · · X(Mnn)

 , (6)

where X(Mii) is the multiplication matrix of Mii (defined in Definition 9) and Cij ∈ Kdi×dj is the matrix where
the dj-th column is the vector of coefficients of Mij and zero elsewhere, for i, j = 1, . . . , n, i.e.,

Cij =


0 · · · 0 −coeff(Mij , 0)
0 · · · 0 −coeff(Mij , 1)
... . . . ...

...
0 · · · 0 −coeff(Mij , di − 1)

 .

Let F = [fij ]i=1,...,n
j=1,...,m ∈ K[x]n×m such that rdeg(F) < [d1, . . . , dn] and k a non-negative integer. X(M)k · F̄,

where F̄ = [fij ]i=1,...,n
j=1,...,m ∈ K[x]D×m such that fij ∈ Kdj×1 is the vector of coefficients of the polynomial fij(x) for

i = 1, . . . , n and j = 1, . . . , m, is the matrix whose block vectors are the vectors of coefficients of polynomials
in diag(xk, . . . , xk) · F rem M.
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4.1 Intermediate results: matrix modular computations

▶ Lemma 31. Let M = [Mij ]i,j=1,...,n ∈ K[x]n×n, where M is a modulus polynomial matrix with rdeg(M) =
[d1, . . . , dn]. Let F = [fij ]i=1,...,n

j=1,...,m ∈ K[x]n×m, such that rdeg(F) < [d1, . . . , dn] and ν = {ν1, . . . , νm} a set of
positive integers. We define C =

∑m
j=1 νj and D =

∑n
i=1 di. We suppose that C ∈ O(D). We can deduce that

n, m ∈ O(D) as well. One can compute the coefficients of the polynomial xνj · F∗j rem M, for j = 1, . . . , m, in
Õ(nω−1 · D + m · nω−2 · D) operations in K.

Proof. We define the matrix P ∈ K[x]m×m as diag(xν1 , xν2 , . . . , xνm).
Since F · P =

[
xν1 · F∗1 xν2 · F∗2 · · · xνm · F∗m

]
, we can compute the coefficients of the polynomial xνj ·

F∗j rem M for j = 1, . . . , m by computing F · P rem M. Since we have C, m, n ∈ O(D) and M is a modulus
polynomial matrix and thus a row reduced matrix (see Lemma 23), we can apply Algorithm 3 from [22] to
compute the coefficients of the polynomial F · P rem M. With the entries F ∈ K[x]n×m and P ∈ K[x]m×m, and
the modulus polynomial matrix M ∈ K[x]n×n, the algorithm can compute the coefficients of the polynomial
F · P rem M in Õ(max(m, n)ω−1 · D) operations in K (see Proposition 3.6 in [22]). We distinguish two cases:

If n ≥ m, we achieve a complexity of Õ(nω−1 · D) by simply applying the algorithm as is.
If n < m, we can exploit the diagonal structure of P to achieve a better complexity. We suppose without
loss of generality that n divides m. We split the matrices F, P and M into blocks of size n×n, such that F =[
F1 F2 · · · F m

n

]
, where Fi ∈ K[x]n×n for i = 1, . . . , m

n and P = diag(P1, P2, . . . , P m
n

), where Pi ∈ K[x]n×n

for i = 1, . . . , m
n . Thus, we have F · P rem M =

[
F1 · P1 rem M F2 · P2 rem M · · · F m

n
· P m

n
rem M

]
. The

total cost is the sum of the costs of computing each block product Fi · Pi rem M for i = 1, . . . , m
n , which is

Õ(m
n · nω−1 · D) = Õ(m · nω−2 · D).

Thus, we are able to get an overall slightly better complexity than Õ(max(m, n)ω−1 · D), which is Õ(nω−1 ·
D + m · nω−2 · D). ◀

▶ Definition 32. Let G ∈ K[x]n×n, where G is a row reduced nonsingular matrix and rdeg(G) = [d1, . . . , dn].
Let P ∈ K[x]n×m and ν = {ν1, . . . , νm} a set of positive integers.
We define the problem TruncatedInverseProduct(G, P, ν) as follows:

TruncatedInverseProduct
Input: G ∈ K[x]n×n, P ∈ K[x]n×m, ν = {ν1, . . . , νm}.
Output: G−1 · P rrem Xν where Xν = diag(xν1 , xν2 , . . . , xνm).

A variation of this problem is solved in [22], where the maximum degree is at most twice the average degree in
ν. In other words, the degrees in ν have to be balanced, to avoid the case where one degree is much larger
than the others. Authors manage to solve the problem in Õ(nω−1 · C) operations in K, where C is the total
number of coefficients in ν. In the following lemma, we show that we can lift this restriction and solve the
problem for any set of degrees ν, while keeping the same complexity, up to a logarithmic factor in the number
of coefficients in ν. We note that the problem is naively solved in Õ(nω · C) using Newton iteration (see [10]).

▶ Lemma 33. Let G ∈ K[x]n×n, where G is row reduced, P ∈ K[x]n×m, ν = {ν1, . . . , νm} a set of positive
integers and C =

∑m
j=1 νj. We suppose that n ∈ O(m).

The problem TruncatedInverseProduct(G, P, ν) can be solved in Õ(nω−1 · C) operations in K, using Algorithm 3.

The idea is that Algorithm 3 selects at each step columns that are reduced by a power of x, such that their
degrees are small enough to be able to compute the truncated inverse product efficiently.

Proof. For a given step ℓ of the algorithm, we have:
Lℓ = {j ∈ {1, . . . , m} | νj ≤ 2ℓ · C

m} and Γℓ = {j ∈ {1, . . . , m} | νj > 2ℓ · C
m}.

Sℓ = {j ∈ S | 2ℓ−1 · C
m < νj ≤ 2ℓ · C

m} if ℓ ≥ 1 and S1 = {j ∈ S | νj ≤ 2 · C
m}.

P′ ∈ K[x]n×|Sℓ|, which is the matrix P with only the columns j ∈ Sℓ.
ν ′ = (νj)j∈Sℓ

.
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Algorithm 3 Truncated Inverse Product
Input: G ∈ K[x]n×n such that G is row reduced, P ∈ K[x]n×m and ν = {ν1, . . . , νm}.
Output: G−1 · P rem Xν , where Xν = diag(xν1 , xν2 , . . . , xνm).
Initialization: P′ = P, ν ′ = ν, S = {1, . . . , m}, ℓ = 1, C =

∑m
j=1 νj , R ∈ K[x]n×m with R = [R∗j ]j=1,...,m.

1 Sℓ = {j ∈ S | νj ≤ 2 · C
m} ; // S1

2 for ℓ = 1 to ⌈log2(C/m)⌉ do
3 P′ ∈ K[x]n×|Sℓ|, where P′ = [P∗j ]j∈Sℓ

;
4 ν ′ = (νj)j∈Sℓ

;
5 Xν′ ∈ K[x]|Sℓ|×|Sℓ|, where Xν′ = diag(xνj )j∈Sℓ

;
6 Computing B = G−1 · P′ rem Xν′ ;
7 i = 1;
8 for j ∈ Sℓ do
9 R∗j = B∗i;

10 i = i + 1;
11 Sℓ+1 = {j ∈ S | 2ℓ · C

m < νj ≤ 2ℓ+1 · C
m};

12 return R;

Number of steps
Suppose by contradiction that we need more than ⌈log2(m)⌉ steps of the algorithm, i.e., ℓ > ⌈log2(m)⌉. Then,
we have νj > 2ℓ · C

m > 2⌈log2(m)⌉ · C
m > C, which is a contradiction since νj is a positive integer and C =

∑m
j=1 νj .

Thus, we have that Sℓ = {j ∈ S | 2ℓ−1 · C
m < νj ≤ 2ℓ · C

m} = ∅ and therefore Algorithm 3 terminates after at
most ⌈log2(m)⌉ steps.

Complexity of one step
The main argument is that, at each step, we treat more than m

2ℓ columns, i.e., |Lℓ| ≥ m
2ℓ . To prove this, we can

proceed by contradiction. Suppose that |Lℓ| < m
2ℓ or equivalently |Γℓ| ≥ m

2ℓ .
We have Lℓ ∪ Γℓ = {1, . . . , m} and |Lℓ| + |Γℓ| = m. Thus, we have |Γℓ| = m − |Lℓ| > m − m

2ℓ = m( (2ℓ−1)
2ℓ ).

Since the minimum degree of the polynomials in P∗j such that j ∈ Γℓ is greater than 2ℓ · C
m , we have that

∑
j∈Γℓ

νj ≥
∑
j∈Γℓ

2ℓ · C

m
≥ |Γℓ| · 2ℓ · C

m
> m((2ℓ − 1)

2ℓ
) · 2ℓ · C

m
= C · (2ℓ − 1). (7)

Moreover, we have that C =
∑

j∈Lℓ
νj +

∑
j∈Γℓ

νj ≥
∑

j∈Γℓ
νj . We use the inequality in (7) to get:

C ≥
∑
j∈Γℓ

νj ≥ C · (2ℓ − 1),

which gives us 1 ≥ (2ℓ − 1), since C ̸= 0. This implies that ℓ < 1. Therefore, we have a contradiction since ℓ is
a positive integer. Thus, we have that |Lℓ| ≥ m

2ℓ and equivalently|Γℓ| < m
2ℓ for all ℓ ≥ 1.

Note that |Sℓ| < m
2ℓ and Xν′ = diag(xkj )j∈Sℓ

∈ K[x]
m

2ℓ × m

2ℓ , since we have |Γℓ| < m
2ℓ . This allows us to compute

the truncated product G−1 · P′ rem Xν′ in Õ(nω−1 · C) using Lemma 3.3 in [22]. The lemma can be applied
since the matrix G is invertible and νj ≤ 2ℓ · C

m for j ∈ Lℓ. Thus, we get a complexity of :

Õ(⌈
m
2ℓ · 2ℓ

n
⌉ · nω · ⌈ C

m
⌉) = Õ(⌈m

n
⌉ · nω · ⌈ C

m
⌉) = Õ(m · nω−1 · ⌈ C

m
⌉) since n ∈ O(m)

= Õ(nω−1 · C) since m ∈ O(C)
Final complexity
Since we have ℓ ≤ log2(m), we can compute G−1 · P rem Xν in Õ(log2(m) · nω−1 · C) operations in K. ◀

▶ Notation 34. We consider in what follows that xk, where k is a positive integer, is the matrix in
diag(xk, xk, . . . , xk) ∈ K[x]n×n, when multiplied by a polynomial matrix F ∈ K[x]n×m.



S. Khichane 15

▶ Definition 35. Let M = [Mij ]i,j=1,...,n ∈ K[x]n×n, where M is a modulus polynomial matrix and rdeg(M) =
[d1, . . . , dn]. Let F = [fij ]i=1,...,n

j=1,...,m ∈ K[x]n×m, such that rdeg(F) < [d1, . . . , dn]. Let ν = {ν1, . . . , νm} be a set of
positive integers.
We define the problem LastCoeffModMat(M, F, ν) as follows:

LastCoeffModMat
Input: M ∈ K[x]n×n, F ∈ K[x]n×m, ν = {ν1, . . . , νm}.
Output: coeff(elem(xkj ·F rem M, i, j), di −1) for kj = 0, . . . , νj −1, i = 1, . . . , n and j = 1, . . . , m.

The following theorem is the main ingredient for solving the matrix modular approximation problem in the
most optimal complexity, currently achieved using polynomial computations in [22]. We show that computing
the coefficients described in Definition 29 is equivalent to computing the quotient of an euclidean division in
the proof of the following theorem.

▶ Theorem 36. Let M = [Mij ]i,j=1,...,n ∈ K[x]n×n, where M is a modulus polynomial matrix and rdeg(M) =
[d1, . . . , dn]. Let F = [fij ]i=1,...,n

j=1,...,m ∈ K[x]n×m, such that rdeg(F) < [d1, . . . , dn]. Let ν = {ν1, . . . , νm} be a list of
positive integers.
The problem LastCoeffModMat(M, F, ν) can be solved in Õ(nω−1 ·D+m ·nω−2 ·D+nω−1 ·C), where D =

∑n
i=1 di

and C =
∑m

j=1 νj.

Proof. Let k = 1, . . . , ν where ν is a positive integer. For M, F and k, there exist unique matrices Qk and Rk

such that xk · F = M · Qk + Rk where Rk ∈ K[x]n×m such that rdeg(Rk) < [d1, . . . , dn] and Qk ∈ K[x]n×m (see
Theorem 17). Since rdeg(xk · F) < [d1 + k, . . . , dn + k], we have that deg(Qk) < k by Lemma 19.
We define the matrix Xd+ℓ ∈ K[x]n×n for any integer ℓ as diag(xd1+ℓ, xd2+ℓ, . . . , xdn+ℓ).
We extend the notion of reversal to polynomial matrices and define it for M, F, Qk and Rk as follows:

M = Xd · M(x−1),

F = Xd−1 · F(x−1),

Qk = xk−1 · Qk(x−1),

Rk = Xd−1 · Rk(x−1).

Using the previous euclidean division identity, where we replace x by x−1, we have x−k · F(x−1) = M(x−1) ·
Qk(x−1) + Rk(x−1). Then, we multiply on the left by Xd+(k−1) the previous identity and we get:

Xd+(k−1) · x−k · F(x−1) = Xd+(k−1) · M(x−1) · Qk(x−1) + Xd+(k−1) · Rk(x−1)
⇔ (Xd−1 · F(x−1)) = (Xd · M(x−1)) · (x(k−1) · Qk(x−1)) + xk · (Xd−1 · Rk(x−1))

We obtain the following identity:

F = M · Qk + xk · Rk. (9)

Consider kj = 0, . . . , νj −1 for j = 1, . . . , m. We rewrite Equation (9) with k = kj for each column j = 1, . . . , m
as follows:

F∗j = M · Qkj ,j + xkj · Rkj ,j , (10)

where F∗j ∈ K[x]n×1 is the j-th column of the matrix F, Qkj ,j ∈ K[x]n×1 is the j-th column of the matrix Qkj

and Rkj ,j ∈ K[x]n×1 is the j-th column of the matrix Rkj .
We reduce the identity (10) by xkj , which gives us F∗j rem xkj = M · Qkj ,j rem xkj .
Since M is a modulus polynomial matrix, we have that rlm0(M) = In and this is invertible. The matrix, in
Kn×n, of the constant coefficients of the polynomials in M is an invertible matrix, as it is equal to rlm0(M).
Thus, the matrix M is invertible in KJxK and we denote by M−1 the inverse. In what follows, we only consider
the truncated version of the matrix M−1 to work over the field K[x]. We obtain the following identity:

Qkj ,j = M−1 · F∗j rem xkj . (11)
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We denote by akj ∈ Kn×1 the vector where at the i-th row we have the di − 1-th coefficient of the polynomial
xkj · F∗j rem M, for i = 1, . . . , n, kj = 0, . . . , νj − 1 and j = 1, . . . , m.
The idea is that computing, for each j = 1, . . . , m, the vector of polynomials Qνj ,j (see (11) with kj = νj), i.e.,

Qνj ,j = M−1 · F∗j rem xνj (12)
allows us to compute the vectors of coefficients akj ,j for kj = 0, . . . , νj − 1 and j = 1, . . . , m.
We show that for one column j in Lemma 37. We have Qνj ,j =

∑νj−1
kj=0 xkj+1 · elem(akj , j). We apply this lemma

to each column j = 1, . . . , m.
We now focus on computing the vectors Qνj ,j for j = 1, . . . , m. For this, we define Qν ∈ K[x]n×m as[
Qν1,1 Qν2,2 · · · Qνm,m

]
. Moreover, we define Xν as the matrix diag(xν1 , xν2 , . . . , xνm).

Since we can verify that

M−1 · F rrem Xν =
[
M−1 · F∗1 rem xν1 M−1 · F∗2 rem xν2 · · · M−1 · F∗m rem xνm

]
=
[
Qν1,1 Qν2,2 · · · Qνm,m

]
,

it is equivalent to compute Qν = M−1 · F rem Xν .
To compute Qν , we use Algorithm 3. We apply the algorithm with the inputs G = M ∈ K[x]n×n, P = F ∈
K[x]n×m and ν = {ν1, . . . , νm}. By Lemma 33, Algorithm 3 computes Qν in O(nω−1 · C).
Therefore, we get akj for k = 0, . . . , νj − 1, for j = 1, . . . , m, in O(nω−1 · C), which concludes the proof. ◀

▶ Lemma 37. Let M = [Mij ]i,j=1,...,n ∈ K[x]n×n, where M is a modulus polynomial matrix with rdeg(M) =
[d1, . . . , dn] and D =

∑n
i=1 di. Let f = [fi]i=1,...,n ∈ K[x]n×1, such that rdeg(f) < [d1, . . . , dn]. Let ν be a positive

integer. We define qν = xν · f quo M. We have qν =
∑ν−1

k=0 xk+1 · ak, where ak is the vector such that at the i-th
row we have the di − 1-th coefficient of the polynomial xk · f rem M, for i = 1, . . . , n, k = 0, . . . , ν − 1.
Proof. Since M is a modulus polynomial matrix and thus a row reduced matrix, by Theorem 17, there exists
unique matrices qk ∈ K[x]n×1 and rk ∈ K[x]n×1 such that xk · f = M · qk + rk, where rdeg(rk) < [d1, . . . , dn] for
k = 0, . . . , ν − 1.
We multiply both sides on the right by x and we get xk+1 · f = x ·M ·qk +x · rk. We can write rk as ak ·Xd−1 +bk,
where rdeg(bk) < [d1, . . . , dn], as ak is the vector such that at the i-th row we have the di − 1-th coefficient of
the polynomial rk.
Moreover, we can write M = Xd − M0 where rdeg(M0) < [d1, . . . , dn] and Xd = diag(xd1 , xd2 , . . . , xdn).
Thus, we can write the previous identity as xk · f = x · M · qk + x · (ak · Xd−1 + bk) which can be rewritten
as xk+1 · f = x · M · qk + ak · Xd + x · bk. We replace Xd by M + M0 in the previous identity, which gives us
xk+1 · f = x · M · qk + ak · (M + M0) + x · bk.
We obtain xk+1 · f = M · (x · qk + ak) + ak · M0 + x · bk. We note that (x · qk + ak) is of degree strictly less than
k + 1 and rdeg(ak · M0 + x · bk) < [d1, . . . , dn]. Moreover, there exists unique qk+1 ∈ K[x]n×1 and rk+1 ∈ K[x]n×1

such that xk+1 · f = M · qk+1 + rk+1 where rdeg(rk+1) < [d1, . . . , dn] and rdeg(qk+1) < k + 1.
Since, they have same degrees and by the uniqueness of the quotient and the remainder in the polynomial
matrix division of same degree (see Theorem 17), we have that:

qk+1 = x · qk + ak,

rk+1 = ak · M0 + x · bk.

We focus on qk+1 = x · qk + ak and by multiplying the identity by xk and using the definition of the reversal of
the quotion Qk in (8), we get the following induction

qk+1 = xk+1 · ak + qk. (13)
Applying the recurrence relation iteratively yields

q0 = 0,

q1 = x1 · a0 + q0 = a0 · x,

...
qν = xν · aν−1 + qν−1 = a0 · x + a1 · x2 + · · · + aν−1 · xν .
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We note that q0 = 0, since for the division F = M · q0 + R0, Lemma 19 gives deg(q0) < 0, and therefore q0 = 0.
Therefore, for k = ν − 1, we use (13) to get qν =

∑ν−1
k=0 xk+1 · ak, which concludes the proof. ◀

4.2 Main result: matrix modular approximation
Due to space constraints, we provide the full proof of the following theorem in Appendix C.

▶ Theorem 38. Let M = [Mij ]i,j=1,...,n ∈ K[x]n×n, where M is a modulus polynomial matrix and rdeg(M) =
[d1, . . . , dn], F = [fij ]i=1,...,n

j=1,...,m ∈ K[x]n×m such that rdeg(F) < [d1, . . . , dn] and ν = {ν1, . . . , νm} a set of positive
integers. Let C =

∑m
j=1 νj and D =

∑n
i=1 di. We suppose that n ∈ O(m) and C ∈ O(D).

The problem ApproxMatrixMod(M, F, ν) can be solved in Õ(max(m, n)ω−1 · D) by Algorithm 4.

Algorithm 4 Matrix modular approximation
Input: M ∈ K[x]n×n, F ∈ K[x]n×m, ν = {ν1, . . . , νm}
Output: ApproxMatrixMod(M, F, ν)

1 A ∈ KD×C ;
2 for j = 1 to m do
3 F∗j is the vector of coefficients of each polynomial in F∗j ;
4 Aj =

[
F∗j X(M)F∗j · · · X(M)νj−1F∗j

]
;

5 Get G, H ∈ K∗×max(m,n) such that ϕ+(A) = G · HT using Lemma 54;
6 return LinearSystem[ZD,0,ZT

C,0, O(max(m, n))](G, H);

Proof sketch. We use the same reduction strategy outlined in Theorem 27, i.e., we reduce the problem
ApproxMatrixMod(M, F, ν) to a problem of type LinearSystem[ZD,0,ZT

C,0, O(max(m, n))], as presented in Algo-
rithm 4. The key difference lies in the definition of the matrix A, where we exploit the generalized multiplication
matrix in Definition 30.
We define the matrix A ∈ KD×C as the matrix A =

[
A1 A2 · · · Am

]
, where Aj ∈ KD×νj , for j = 1, . . . , m,

corresponds to the matrix

Aj =
[
F∗j X(M) · F∗j · · · X(M)νj−1 · F∗j

]
, (14)

such that F ∈ KD×m is the matrix where we replace each polynomial of F by the vector of its coefficients.
We refer to Appendix C for the detailed construction of the ϕ+-generators of length O(max(m, n)) for the
matrix A. Note that Theorem 36 and Lemma 31 are the main tools used in this construction. ◁

5 Solving quasi-Toeplitz like linear systems deterministically

In this section, we present a deterministic method to solve quasi-Toeplitz structured linear systems given by
their ϕ+-generators. Our approach achieves the same complexity as the best known algorithms [3, 1], thereby
eliminating the randomization used in those works.
The Σ-LU decomposition of a quasi-Toeplitz matrix is a well-known result in linear algebra, that originated
from [28].

▶ Lemma 39. Let A ∈ Kn×m with ϕ+(A) = G · HT such that G ∈ Kn×α and H ∈ Km×α. We can write
A =

∑α
i=1 L(fi) · U(gi), where fi is the i-th column of the matrix G and gi is the i-th column of the matrix H.

The following two lemmas are results commonly used in the literature (for instance [3]). We provide proofs
of these results for the sake of completeness in Appendix D. Both results are the starting point for finding a
polynomial representation of the structured linear systems we are interested in.

▶ Lemma 40. Let u, v ∈ Kn×1 be two vectors and p = L(u) · v. We have that p(x) = u(x) · v(x) mod xn, where
u(x) =

∑n−1
i=0 uix

i, v(x) =
∑n−1

i=0 vix
i and p(x) =

∑n−1
i=0 pix

i are the polynomial representations of the vectors u,
v and p, respectively.
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▶ Lemma 41. Let u, v ∈ Km×1 be two vectors and p = U(u) · v. We have that p(x) = revm−1(u(x)) ·
v(x) quo xm−1, where u(x) =

∑m−1
i=0 uix

i, v(x) =
∑m−1

i=0 vix
i and p(x) =

∑m−1
i=0 pix

i are the polynomial
representations of the vectors u, v and p, respectively.

In what follows, we introduce two approximation problems. The first is that of computing a Popov basis of
solutions to a K[x]-linear relation modulo a polynomial. The second is the problem where we seek rational
functions all sharing the same denominator and satisfying a linear relation modulo a family of polynomials.

▶ Definition 42. Given an approximation order n ∈ N, a F ∈ K1×α with rdeg(F) < n, and a shift s ∈ Zα, we
define the problem ApproximantBasis(F, n) as follows:

ApproximantBasis
Input: F ∈ K[x]1×α, n, s = [s1, . . . , sα] ∈ Zα.
Output: P ∈ K[x]α×α such that P is the s-popov basis of solutions {p ∈ K[x]α×1 | F·p = 0 mod xn}.

▶ Theorem 43 (Theorem 1.1 in [14]). Given an approximation order n ∈ N, a matrix F ∈ K1×α with
rdeg(F) < n, and a shift s ∈ Zα, the problem ApproximantBasis(F, n) can be solved in Õ(αω−1 · n).

▶ Definition 44. Let F ∈ Kt×α with t ≤ α and rdeg(F) < n. Let T = (T1, . . . , Tt) ∈ Nt and N = (N1, . . . , Nα) ∈
Nα be degree bounds such that Ti < n for i = 1, . . . , t and Nj < n for j = 1, . . . , α.
We define the problem ApproxExtended(F, T, N) as follows:

ApproxExtended
Input: F ∈ K[x]t×α, T = (T1, . . . , Tt) ∈ Nt, N = (N1, . . . , Nα) ∈ Nα.
Output: nonzero p ∈ K[x]t×1 and ϕ = (ϕ1, . . . , ϕα) ∈ K[x]α such that F · p = ϕ mod xn, with

rdeg(p) < T and deg(ϕj) < Nj for j = 1, . . . , α.

Note that we consider, in the above, a particular case of the result of Rosenkilde and Storjohann [25] in
Theorem 45, where we assume that all the α moduli are xn and that the number of rows of the matrix F
is less than or equal to the number of its columns. For ease of notation, we denote the family of α moduli
(xn, . . . , xn) as xn.

▶ Theorem 45 (Subcase of Theorem 1.7 in [25]). Given a matrix F ∈ Kt×α with rdeg(F) < n and T =
(T1, . . . , Tt) ∈ Nt and N = (N1, . . . , Nα) ∈ Nα be degree bounds such that Ti < n for i = 1, . . . , t and Nj < n
for j = 1, . . . , α, the problem ApproxExtended(F, T, N) can be solved in Õ(αω−1 · t · n).

▶ Theorem 46. Given G ∈ Kn×α and H ∈ Km×α, such that ϕ+(A) = G · HT for a matrix A ∈ Kn×m, and a
vector v ∈ Kn×1, the problem LinearSystem(G, H, v) can be solved in Õ(αω−1 · n), using Algorithm 5.

Proof. We define
fj(x) =

∑n−1
i=0 Gijx

i for j = 0, . . . , α − 1,
gj(x) =

∑m−1
i=0 Hijx

i for j = 0, . . . , α − 1,
v(x) =

∑n−1
i=0 vix

i, where vi is the i-th element of the vector v,
u(x) =

∑m−1
i=0 uix

i, where ui is the i-th element of the unknown vector u.

We can then express the problem LinearSystem(G, H, v) using polynomials as follows, for any solution u,

A · u = v ⇔
α∑

i=1
L(G∗j) · U(H∗j) · u = v (Since ϕ+(A) = G · HT and by Lemma 39)

⇔
α∑

i=1
fi · (revm−1(gi) · u quo xm−1) mod xn = v (by Lemmas 40 and 41).

We denote by pi(x) the polynomial revm−1(gi) · u(x) quo xm−1 for i = 0, . . . , α − 1, and p the vector formed
by the pi’s. We define F = [f0, f1, . . . , fα−1]. Computing all possible pi’s such that

∑α
i=1 fi · pi = v mod xn, is

equivalent to computing all possible vectors p such that F · p = v mod xn.
We can suppose without loss of generality that m < n and we proceed as follows in this proof. To handle the
case where m ≥ n, we simply replace n by m in the rest of the proof.
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Algorithm 5 Solving a structured linear system

Input: G = [Gij ]i=0,...,n−1
j=0,...,α−1 ∈ Kn×α, H = [Hij ]i=0,...,m−1

j=0,...,α−1 ∈ Km×α, v = [vi]i=0,...,n−1 ∈ Kn×1.
Output: LinearSystem(G, H, v)
// Transform to polynomial matrices

1 for j = 0 to α − 1 do
2 fj(x) =

∑n−1
i=0 Gijx

i ;
3 F = [f0(x), f1(x), . . . , fα−1(x)];
4 for j = 0 to α − 1 do
5 gj(x) =

∑m−1
i=0 Hijx

i ;
6 g = [g0, g1, . . . , gα−1]T;
7 v(x) =

∑n−1
i=0 vix

i ;
// Approximant basis computation

8

[
P s
0 µ

]
= ApproximantBasis(

[
F −v

]
, n);

9 if deg(µ) > 0 then
10 return ∅;

11 else if deg(µ) = 0 then
12 µ(x) = 1 ;

// Reverse
13 (δ1, . . . , δα) = rdeg(P);
14 P̄(x) = P(x−1)diag(xδ1 , . . . , xδα);
15 λ̄(x) = diag(xn−1−δ1 , . . . , xn−1−δα)λ(x−1);
16 revn−1(s) = [revn−1(s0), . . . , revn−1(sα−1)]T;

// Retrieve the solution
17 B =

[
P̄−1 · g −P̄−1 · revn−1(s)

]
;

18 T = (n, 1), N = (n − 1 − δ1, . . . , n − 1 − δα);

19

[
u

1

]
, λ = ApproxExtended(B, T, N);

20 return [coeff(u, α − 1), . . . , coeff(u, 0), ]T;

We denote by E ∈ K[x]1×(α+1) the matrix formed by the polynomials fi(x) and the polynomial −v(x), i.e.,
E =

[
F −v(x)

]
. From Theorem 43, we can compute Q = ApproximantBasis(E, n, [0, . . . , 0, n]) in O(αω−1 ·

M(n) + αω−1 · n · log(α)) = Õ(αω−1 · n) operations in K, where [0, . . . , 0, n] ∈ Zα+1. By Lemma 47, we get that

Q =
[
P s
0 µ(x)

]
, where P ∈ K[x]α×α is the [0, . . . , 0]-Popov basis of solutions to the equation F · p = 0 mod xn,

a monic polynomial µ(x) of minimal degree and s ∈ K[x]α×1 are such that F · s = µ · v mod xn.
We now distinguish two cases:

If µ has degree ≥ 1, then there is not a solution to the equation F · p = v mod xn, as µ is of minimal degree.
Therefore, there is no polynomial solution (p1, . . . , pα) to the equation

∑
i fipi = v mod xn; in this case,

the last equation cannot hold and therefore A · u = v has no solution u by the above equivalence.
Otherwise, if µ has degree 0, then we can assume without loss of generality that µ = 1. In this case, we
can write any solution p to the equation F · p = v mod xn as p = P · λ + s, where λ ∈ K[x]α×1 is a vector of
polynomials. This means that any solution to the equation can be expressed as a linear combination of the
columns of the matrix P plus a vector s.

Going back to the equivalence and assuming µ = 1, for any solution u,

A · u = v ⇔
α∑

i=1
fi · (revn−1(gi) · u quo xn−1) mod xn = v

⇔ ∃λ ∈ K[x]α×1, p = Pλ + s.

We fix a λ ∈ K[x]α×1.
Since Q is the [0, . . . , 0, n]-Popov basis of {q ∈ Kα×1 | E · q = 0 mod xn}, we have that det(Q) = xn. Therefore,
we get that

∑
(rdeg(Q)) ≤ deg(det(Q)) = n. We can’t reduce the degree of det(Q) further, as it would mean

there exists another linear combination of the columns of Q. Thus, we have
∑

(rdeg(P)) ≤ n.
Note that rdeg(p) ≤ n − 1 since deg(revn−1(gi)) ≤ n − 1 and deg(u) ≤ n − 1. On the other hand, rdeg(s) <
rdeg(P) ≤ n, so we can deduce that rdeg(Pλ) < n − 1. Thus we can reverse the identity p = Pλ + s with
respect to degree n − 1: revn−1(p) = revn−1(Pλ) + revn−1(s). We recall that pi = revn−1(gi) · u quo xn−1, so we
can write revn−1(pi) = gi · revn−1(u) mod xn for i = 1, . . . , α.
We focus on revn−1(Pλ). We have rdeg(P) = (δ1, . . . , δα) with all δi ≥ 0 and δ1 + · · · + δα ≤ n, and since
P is in Popov form (zero shift), we also have cdeg(P) = (δ1, . . . , δα). Moreover, since P is column reduced
(as it is in an Popov form), we can apply the predictable degree property (Proposition 6.3.13 in [15]), to get
deg(Pλ) = rdegcdeg(P)(λ) = maxi=1,...,α(deg(λi) + δi). Therefore, for i = 1, . . . , α, we have deg(λi) ≤ n − 1 − δi.
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Consequently, we can write

revn−1(Pλ) = xn−1P(x−1)λ(x−1)
= P(x−1)diag(xn−1, . . . , xn−1)λ(x−1)
= P(x−1)diag(xδ1 , . . . , xδα)diag(xn−1−δ1 , . . . , xn−1−δα)λ(x−1) = P̄(x)λ̄(x).

where we denote by P̄(x) the column-wise reverse of P (with respect to degrees δ1, . . . , δα), and by λ̄ the reverse
of λ (with respect to degrees n − 1 − δ1, . . . , n − 1 − δα).
We denote by g the vector of polynomials [g1, g2, . . . , gα]T.
Therefore, we obtain an approximation problem where we have to find u and λ such that deg(λi) ≤ n − 1 − δi

and deg(u) ≤ n − 1, as follows:

A · u = v ⇔ g · revn−1(u) = (P̄λ̄ + revn−1(s)) mod xn

⇔ g · revn−1(u) − revn−1(s) = P̄λ̄ mod xn

⇔ P̄−1 · g · revn−1(u) − P̄−1 · revn−1(s) = λ̄ mod xn

⇔
[
P̄−1 · g −P̄−1 · revn−1(s)

]
·
[
revn−1(u)

1

]
= λ̄ mod xn.

Note that P̄ is invertible modulo xn. This is built on the fact that P is in Popov form, which implies that
clm0(P) is invertible. Therefore, the matrix of constant terms of P̄ is also invertible, and thus the determinant
of P̄ is nonzero (its evaluation at 0 is nonzero).
We consider the problem ApproxExtended with the inputs [P̄−1 · g, −P̄−1 · revn−1(s)] ∈ K[x]α×2, T = (n, 1) ∈ N2

and N = (n − 1 − δ1, . . . , n − 1 − δα) ∈ Nα. We can assume that n ≥ 2, as the case n = 1 is trivial and we
indeed have rdeg([P̄−1 · g, −P̄−1 · revn−1(s)]) < n.

We get a solution
[
revn−1(u)

β

]
and λ̄ = (λ̄1, . . . , λ̄α) such that rdeg(

[
revn−1(u)

β

]
) < T and deg(λ̄j) < n − 1 − δj .

Since deg(β) ≤ 0, we may assume β = 1 as the algorithm in [25] returns such a solution.
The computation is done in Õ(nω−1 · n) by Theorem 45. Finally, we can retrieve the solution of the problem
LinearSystem(G, H, v) by taking the vector of coefficients of u. The total cost is Õ(αω−1 · n). ◀

▶ Lemma 47. Let F ∈ K[x]1×m be a polynomial matrix such that rdeg(F) < n, v ∈ K[x] be a polynomial such
that deg(v) < n and s = [0, . . . , 0, d] ∈ Zm+1. We define G =

[
F −v

]
∈ K[x]1×(m+1) and Q ∈ K[x](m+1)×(m+1)

such that Q = ApproximantBasis(G, n, s). Then, Q corresponds to the matrix
[
P s
0 µ

]
, where

P ∈ K[x]m×m is the [0, . . . , 0]-Popov basis of {p ∈ Km×1 | F · p = 0 mod xn},
s ∈ K[x]m×1 and µ ∈ K[x] of minimal degree such that F · s = v(x) · µ(x) mod xn.

Proof. We write Q as
[
P s
u µ

]
, where P ∈ K[x]m×m, s ∈ K[x]m×1, u = [u1, . . . , um] ∈ K[x]1×m and µ ∈ K[x].

Since Q is ApproximantBasis(G, n, s), it is a [0, . . . , 0, d]-Popov basis of {p ∈ Km+1×1 | G · p = 0 mod xn}. By
Definition 21, we have [deg(u1) + d, . . . , deg(um) + d] < cdeg0(P). Since cdegs(Q) < [d, . . . , d], we can deduce
that cdeg0(P) < [d, . . . , d] and thus [deg(u1), . . . , deg(um)] < [0, . . . , 0]. Therefore, we get that ui is the zero
polynomial for i = 1, . . . , m.

Moreover, we have G · Q = 0 mod xn, which means that
[
F −v(x)

]
·
[
P s
0 µ

]
= 0 mod xn. This means that[

F · P F · s − v · µ
]

= 0 mod xn. Therefore, we get that F · P = 0 mod xn and F · s = v · µ mod xn.
Finally, we add that P is the [0, . . . , 0]-Popov basis of {p ∈ Km×1 | F · p = 0 mod xn} since it is the submatrix
of a matrix in [0, . . . , 0, d]-Popov form. ◀

6 Conclusion

We refer to Section 1.5 for a summary of the results presented in this report and perspectives for future work.
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A Column reduced matrices and division

Our previous discussions in Section 2.2 about row reduced polynomial matrices have counterparts, which are
column reduced polynomial matrices. We define the column reduced polynomial matrices and the right division
of polynomial matrices by column reduced polynomial matrices in this appendix.

▶ Definition 48. Let M = [Mij ]i,j=1,...,n ∈ K[x]n×n be a polynomial matrix, s = [s1, . . . , sm] be a list of
non-negative integers and rdegs(M) = [d1, . . . , dn]. We define the row leading coefficients matrix of M with
respect to s as the matrix [coeff(Mij , di − sj)]i,j=1,...,n ∈ Kn×m. We denote this matrix by clms(M).

▶ Definition 49. Let s = [s1, . . . , sn] be a list of non-negative integers. A nonsingular matrix M =
[Mij ]i,j=1,...,n ∈ K[x]n×n, such that cdegs(M) = [d1, . . . , dn] is called s-column reduced if the matrix clms

is invertible.
We say that M is column reduced if s = [0, . . . , 0].

For instance, the matrix M =
[
x x2

x x3

]
is column reduced, while the matrix M =

[
x x

x x3

]
is not column

reduced.

▶ Theorem 50 (Theorem 6.3.15 in [15]). For any column reduced M = [Mij ]i,j=1,...,m ∈ K[x]m×m, and any
F = [fij ]i=1,...,n

j=1,...,m ∈ K[x]n×m, there exist unique matrices Q = [qij ]i=1,...,n
j=1,...,m ∈ K[x]n×m and R = [rij ]i=1,...,n

j=1,...,m ∈
K[x]n×m such that cdeg(R) < cdeg(M) and

F = Q · M + R,

where R is the right remainder matrix and Q is the right quotient matrix.
We denote by F rquo M the matrix quotient Q and by F rrem M the matrix remainder R for the right division
of the polynomial matrix F by the polynomial matrix M.

▶ Lemma 51. Let M = [Mij ] ∈ K[x]n×n a column reduced polynomial matrix such that rdeg(M) = [d1, . . . , dn]
where di is a positive integer for i = 1, . . . , n. Let F = [fij ] ∈ K[x]n×m, such that rdeg(F) < [d1 + k, . . . , dn + k]
where k is a positive integer. Let Q = [qij ]i=1,...,n

j=1,...,m ∈ K[x]n×m be F rquo M. Then, we have deg(Q) < k.

Proof. We start this proof by proving the following property: clm0(M) = rlm−cdeg(M)(M).

We have on one side, ∀i, j ∈ {1, . . . , n}:

elem(clm0(M), i, j) = elem(rlm0(MT)T, i, j)
= elem(rlm0(MT), j, i)
= coeff(Mij , elem(rdeg(MT), j)) (by Definition 15)
= coeff(Mij , maxk=1,...,n(deg(MT

jk) + 0))
= coeff(Mij , maxk=1,...,n(deg(Mkj) + 0))
= coeff(Mij , elem(cdeg(M), j)) (by Definition 48)

On the other side, we have ∀i, j ∈ {1, . . . , n}:

elem(rlm−cdeg(M)(M), i, j) = coeff(elem(rdeg−cdeg(M)(M), i) + elem(cdeg(M), j), Mij) (by Definition 48)
= coeff(maxk=1,...,n(deg(Mik) − elem(cdeg(M), k)) + elem(cdeg(M), j), Mij)
= coeff(maxk=1,...,n(deg(Mik) − maxℓ=1,...,n(deg(Mℓk) + 0)) + elem(cdeg(M), j), Mij)
= coeff(elem(cdeg(M), j), Mij) (since deg(Mik) ≤ maxℓ=1,...,n(deg(Mℓk)) for all i, k)

Thus, we conclude that

clm0(M) = rlm−cdeg(M)(M). (15)
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Now, we show that rdeg−cdeg(M)(M) = [0, . . . , 0]. Since we shift the degrees of each row of M by its leading
coefficient degree, we have that all degrees after the shifts are either 0 or negative. We consider that an entry
with negative degree is equivalent to a zero entry and thus has a degree of −∞. Therefore, the only possible
values for the degrees of the entries of rdeg−cdeg(M)(M) are 0 or −∞. Moreover, if we have −∞ in the degree
of an entry, then all degrees of that row in the shifted matrix are −∞, which means that the row is entirely
zero. If we assume this, then rlm−cdeg(M)(M) is a matrix with a row of zeros, which means that the matrix
is not invertible. This a contradiction since we know that clm0(M) = rlm−cdeg(M)(M) by (15) and clm0(M) is
invertible by Definition 48. Thus, we conclude that

rdeg−cdeg(M)(M) = [0, . . . , 0].

Let R = rem (F, M). By Theorem 50, we have F = Q ·M+R and cdeg(R) < [d1, . . . , dn]. Since F−R = Q ·M, we
have cdeg(F − R) = cdeg(Q · M). We use the fact that cdeg(F) < [d1 + k, . . . , dn + k] and cdeg(R) < [d1, . . . , dn]
to deduce cdeg(F − R) < [d1 + k, . . . , dn + k] and thus cdeg(Q · M) < [d1 + k, . . . , dn + k]. By the same argument
as above, we have

rdeg−cdeg(M)(Q · M) < [k, . . . , k].

Since M is −cdeg(M)-row reduced (as it is column reduced) and rdeg−cdeg(M)(M) = [0, . . . , 0], we can apply
the counterpart of the predictable degree property (see Theorem 6.3.13 in [15]) on each row Qi∗ of Q for
i = 1, . . . , n to get:

rdeg−cdeg(M)(M · Qi∗) = maxj=1,...,n(deg(Qij) + rdeg−cdeg(M)(Mi∗))
= maxj=1,...,n(deg(Qij) + 0)
= rdeg(Qi∗).

Thus, we have rdeg(Qi∗) < k for i = 1, . . . , n, which means that rdeg(Q) < [k, . . . , k].
Finally, we conclude with deg(Q) = max(rdeg(Q)) < k. ◀
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B No loss of generality

As stated previously, in Section 4, we can assume without loss of generality that the matrix M is a modulus
polynomial matrix (see Definition 22). We show in what follows how to reduce the problem ApproxMatrixMod
given a modulus that is a regular nonsingular matrix M to the problem ApproxMatrixMod given a modulus
that is a modulus polynomial matrix, while ensuring the degree bounds via matrix division with remainder
(see Theorem 17).
We have previously defined 0-popov matrices in Definition 21. For this section, we will use the counterpart
definition, such that for s = [s1, . . . , sn] a list of non-negative integers, a polynomial matrix M ∈ K[x]n×n is in
s-Popov form if rlm0(M) = In and clms(M) is a unit lower triangular matrix (lower triangular matrix with all
diagonal entries equal to 1). We say that M is in Popov form if s = [0, . . . , 0].

▶ Lemma 52. Given a nonsingular M ∈ K[x]n×n, there exists a unimodular matrix U ∈ K[x]n×n such that
M · U is a modulus polynomial matrix,
Given F ∈ K[x]n×m with rdeg(F) < rdeg(M), there exists G ∈ K[x]n×m with rdeg(G) < rdeg(M) where
G = F rem M and the set of solutions of ApproxMatrixMod(M, F, ν) is the same as the set of solutions
ApproxMatrixMod(M · U, G, ν).

Proof. We prove each point of the lemma separately.
Since M is a nonsingular matrix, we can transform this matrix to a Popov form by multiplying it on the
right by a unimodular matrix U. The construction of this unimodular matrix is detailed in pages 484-486
of [15]. Therefore, we have that

∀M ∈ K[x]n×n nonsingular, ∃U unimodular s.t. M · U is 0-Popov.

Moreover, we show that a 0-Popov matrix is a modulus polynomial matrix.
Indeed, we have that rlm0(M) = In.
The diagonal of 1’s in the matrix rlm0(M) means that the polynomials with the leading degrees of M are
the ones on the diagonal and that these polynomials are monic.
Since the rest of the entries in the matrix rlm0(M) are 0, we have that all the other polynomials in the
matrix M are of degree strictly less than the leading degrees of the polynomial on the diagonal of its
corresponding row.
Therefore, we have that M is a modulus polynomial matrix.

Let U be the unimodular matrix such that M · U is a modulus polynomial matrix. Consider the sets
{g ∈ Km×1 | F · g = 0 mod M} and {h ∈ Km×1 | G · h = 0 mod M · U}.
The latter corresponds to the set of solutions to the equation F rem (M · U) · h = 0 mod M, which is
equivalent to the set of solutions to the equation F · h = 0 mod (M · U).

The multiplication by the unimodular matrix U does not change the basis of solutions {g ∈ Km×1 | F · g =
0 mod M}, i.e., 0 mod M and 0 mod (M · U) generate the same vector space.
The columns of M · U are linear combinations of the columns of M, and thus the solutions to the equation
F · g = 0 mod M are also solutions to the equation F · h = 0 mod (M · U).
Moreover, since U is unimodular, it is invertible and thus we can write M = M · U · U−1. Similarly, the
columns of M are linear combinations of the columns of M · U, and thus the solutions to the equation
F · h = 0 mod (M · U) are also solutions to the equation F · g = 0 mod M.

Therefore, we have that {g ∈ Km×1 | F · g = 0 mod M} = {h ∈ Km×1 | G · h = 0 mod (M · U)}.
◀
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C Matrix modular approximation: proof of Theorem 38

We restate the theorem and provide its complete proof.

▶ Theorem 38. Let M = [Mij ]i,j=1,...,n ∈ K[x]n×n, where M is a modulus polynomial matrix and rdeg(M) =
[d1, . . . , dn], F = [fij ]i=1,...,n

j=1,...,m ∈ K[x]n×m such that rdeg(F) < [d1, . . . , dn] and ν = {ν1, . . . , νm} a set of positive
integers. Let C =

∑m
j=1 νj and D =

∑n
i=1 di. We suppose that n ∈ O(m) and C ∈ O(D).

The problem ApproxMatrixMod(M, F, ν) can be solved in Õ(max(m, n)ω−1 · D) by Algorithm 4.

Proof. The approach is to reduce the problem ApproxMatrixMod(M, F, ν) to the problem of solving a linear
system with a quasi-Toeplitz structure. We can use known Algorithm 5 to solve such a linear system in the
desired complexity.
Formally, we reduce ApproxMatrixMod(M, F, ν) to a problem of type LinearSystem[ZD,0,ZT

C,0, O(max(m, n))],
as presented in Algorithm 4.
We define the matrix A ∈ KD×C as the matrix A =

[
A1 A2 · · · Am

]
, where Aj ∈ KD×νj , for j = 1, . . . , m,

corresponds to the matrix

Aj =
[
F∗j X(M) · F∗j · · · X(M)νj−1 · F∗j

]
, (16)

such that F ∈ KD×m is the matrix where we replace each polynomial of F by the vector of its coefficients.
▶ Notation 53. For ease of notation, we refer to the matrix X(M) as X for the rest of this proof.
Lemma 54 establishes that we can construct a ϕ+-generator of length O(max(m, n)) for the matrix A.

▶ Lemma 54. Let A be the matrix defined in (16). We construct ϕ+-generators of length O(max(m, n)) for A
in Õ(nω−1 · D + m · nω−2 · D + nω−1 · C) operations in K.

Proof. We know by Definition 8 that, if A is a quasi-Toeplitz matrix, then ϕ+(A) = A − ZD,0 · A · ZT
C,0. We

use the fact that ZD,0 = X − Y + N · E + δ where X is the matrix defined in (6), Y is the matrix defined as

Y =


0 C12 · · · C1m

C21 0 · · · C2m

...
... . . . ...

Cn1 Cn2 · · · 0

 ,

where δ ∈ KD×D as the matrix [δab]a,b=1,...,D where δab = 1 if a =
∑i

k=1 dk +1 and b =
∑i

k=1 dk for i = 1, . . . , n,
and δab = 0 otherwise, for a, b = 1, . . . , D, N ∈ KD×n and E ∈ Kn×D are block diagonal matrices such that
M = diag(m1, . . . , mn) with mi ∈ Kdi×1; the vector of coefficients of the polynomial Mii, and E = diag(e1, . . . , en)
with ei = [0, . . . , 0, 1] ∈ K1×di for i = 1, . . . , n.
Consequently, we can rewrite ϕ+(A) as follows:

ϕ+(A) = A − X · A · ZT
C,0 + Y · A · ZT

C,0 − δ · A · ZT
C,0 − N · E · A · ZT

C,0. (17)

We then compute the generators as follows:

For A − X · A · ZT
C,0:

We can write A − X · A · ZT
C,0 as

[
B1 B2 · · · Bm

]
where Bj ∈ KD×νj , for j = 1, . . . , m is

Bj =


[
F∗j 0 · · · 0

]
if j = 1[

F∗j − Xνj−1 · F∗(j−1) 0 · · · 0
]

if j > 1

We can write B = Y · ZT where Y ∈ KD×m is the matrix
[
Yj

]
j=1,...,m

where Yj ∈ KD×1 is defined as

Yj =


[
F∗j

]
if j = 1[

F∗j − Xνj−1 · F∗(j−1)

]
if j > 1
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and Z ∈ KC×m is the matrix
[
Zj

]
for j = 1, . . . , m where Zj ∈ KC×1 is defined as the vector of all zeros

except for the first position and the
∑j−1

k=1 νk + 1-th position for j = 2, . . . , m, which is 1.
The computation of Y is bounded by the computation of Xνj−1 · F∗(j−1) for j = 2, . . . , m, which corresponds
to the computation of the coefficients of the polynomial xνj · F∗j rem M , and can be done in Õ(nω−1 · D +
m · nω−2 · D) operations in K, as proven in Lemma 31.
For δ · A · ZT

C,0:
We can write δ ·A·ZT

C,0 = T·UT where T ∈ KD×n and U ∈ KC×n are the matrices such that T = [Tij ]i,j=1,...,n

and U = [Uji]i=1,...,n
j=1,...,m, where Tij ∈ Kdi×1 and Uji ∈ Kνj×1 are defined as follows:

Tij =


0
...
0

 for
{

j = 1
i = 1, . . . , n

Tij =


1
0
...
0

 for
{

j = 2, . . . , n

i = 1, . . . , n

Uji =


0
...
0

 for
{

j = 1
i = 1, . . . , n

Uji =



0
coeff(F∗j , i, di − 1)

coeff(x · F∗j rem M, i, di − 1)
...

coeff(xνj−2 · F∗j rem M, i, di − 1)


for

{
j = 2, . . . , m

i = 1

Uji =



coeff(xνj−1 · F∗j rem M, i − 1, di−1 − 1)
coeff(F∗j , i, di − 1)

coeff(x · F∗j rem M, i, di − 1)
...

coeff(xνj−2 · F∗j rem M, i, di − 1)


for

{
j = 2, . . . , m

i = 2, . . . , n

Note that coeff(xνj−1 · F∗j rem M, i, di − 1) corresponds to elem(F∗j · Xνj−1,
∑i

k=1(dk) − 1).
The computation of U corresponds to the computation of the di − 1-th coefficient of the polynomial
at row i and column j of the matrix xkj · F rem M , for i = 1, . . . , n, kj = 0, . . . , νj − 1 and j =
1, . . . , m (i.e. the problem LastCoeffModMat(M, F, ν), where ν = {ν1, . . . , νm}) and thus can be done in
Õ(nω−1 · D + m · nω−2 · D + nω−1 · C) operations in K as shown in Theorem 36.
For Y · A · ZT

C,0:
We define R ∈ KD×n as follows

R =


0 m12 · · · m1m

m21 0 · · · m2m

...
... . . . ...

mn1 mn2 · · · 0

 ,

where mij ∈ K1×νj is the vector of coefficients of the polynomial Mij for i, j = 1, . . . , n.
We have that Y · A · ZT

C,0 = R · UT. The computation here is bounded by the cost of computing U, as in the
previous case. Therefore, the total cost of computing Y · A · ZT

C,0 is bounded by Õ(nω−1 · D + m · nω−2 ·
D + nω−1 · C) operations in K (see Theorem 36).
For N · E · A · ZT

C,0:
Let P ∈ KC×n such that P = AT ·ET and Q ∈ KC×n such that Q = ZC,0 ·P. We can write N·E·A·ZT

C,0 = N·QT.
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In order to compute Q, we need to compute P first. We have P = [Pji]j=1,...,m
i=1,...,n and Pji ∈ Kνj×1, such that

Pji =


coeff(F∗j , i, di − 1)

coeff(x · F∗j rem M, i, di − 1)
...

coeff(xνj−1 · F∗j rem M, i, di − 1)

 ,

for i = 1, . . . , n and j = 1, . . . , m.
By Theorem 36, we can compute Pji in Õ(nω−1 · D + m · nω−2 · D + nω−1 · C) operations in K. The
computation of Q is the cost of the multiplication of the matrix the matrix ZC,0 by P, which corresponds
to a vector matrix multiplication and thus can be done in Õ(nω−1 · C) operations in K.
Therefore, the total cost of computing N · E · A · ZT

C,0 is bounded by Õ(nω−1 · D + m · nω−2 · D + nω−1 · C).
To summarize, we recall that ϕ+(A) = A − ZD,0 · A · ZT

C,0 + Y · A · ZT
C,0 − δ · A · ZT

C,0 − N · E · A · ZT
C,0 and we

now have:
A −X · A ·ZT

C,0 = Y · ZT, where Y ∈ KD×m and Z ∈ KC×m, can be computed in Õ(nω−1 · D + m · nω−2 · D).
δ ·A ·ZT

C,0 = T ·UT, where T ∈ KD×n and U ∈ KC×n, can be computed in Õ(nω−1 ·D+m ·nω−2 ·D+nω−1 ·C).
Y·A·ZT

C,0 = R·UT, where R ∈ KD×n and U ∈ KC×n, can be computed in Õ(nω−1 ·D+m·nω−2 ·D+nω−1 ·C).
N·E·A·ZT

C,0 = N·QT, where N ∈ KD×n and Q ∈ KC×n, can be computed in Õ(nω−1·D+m·nω−2·D+nω−1·C).
Therefore, we can compute ϕ+(A) = G · HT where G =

[
Y −T R −N

]
and H =

[
Z U U Q

]
in

Õ(nω−1 · D + m · nω−2 · D + nω−1 · C) operations in K. We have G ∈ KD×(m+3n) and H ∈ KC×(m+3n). Since
the number of columns of G is (m + 3n), we have a ϕ+-generator of length O((m + 3n) ∈ max(m, n)) for the
matrix A, computed in Õ(nω−1 · D + m · nω−2 · D + nω−1 · C) = Õ(max(m, n)ω−1 · D) operations in K, which
concludes the proof of Lemma 54. ◀

After computing the ϕ+-generator of length O(max(m, n)) for the matrix A, we have formally reduced the
problem ApproxMatrixMod(M, F, ν) to the problem of solving a linear system of equations with a quasi-Toeplitz
matrix A, i.e., LinearSystem[ZD,0,ZT

C,0, max(m, n)](G, H), which can be solved in Õ(max(m, n)ω−1 ·D) operations
in K (see Theorem 12). Finally, we recover the solution g of the problem ApproxMatrixMod(M, F, ν) from the
solution u of the linear system A · u =

[
0 · · · 0

]T
. We conclude that the problem ApproxMatrixMod(M, F, ν)

can be solved in Õ(max(m, n)ω−1 · D) operations in K. ◀
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D From quasi-Toeplitz structure to polynomial representation

In this section, we provide formal proofs for Lemmas 40 and 41, which show how to express the polynomial
representation of a lower and upper triangular Toeplitz matrix, respectively. We restate the lemmas here for
the sake of clarity.

▶ Lemma 40. Let u, v ∈ Kn×1 be two vectors and p = L(u) · v. We have that p(x) = u(x) · v(x) mod xn, where
u(x) =

∑n−1
i=0 uix

i, v(x) =
∑n−1

i=0 vix
i and p(x) =

∑n−1
i=0 pix

i are the polynomial representations of the vectors u,
v and p, respectively.

Proof. We have the vector u = [u0, u1, . . . , un−1]T ∈ Kn×1 and the vector v = [v0, v1, . . . , vn−1]T ∈ Kn×1. We
consider p = [p0, p1, . . . , pn−1]T ∈ Kn×1 as the vector we want to compute, given by the following equation:

p = L(u) · v ⇔


p0

p1
...

pn−1

 =


u0 0 · · · 0
u1 u0 · · · 0
...

... . . . ...
un−1 un−2 · · · u0

 ·


v0

v1
...

vn−1



⇔


p0

p1
...

pn−1

 =


u0v0

u1v0 + u0v1
...∑n−1

i=0 uivn−1−i



We define the following polynomials:
u(x) =

∑n−1
i=0 uix

i,
v(x) =

∑n−1
i=0 vix

i,
p(x) =

∑n−1
i=0 pix

i.

We can verify that u(x) · v(x) mod xn = p(x), as follows:

u(x) · v(x) =
(

n−1∑
i=0

uix
i

)
·

n−1∑
j=0

vjx
j

 mod xn

=
n−1∑
i=0

n−1∑
j=0

uivjx
i+j mod xn

=
2(n−1)∑

k=0

(
k∑

i=0
uivk−i

)
xk mod xn

=
n−1∑
k=0

(
k∑

i=0
uivk−i

)
xk

=
n−1∑
k=0

pkxk

= p(x)

◀

▶ Lemma 41. Let u, v ∈ Km×1 be two vectors and p = U(u) · v. We have that p(x) = revm−1(u(x)) ·
v(x) quo xm−1, where u(x) =

∑m−1
i=0 uix

i, v(x) =
∑m−1

i=0 vix
i and p(x) =

∑m−1
i=0 pix

i are the polynomial
representations of the vectors u, v and p, respectively.
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Proof. We have the vector u = [u0, u1, . . . , un−1]T ∈ Kn×1 and the vector v = [v0, v1, . . . , vn−1]T ∈ Kn×1. We
consider p = [p0, p1, . . . , pn−1]T ∈ Kn×1 as the vector we want to compute, given by the following equation:

p = U(u) · v ⇔


p0

p1
...

pn−1

 =


u0 u1 · · · un−1

0 u0 · · · un−2
...

... . . . ...
0 0 · · · u0

 ·


v0

v1
...

vn−1



⇔


p0

p1
...

pn−1

 =


u0v0 + u1v1 + · · · + un−1vn−1

u0v1 + u1v2 + · · · + un−2vn−1
...

u0vn−1



⇔


p0

p1
...

pn−1

 =


∑n−1

i=0 uivi∑n−2
i=0 uiv1+i

...∑0
i=0 uivn−1+i



We define the following polynomials:
u(x) =

∑n−1
i=0 uix

i,
v(x) =

∑n−1
i=0 vix

i,
p(x) =

∑n−1
i=0 pix

i.
We can verify that revn−1(u(x)) · v(x) quo xn−1 = p(x), as follows:

revn−1(u(x)) · v(x) =
(

n−1∑
i=0

uix
n−1−i

)
·

n−1∑
j=0

vjx
j

 quo xn−1

=
n−1∑
i=0

n−1∑
j=0

uivjx
(n−1−i)+j quo xn−1

=
2(n−1)∑

k=0

(
k∑

i=0
uivk+i

)
xn−1−k quo xn−1

=
n−1∑
k=0

(
k∑

i=0
uivk−i

)
xk

=
n−1∑
k=0

pkxk

= p(x)

◀
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