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© Chinese Remainder Theorem in Z.
@ Lagrange Interpolation in K[X].
© Comparison between CRT and Lagrange Interpolation.

@ Eigenvalues problem.




Chinese Remainder Theorem (1)

Theorem 1
It ng, ..., ny are pairewise coprime integers and ag, ..., aq are

x = ag mod ng
integers modulo ng, ..., ny, then system (S) = : has

X = ag mod ny.

solutions in Z.




Chinese Remainder Theorem (1)

Theorem 1
It ng, ..., ny are pairewise coprime integers and ag, ..., aq are

x = ag mod ng
integers modulo ng, ..., ny, then system (S) = : has

X = ag mod ny.
solutions in Z.

It xo is a solution, then the other ones are x = xy + kng - - - ny for any
k € 7.

o




Chinese Remainder Theorem (lI)

Solution
Let vp, ..., vy be such that ving---ni_1niy1---ng =1 mod n;, ie.
V; H n; = 1 mod n;,
0<j<d
J#i

then

Y Il

0<i<d 0<j<d

J7i




Chinese Remainder Theorem (II1)

Examples
o

x=—1mod?7,

{X: 1 mod 2

7vi =1 mod 2
2V2 — 1 mod 7




Chinese Remainder Theorem (II1)

Examples

(1
{X: 1 mod 2 fvi=1mod2 = v =1,

x=—1mod7, 2wn=1mod7 = w, =4,




Chinese Remainder Theorem (II1)

Examples

(1
{x: 1 mod 2 fvi=1mod2 = v =1,

x=—1mod7, 2wn=1mod7 = w, =4,

Xo=1Xx1x7—-1x4x2.




Chinese Remainder Theorem (II1)

Examples

(1
{x: 1 mod 2 fvi=1mod2 = v =1,

x=—1mod7, 2wn=1mod7 = w, =4,

X0 — —1.




Chinese Remainder Theorem (II1)

Examples

(1
{X: 1 mod 2 fvi=1mod2 = v =1,

x=—1mod7, 2wn=1mod7 = w, =4,

x=—1+ 14k k € Z.




Chinese Remainder Theorem (II1)

Examples

o
{x: 1 mod 2 fvi=1mod2 = v =1,

x=—1mod7, 2wn=1mod7 = w, =4,

x=—1+ 14k k € Z.

Q
X =1 mod?2 21vi = 1 mod 2
x =1 mod 3 14v, = 1 mod 3
x =bmod?7, 6bvs =1 mod 7




Chinese Remainder Theorem (II1)

Examples

o
{x: 1 mod 2 fvi=1mod2 = v =1,

x=—1mod7, 2wn=1mod7 = w, =4,

x=—1+ 14k k € Z.

Q
X =1 mod?2 2lvi =1 mod2 = v, =1,
X =1 mod 3 1l4vs, =1mod3 = w =2,
x =5 mod 7, oz =1mod7 = v3=0.




Chinese Remainder Theorem (II1)

Examples

o
x= 1mod?2 fvi=1mod2 = v =1,
x =—1mod?7, 2vo =1mod7 = w =

x=—1+ 14k k € Z.

Q
X =1 mod 2 2lvy =1 mod2 = v =1,
x =1 mod 3 14vo, =1mod3 = w =2,
x =5 mod 7, obvz =1mod7 = w3 =

Xo=1%x1x21+1x2x%x14+5%x6 Xx6.




Chinese Remainder Theorem (II1)

Examples

o
{x: 1 mod 2 7vi =1 mod 2

x=—1mod7, 2w =1mod7

x=—1+ 14k k € Z.

X =1 mod 2 21vi = 1 mod 2
x =1 mod 3 14v, = 1 mod 3
x =5 mod 7, 6bvs; = 1 mod 7

X0 — 229.

=
=

444

Vl—].7
Vo —
Vl—].7
V2:2,
V3 —




Chinese Remainder Theorem (II1)

Examples

o
{x— 1 mod 2 7vi =1 mod 2

x=—1mod7, 2w =1mod7

x=—1+ 14k k € Z.

X =1 mod 2 21vi = 1 mod 2
x =1 mod 3 14v, = 1 mod 3
X =bmod 7 bvs = 1 mod 7

Y,

x =19 + 42k, k € Z.

4 J

444

Vl—].7
Vo —
V1:].7
V2:2,
V3 —




Chinese Remainder Theorem (IV)

Applications
Q@ RSA : Z/pqZ ~ 7./pZ x 7.] 7.
@ Multimodular computation, parallelism.
© Fast Fourier Transform.

@ Generalization to any ring, e.g. Lagrange interpolation for
polynomial rings K[X].




Lagrange Interpolation (1)

Theorem 2

If (xg,...,xq) are different elements of K and ag, ..., ay are in K,
P(Xo) = 4ao

then system (S) = { : has solutions in K[X].

P(xd) = aq-




Lagrange Interpolation (1)

Theorem 2

If (xg,...,xq) are different elements of K and ag, ..., ay are in K,
P(Xo) = 4ao

then system (S) = { 5 has solutions in K[X].
P(Xd) — dd-

If Py is a solution, then the other ones are
P=Py+ Q- (X —x0): (X —xyg) forany Q € K[X].




Lagrange Interpolation (1)

Solution
Let Ly, ..., Ly be such that L; = [ Jo<j<d f:ﬁf I.e.
gAY
X — X;
1] L =1 mod (X — x;),
Xi — X;
0<j<d "' J
J#i
then N
—_ X.
SEDIPTIED SR | =
0<i<d 0<i<d o0<j<d "’ J
JF#i

— Py is the only polynomial of degree at most d, solution of (S).

v




Lagrange Interpolation

Algorithm
Q@ 7T+ |J] X-—x,

0<i<d

Q@ U+ ] x—x,
0<j<d
J7i

(s P <« Z XIX'.%yi-

0<i<d

— Complexity is in O(d?).

(11




Lagrange Interpolation (V)

Examples
(1
P(_]-) =3 Ll — 51__11 . 51__22
X+1 X=2
ey - 3 =
P(2) =3, L3 = 577 - 35




Lagrange Interpolation (1V)

Examples
(1

P(-1) =3
P(1) =1
P(2) =3,

L, =

L, =
_ X+l

Ls

X—-1

11
_ X411

1+1

2+1

2_
s L1:X 2X—|—2
2_x_
; L2:X_)2( 2
2_
— L3:X 1




Lagrange Interpolation (V)

Examples
Qo
P1)=3 L= 25 o L
P(z) — 37 L3 — 2_7__1 . 2__1 — L3 —
X2 —3X+2 X*?-X-2 X?
Po=3 T S 3




Lagrange Interpolation (V)

Examples
Q
P(1) = 1
P(2) = 3, L3

Po = X2 —

X—-1

—1—1

L2: X+1 .

1+1

_ X+l

2+1

2__
s Ll X IéX—i—Z
2_¥__
s L2 X _)2( 2
2__
s L3 X<—1




Lagrange Interpolation (1V)

Examples
Qo
_ _ 2_
PO1=3  L=2% X% o L=
P)=3,  La=%3-37 = L="5

P=X*"=X+1+Q (X+1)(X-1)(X-2),Q € K[X].




Lagrange Interpolation (1V)

Examples
o

P(-1) =3
P(1) =1
P(2) =3,

X-1 X—-2 _ X2-3X+42
L="75 55 = L= 6

X4l X=2 X2-X-2
L=97 175 = L= ~2_

_ X+1 X1 X211
L3 = 71 2.1 7 g = 3

P=X*"=X+1+Q (X+1)(X-1)(X-2),Q € K[X].

P(~1) =3

P(1) =3
P(2) =3,




Lagrange Interpolation (1V)

Examples
(1
- i 2_
P(_1) =3 L, = ;_1% : )_><<1_222 = [ = );2 254;2;
P(1)=1 L=95F 1% = L= _52_ |
X+1  X— L
P(2) =3, Ls = 2:11 ' 2—11 - b= |

P=X*"=X+1+Q (X+1)(X-1)(X-2),Q € K[X].

P(-1)=3 = [ =X=3X42

P(1)=3 = L,=%X=%=2

P2)=3, = [3=2-




Lagrange Interpolation (V)

Examples
Q
P(-1)=3 L, = j;__ll ' )—):1__22 = L= ):2_2;<+2,
1 X-2 X2
P(1)=1 L, = 1i1 4= = L= =
X X— X<—
P(2):3, L3: 2_7__11 . 2_11 = L3: 3 1

P=X*=X+1+Q (X+1)(X-1)(X-2),Q € K[X].

P(-1)=3 = [3=%3%12
P(1)=3 = L,=%2%2

—2

P(2)=3, = L3=2X"

X2 —3X +2 X2 — X =2 X% -1
Po =3 : il +3 : +3 3




Lagrange Interpolation (1V)

Examples
o

P(~1) =3
P(1) =1
P(2) =3,

. X-1 X—-2 _ X2-3X+42
Ly = -1 Ti2 7 Ly = , 6 )

X4l X=2 _X2-_X-2
Ly = i1 12 Ly = 527

X+l X-1 X211
L3 = 211  2-1 = el = 3




Lagrange Interpolation (1V)

Examples
Qo
P(—1) =3 L=2555 = L= X22_2X+2’
Py =1 L= = L=
P2)=3  L=57533 = L="5

P=X"=X+1+Q (X+1)(X-1)(X-2),Q€K[X].

P(-1)=3 = [ =X=3X2

P(1)=3 = L,=%X=%=2

P2)=3, = L3=2%-

P=3+Q (X+1)(X-1)(X-2),QeK[X].




Lagrange Interpolation (V)

Applications
@ Computation of characteristic polynomials.
@ Shamir’s Secret Sharing.
© Computation of the inverse of a Vandermonde matrix.

@ Evaluation-interpolation algorithm.




Comparison between CRT ana

L agrange interpolation (1)

ng, ..., Ny pairwise coprime.

(5)

\

(x = ap mod ng

(X = dd mod Nyg.

Xo, ..., Xy pairwise distinct.
(P(Xo) = 4y
(5) = S :
\P(Xd) — d{.




Comparison between CRT ana
L agrange interpolation (1)

no, ..., Ny pairwise coprime. Xg, - .., Xg pairwise distinct.
(x = ag mod ng P(x0) = ao
(5)=9q (5) =
| X = ag mod ny. P(x4) = aq,

(P = ap mod (X — xp)

\P — dd mod (X —Xd).




Comparison between CRT ana
Lagrange interpolation (Il)

V; H n; = 1 mod n;.

0<j<d
JFI




Comparison between CRT ana
Lagrange interpolation (Il)

V;Hnjzlmodn,-. L,-:HX_Xj

.- & 0<j<d *' 7Y
J7F1 ) JFEI
= 1 mod (X — X,')

= 0 mod (X — x;), j # I.




Comparison between CRT ana
Lagrange interpolation (Il)

V;Hnjzlmodn,- L,-:HX_Xj

. Xj — Xj
=0 mod nj, j # I. — 1 mod (X — x;)

4

= 0 mod (X — x;), j # I.




Comparison between CRT and Lagrange
Interpolation (1)

Reminder
There is an Euclidean division in K[X]:

VABeK[X],3Q RecK[X], A=BQ+R, degR < degB.

w




Comparison between CRT and Lagrange
Interpolation (1)

Reminder
There is an Euclidean division in K[X]:

VABeK[X],3Q RecK[X], A=BQ+R, degR < degB.

w

Example
fA=X34+X+1and B=X?—1,then Q@ =X, R=2X +1.

X34+ X+1=XX?=1)+(2X +1).




Comparison between CRT and Lagrange
Interpolation (V)

Consequence

© One can perform the Euclidean algorithm to compute the GCD
of two polynomials of K[X].

@ Chinese Remainder Theorem (CRT) is valid in K[X]!




Chinese Remainder Theorem in K[X]

Rewritten Theorem

If Ri,..., R, are pairewise coprime polynomials and

polynomials modulo R, ...,

has solutions in K[X].

R., then system (S) =




Chinese Remainder Theorem in K[X]

Rewritten Theorem
It Ri,..., R, are pairewise coprime polynomials and A;, ..., A, are

polynomials modu

has solutions in K

o Ryi,...,R,, then system (S) = {

X].

P = A1 mod Rl

P = A, mod R,.

If Py is a solution, then the other ones are P = Py + QRy - - - R, for

any Q € K[X].

Special case

If each R; has degree 1, then R; = X — x; and A; = a; € K.
Furthermore, R;, R; are coprime if, and only if, x; # x;.

— This is Lagrange interpolation problem!




Eigenvalues problem

Definition
Let A be a square matrix of size d with coefficients in K. We say that
A is an eigenvalue of A if there is a vector v # 0 such that Av = A\v.

w

Problem

How can one determine the eigenvalues of A?
How long does it take?




Characteristic polynomial (1)

Definition
Let A be a square matrix of size d with coefficients in K. We say that
A is an eigenvalue of A if there is a vector v # 0 such that Av = A\v.

Proposition

The eigenvalues are the roots of a specific polynomial called the
characteristic polynomial of A defined by

aig — A d12 e did

PA()\) — det(A — )\Id) — gl axn — A
dd—1,d

ad1 x ad.d—1 Addd — A

Characteristic polynomial always has degree d.
Eigenvalues are not always in K!




Characteristic polynomial (1)

Proposition
Pa(A) = det(A — Ald) and P4 has degree d.

Proof

Let A be an eigenvalue of A and v # 0 be an eigenvector of A for A,
l.e. Av = \v.

@ One has (A — Ald)v =0 and v # 0 if, and only if,
det(A — Ald) = 0 if, and only if, X is a root of P,.

@ When expanding the determinant, only one term has degree d, it
is (a11 — A) - (adg — A).

o




Characteristic polynomial (I11)

Examples

Q
2 1
= (12)

O N B e (e
o
(1)
PB()\):|1_>\ : ‘:(1—)\)2:()\—1)2.

0 1—A




Characteristic polynomial: complexity (1)

Naive method
— Gaussian elimination.




Characteristic polynomial: complexity (1)

Naive method
— Gaussian elimination.
@ Matrix A — Ald has coefficients in K[\].

— If one inverts the pivot, one introduces rational fractions. They
are very costly!

@ Otherwise, one must take care that at each step, the computed
determinant is a multiple of the target determinant.




Characteristic polynomial: complexity (I1)

Example: Gaussian elimination, 1st attempt

R | 1 1 —A 1 1
_ — —4)\+
12 3o [0 o oy
1— A 1 1
. 0 A% —3)\+1 —2)+1
; A adiionz_an
0 0 (1-X\)(A2—3X+1)

Denominators introduce a memory overhead.




Characteristic polynomial: complexity (Il

Example: Gaussian elimination, 2nd attempt

1-A 1 1
Pa(A)=| 1 2-x 2
1 2 3-)
1 1-x 1 1
= 0 A-=3A+1 —2x+1
(L—A)2| 0o —2x+1 A2—axt1
1 1-x 1 1
= 0 A°—3X+1 —22+1 :
(1—X)2(N—=3X+1)| o 0 A*—7A3+12)2-4)

@ Divisions of polynomials are still needed.

@ The degrees of the polynomials are multiplied by two at each
step of the Gaussian elimination.




Characteristic polynomial: complexity (Il

Example: Gaussian elimination, 2nd attempt

1-x 1 1
Pa(A)=| 1 2-x 2
1 2 3-)
1 1-)x 1 1
= 0 M—-3X+1 —2X+1
(L—A)2| 0o —2x+1 A2—axt1
1 - 1 1
= 0 A2—3)+1 —22+1 :
(1—X)2(N—=3X+1)| o 0 M-7A3+12)2-4)

@ Divisions of polynomials are still needed.

@ The degrees of the polynomials are multiplied by two at each
step of the Gaussian elimination.

— We deal with polynomials of degree 291 at the end!




Characteristic polynomial: complexity (Il

Example: Gaussian elimination, 2nd attempt

1-x 1 1
Pa(A)=| 1 2-x 2
1 2 3-)
1 1-)x 1 1

= 0 M—-3X+1 —2X+1

(L—A)2| 0o —2x+1 A2—axt1

1 - 1 1

= 0 A2—3)+1 —22+1 :

(1—X)2(N—=3X+1)| o 0 M-7A3+12)2-4)

@ Divisions of polynomials are still needed.

@ The degrees of the polynomials are multiplied by two at each
step of the Gaussian elimination.

— We deal with polynomials of degree 291 at the end!
— The complexity would be exponential in d. This cannot be right.




Characteristic polynomial: algorithm (1)

Interpolation method

@ Characteristic polynomial has degree d.




Characteristic polynomial: algorithm (1)

Interpolation method
@ Characteristic polynomial has degree d.

— The complexity should be polynomial in d.




Characteristic polynomial: algorithm (1)

Interpolation method
@ Characteristic polynomial has degree d.
— The complexity should be polynomial in d.
— It suffices to know d + 1 of its value to compute it.

@ One computes d + 1 determinants of A — Agld, ..., A — \4ld for
different Ao, ..., \q.




Characteristic polynomial: algorithm (1)

Interpolation method
@ Characteristic polynomial has degree d.
— The complexity should be polynomial in d.
— It suffices to know d + 1 of its value to compute it.

@ One computes d + 1 determinants of A — Agld, ..., A — \4ld for
different Ao, ..., \q.

— By Lagrange interpolation, one can recover the characteristic
polynomial.




Characteristic polynomial: algorithm (1)

Algorithm
O Pick Mg, ..., Ay € K pairwise distinct.
© forifromOtod
aj « det(A — Ajld).
© Call Lagrangelnterpol with Ag, ..., Ay, a0, ..., aq.




Characteristic polynomial: algorithm (1)

Complexity

@ Computation of d + 1 determinants of size d: O(d*).

@ Interpolation of a polynomial of degree at most d: O(d?).
— Complexity is in O(d*).




Characteristic polynomial: algorithm (V)

Warning
@ If there are less than d + 1 elements in KK, this cannot be used.
— This is not an issue in Q, R, C.
— This is an issue in F,, F: the finite fields.

@ In that case, one needs to pick up Ag,..., Ay in a bigger field L
containing K.




MAPLE

© Use of LINALG package, not LINEARALGEBRA (too young in
MAPLE 10).
© Use collect and simplify when dealing with rational fractions
and polynomials.
— MAPLE will sort the terms by degree,
— and will write the expression with only one denominator.
© Use 7package and ?function to see the help page of the
chosen package or function.



Sylvester Matrix
Definition
Let P and @ be two polynomials of K[X] of degree m and n.

’D:mem_l__l_pO

The Sylvester matrix associated to P and Q is the (m+ n) x (m+ n)

matrix
( Prm 0o .. 0 an 0o .. 0 \
Pm—1 Pm 5 dn—1 (n .
Pm—1 "+ I 1 Gn-1
P1 : 0 g1 : 0
po  p1 pPm g0 g1 dm
0 Po Pm—1 O qo dm—1
0 0




Sylvester Matrix

Example

If P=X*+2X34+3X?+4X +5and Q@ =9X>+8X?+7X +6,
then their Sylvester Matrix is

[

~N OO0 © O O O

OO O 01Tk WwWwiNhN
o o1 B~ wbh B+ O
cr &~ WD BEE OO
O O O O N 0 O
O OO N o0 O o
O O NN o0 © OO




